C CHOLAR
OMMONS University of South Florida

sy UNIVERSITY OF

OISIR <o omioa Scholar Commons
Graduate Theses and Dissertations Graduate School
October 2019

Distributed Spatiotemporal Control and Dynamic Information
Fusion for Multiagent Systems

Dzung Minh Duc Tran
University of South Florida

Follow this and additional works at: https://scholarcommons.usf.edu/etd

b Part of the Mechanical Engineering Commons, and the Robotics Commons

Scholar Commons Citation

Tran, Dzung Minh Duc, "Distributed Spatiotemporal Control and Dynamic Information Fusion for
Multiagent Systems" (2019). Graduate Theses and Dissertations.
https://scholarcommons.usf.edu/etd/8689

This Dissertation is brought to you for free and open access by the Graduate School at Scholar Commons. It has
been accepted for |ncIu3|on in Graduate Theses and Dissertations by an authorized administrator of Scholar
ease contact scholarcommons@usf.edu.

www.manharaa.com



http://scholarcommons.usf.edu/
http://scholarcommons.usf.edu/
https://scholarcommons.usf.edu/
https://scholarcommons.usf.edu/etd
https://scholarcommons.usf.edu/grad
https://scholarcommons.usf.edu/etd?utm_source=scholarcommons.usf.edu%2Fetd%2F8689&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/293?utm_source=scholarcommons.usf.edu%2Fetd%2F8689&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/264?utm_source=scholarcommons.usf.edu%2Fetd%2F8689&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarcommons@usf.edu

Distributed Spatiotemporal Control and Dynamic Information Fusion for Multiagent Systems

Dzung Minh Duc Tran

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in Mechanical Engineering
Department of Mechanical Engineering
College of Engineering
University of South Florida

Major Professor: Tansel Yucelen, Ph.D.
Eduardo L. Pasiliao Jr., Ph.D.
Rajiv Dubey, Ph.D.

Kyle Reed, Ph.D.

Yasin Yilmaz, Ph.D.

Date of Approval:
October 21, 2019

Keywords: Multiplex Networks, Formation Control, Finite-Time Control,
Nullspace Control, Sensor Networks

Copyright © 2019, Dzung Minh Duc Tran

www.manharaa.com




Dedication

For my beloved parents, Ngoc Tran and Hoa Nguyen, and my brother and sisters, Thinh Tran, Hai

Tran and Hang Tran, who have always encouraged me to pursue my dreams.

www.manharaa.com




Acknowledgments

I would like to take this opportunity to express my gratitude to many people who have helped me
to make this dissertation possible. First of all, I would like to thank my advisor, Dr. Tansel Yucelen, for his
continuous support, motivation, trust, and patience that he gave me. He taught me not only doing research
but also many things outside of our research field. His energetic and serious attitude toward doing research
has always motivated me to put the full strength in my works. I also gratefully acknowledge the other
members of my Ph.D. committee, Dr. Pasiliao, Dr. Rajiv Dubey, Dr. Kyle Reed, and Dr. Yasin Yilmaz, for
their time and helpful comments. I would also wish to thank Dr. Rasim Guldiken for his extensive academic
guidance. I would also like to thank Dr. Sarangapani Jagannathan from Missouri University of Science
and Technology, Dr. David Casbeer from the Air Force Research Laboratory, Wright-Patterson Air Force
Base, Ohio, and Dr. Sriram Chellappan and Dr. Andres Tejada from the University of South Florida, for the
opportunities to collaborate.

In addition, I would like to acknowledge the support from the University of Missouri Research
Board, the U.S. Air Force Summer Faculty and Student Fellowship Program, the Oak Ridge Associated
Universities Ralph E. Powe Junior Faculty Enhancement Awards Program, the Dynamic Data-Driven Ap-
plications Systems Program of the Air Force Office of Scientific Research under grant number FA9550-17-
1-0303, the Army Research Office under grant W911NF-17-1-0582, and the grant from Florida High Tech
Corridor.

My sincere thanks also go to my fellow labmates at the University of South Florida and the Missouri
University of Science and Technology. I would like to thank Kemberly Cespedes, Merve Dogan, Dr. Ali
Albattat, Dr. Ehsan Arabi, Dr. Benjamin Gruenwald, Dr. Ahmet Koru, Dr. Daniel Peterson, Si Dang, Jesse
Jaramillo, Stefan Ristevski, Burak Sarsilmaz, Daniel Wagner, Tyler Wieczorek, and Emre Yildirim. I am

very grateful for all the personal and professional discussions, and all the fun we had in the last five years.

www.manaraa.com



I also want to thank my “brothers” in the Nam Phong soccer team, who always stay by my side and
cheer me up whenever I'm in need. Last but not least, I would like to thank my family: my parents, my
brother, and sisters. Without their constant love, support and encouragement, I would not have completed

this works and being who I am today.

www.manharaa.com




Table of Contents

List Of FIGUIES .. ..ot e e e e e e e v

N o 1] 0 Tt xi

Chapter 1: INtrodUCHION .. ...ttt ettt e ettt et e e et enens 1
1.1 Multiplex Information Based Distributed Control Architecture for Multiagent

251 1) 40 T 2

1.2 The New Laplacian Matrix with a User-Assigned Nullspace............................ 4

1.3 Finite-Time Control with Time Transformation ................ ... i iiiia... 5

1.4 Information Fusion StruCture .............c.oiuiiuii it aens 5

1.5 OrganizZation .. ... ..vutet ettt ettt et e e e et et e e e e e 6

Chapter 2: Formation Control with Multiplex Information Networks .............. ... ... 8

2.1 INtrodUCHON ... e ettt e et et e e e 8

2.1.1 ContribULION . ..o .utt ettt e e 9

2.1.2 Related LIiterature . .. ......ouoneinti e e 10

2.2 Mathematical Preliminaries. ...........ou oo e 10

2.2.1 Notation and Notions from Graph Theory .................coiiiiiiiiian... 11

2.2.2 Consensus and Formation Dynamics ... ... 12

2.3 Spatial Control of Multiagent Systems in Formation Assignment ...................... 13

2.3.1 Formation Density and Orientation Control ........................oooa... 13

2.3.2 Hlustrative Numerical Example ... 17

2.4 Spatially Evolving Multiagent Formation Tracking .................. ... ..ot 18

2.4.1 Multiagent Formation Tracking through Multiplex Information Networks .... 19
2.4.2 Multiagent Formation Tracking with Connectivity Maintenance and

Collision Avoidance through Multiplex Information Networks .................. 23

2.4.3 Hlustrative Numerical Example .......... ... i 29

2.5 Multiagent Formation EXperiments .............o.iuiiiiiiiiiiiiii i 32
2.5.1 Experiment 1: Formation Density and Orientation Control in Formation

ASSIZIMENT ..ottt ettt e 32

2.5.2 Experiment 2: Spatially Evolving Multiagent Formation Tracking ............ 33

2.5.3 Experiment 3: Formation Passing Through a Narrow Passage ................ 33

2.6 CONCIUSION ...ttt ettt e e e e e e 35

2.7 Acknowled@ments ... ... ...ttt e 36

Chapter 3: On Control of Multiagent Formations through Local Interactions .......................... 37

3.1 INtrodUCHION .. ..ottt e e 37

3.2 Mathematical Preliminaries. . ... ..ottt e 39

3.3 Control of Multiagent Formations with General Linear Dynamics ..................... 40

3.4 Tllustrative Numerical Example ......... ... i 45

i

www.manaraa.com



3.5 CONCIUSION .. vvttt ettt ettt e e e e e e e e 47

Chapter 4: Bandwidth Control of Multiagent SYStems ... ........oueiutirtnrinrei i iiaeneneanans 49
4.1 INtrodUCHION ... v ettt et e e e e e et e e e 49
4.1.1 Background. ... ......o.oiuiii 49

4.1.2 CONIIDULION « .. ettt ettt et et 50

4.2 Preliminari€s . ... ....outnutnt ettt e e e 51
4.3 Constant Bandwidth Control.......... ... i 52
4.3.1 Proposed ArchiteCture . ...........ouvuin ittt 52

4.3.2 System-Theoretic Analysis .........ouviriitiitiii i iia s 52

4.4 Time-varying Bandwidth Control ......... ... ... . i i 56
4.5 Ilustrative Numerical Examples ... 58
4.5.1 Example 1 ... e 58

4.5.2 EXamMPIe 2 ..ot 60

4.6 ConCIUSION . ...ttt e et e 62

Chapter 5:  On New Laplacian Matrix with a User-Assigned Nullspace in Distributed Control of

MUltia@ent SYSTEIMIS . . . ..o .ttt ettt ettt e e e e e 63
5.1 INtrodUCHION . ...ttt e e 63
5.2 New Laplacian Matrix and the Nullspace Convergence Protocol ....................... 65

5.2.1 The New Laplacian MatriX ...........ouuentetnntnneneiteieeennennannnnns 65
5.2.2 The Nullspace Convergence Algorithm............ ..., 71
5.3 Nullspace Control with the Leader-Follower Algorithm ............................... 73
5.3.1 Convergence to a Specific Vector in the Nullspace ........................... 73
5.3.2 An Application to Formation Control ............... ... 76
5.4 Ilustrative Numerical Examples ......... ... 78
541 Example 1 ..o e 78
542 EXample 2 ..o 79
5.4.3 EXample 3 ..o 79
5.5 CONCIUSION ... u et e ettt 80

Chapter 6: Finite-Time Control of Multiagent Networks as Systems with Time Transformation and

Separation PrinCiple .. ... e 81
6.1 INtrodUCHION .. .. ..ottt e e 81
6.1.1 ContribUution ... .. ...ttt e e e 82
6.1.2 Related LIterature . . .......ootntninittt e 82
6.1.3 OrganizZation .. ... .....uuuintnt ettt 83
6.2 Mathematical Preliminaries. ..............ooiiuininiiiii e 83
6.3 Finite-Time Control of Multiagent Networks as Systems ...................c.ooooiil 84
6.3.1 Multiagent Networks as Systems Setup.........c..o.ouiiiiiiiiiiiiinnnan.n. 84
6.3.2 Control Algorithm for Driver Agents............c.oiiiiiiiiiiiiiinennnnnns 86

6.3.3 Stability Analysis Based on Time Transformation and Separation
PrinCiple . ..o 87
6.3.4 Discussion on the Structure of “—M~IN” ... ... ... .. ... ... ... 94
6.3.5 Ilustrative Numerical Example ......... ... 96
6.4 Practical Considerations and Experiments .............. ..o, 98
6.4.1 Practical Considerations ..............ouiiuinininiuiininiiiinienneenennn. 98
6.4.2 EXPETIMENLS ... .ottt e ettt et ettt e e e e e 101
il

www.manaraa.com



6.4.2.1 First EXperiment ..............oiuiiiiiiiiiiii it 102
6.4.2.2 Second Experiment .......... ..ottt 103
6.5 CONCIUSION . ..ottt e e e 105

Chapter 7: Finite-Time Control of Perturbed Dynamical Systems Based on a Generalized Time

Transformation APProach .. ......o.uiii ittt et e 106
7.1 INtrOdUCHION .. .e ettt e e et e e e e 106
7.2 Mathematical Preliminaries. .. .........ouoin i e 108
7.3 Generalized Time Transformation Approach-Based Finite-Time Control .............. 109
7.4 Finite-Time Distributed Control of Networked Multiagent Systems ................... 118
7.5 ConCIUSION ...ttt e e e 121

Chapter 8: Distributed Input and State Estimation Using Local Information in Heterogeneous

SeNSOr NEtWOTKS . . ..ottt et e 123
8.1 INtrodUCHION . ... .ottt e e 123
8.2 Notation and Mathematical Preliminaries. ..., 125
8.3 Distributed Input and State Estimation for Active-Passive Sensor Networks with
Fixed NOde ROIES. . . ..ot e e 127
8.3.1 Proposed Distributed Estimation Architecture ....................ccovvuen... 128
8.3.2 Stability Analysis ........oueuiiiii e 129
8.3.3 Illustrative Numerical Example ..............ccoiiiiiiii .. 137
833.1 Example 1 ... 139
8.3.3.2 EXample 2 . ..ot e 139
8.3.3.3 Example 3 ... 141

8.4 Distributed Input and State Estimation for Active-Passive Sensor Networks with
Varying Node Roles . ... e 143
8.4.1 Proposed Distributed Estimation Architecture .....................covuen... 145
8.4.2 Stability Analysis .. .....uiiniiii e 145
8.4.3 Illustrative Numerical Example ......... .. ... ..., 148
8.4.3.1 Example 4 ... 148
8432 Example 5 ... oo 151
8.5 CONCIUSION ...ttt e e et 154
8.6 FUNAING . ..ot e 156
8.7 ACKNOWIEAZMENtS .. ...ttt e e e 157
Chapter 9: Distributed Coestimation in Heterogeneous Sensor Networks............................. 158
9.1 INtrodUCHION . ...ttt e e e e e e 158
9.1.1 Literature RevView . ... ...t 158
9.1.2 CONtriDULION . .. ettt e e et 160
9.2 Distributed Coestimation: Fixed Active and Passive Node Roles...................... 161
9.2.1 Problem Setup and Proposed Algorithm ......................coooiiiii.... 161
9.2.2 Analysis of Proposed Algorithm ....... ... ... ... . .. i, 163
9.3 Distributed Coestimation: Time-varying Active and Passive Node Roles .............. 167
9.3.1 Problem Setup and Proposed Algorithm .................. ... ...ooo... 167
9.3.2 Analysis of Proposed Algorithm ............ ..., 168
9.4 Distributed Coestimation in a Stochastic Setting ..................oiiiiiiiiiia... 173
9.4.1 Problem Setup and Proposed Algorithm ................. ... ..., 173
9.4.2 Analysis of Proposed Algorithm .......... ... ... ... ... il 174
iii

www.manaraa.com



9.5 Illustrative Numerical Examples ... 179

9.5.1 Example 1 ... e 179
9.5.2 EXample 2 ..ot 183
0.6 CONCIUSION ...\ttt ettt ettt e e e e e e et et e et et e eieaens 184

Chapter 10: Dynamic Information Fusion with the Integration of Local Observers,

Value of Information, and Active-Passive Consensus Filters................ciiiiiiii ... 187
10.1 INtrodUCtiON .. ...ttt e e e 187

10.2 Problem Setup .. .....o.onoii e 189

10.2.1 Considered Process and the Sensor Network......................oooia.. 189

10.2.2 Local Observers and the Value of Information Matrix ...................... 190

10.3 Active-Passive Consensus Filters with Fixed Information Node Roles ............... 192

10.3.1 Proposed Architecture. ............c.oiiiiinii i, 192

10.3.2 Stability ANalysis ... ..ovutrt e e 193

10.3.3 Convergence ANalySiS. . ........uiuininintinin it eaenns 196

10.4 Active-Passive Consensus Filters with Time-varying Information Node Roles........ 200

10.4.1 Proposed ATChiteCtUI®. . ... .vve ittt eieieaee s 200

10.4.2 Stability Analysis .. ......ouoniinin i e 200

10.5 Information Validity Monitor Layer..............ccoiiiiiiiiniiiineaeannns. 205

10.6 Discussion and Examples ...... ... 206

10.6.1 Example 1. ... e et e 208

10.6.2 EXample 2. ..o e 208

10.6.3 Example 3. ..o e 210

107 CONCIUSION . . e ettt et et e e e e e e e 212

Chapter 11: Concluding Remarks and Future Research ............ .. .. .o it 214
11.1 Concluding Remarks. ... ... i e 214

11.2 Future Research . ...........oiiiii i e 215

R OTONCES . . . oo e 217
Appendix A: Proof of (3.25) . ..ot e 232
Appendix B: Proof of (3.28) . ... iiii i 236
Appendix C: Further Discussion on the Stability in Section 8.3......... ... ... i, 237
Appendix D: Parameters for Examples in Sections 8.3 and 8.4 ......... ... .. ... i 239
Appendix E: Selecting Design Parameter Procedure in Section 8.3 ............ . ... 245
Appendix F: Notation for Chapter O ....... ... i e 246
Appendix G: Mathematical Preliminaries for Chapter 10............ ... . .. it 247
Appendix H: Proof of Lemma 10.3.1 .. ... .o e 249
Appendix I: Copyright PErmiSSIONS . . ... ..outttt ittt e 251
v

www.manaraa.com



List of Figures

Figure 1.1  An illustration of a multiplex information network with 3 layers.......................... 3
Figure 2.1 A given desired formation for the example in Section 2.3.2 ......... .. ...t 18

Figure 2.2  Formation size and orientation control using the results in Theorem 2.3.1 for different

(V,0) PAILS. ottt ettt e 18
Figure 2.3 Communication range of a@enti. ..............eiuinininimiinin i ienneneenen. 24
Figure 2.4 A given desired formation for the example in Section2.4.3 ............... ... ... ..... 29

Figure 2.5 Target tracking using the proposed multiplex networks-based spatial formation con-

trol algorithm in Theorem 2.4.1. ... .. . i e 30
Figure 2.6  Time evolution of the scaling factors in Figure 2.5. ......... .. ... ... .. ... 30
Figure 2.7  Time evolution of z;(#) in Figure 2.5. ... ... .ot 31

Figure 2.8  Target tracking using the proposed multiplex networks-based spatial formation con-

trol algorithm in Theorem 2.4.2. ... ... . . i e e 31

Figure 2.9  Time evolution of distances between agents in Figure 2.8. ............................. 31
Figure 2.10 Laboratory-level experimental SEtUp. ...........onuitiiiti ittt a i 32
Figure 2.11 Results of multiagent formation experiment 1. ....... ... ... ..ot 33
Figure 2.12 Control histories of each robot for multiagent formation experiment 1. .................. 34
Figure 2.13 Results of multiagent formation experiment 2. ...............coiiiiiiiiiiiiinennn... 34
Figure 2.14 Control histories of each robot for multiagent formation experiment 2. .................. 35
Figure 2.15 Result of multiagent formation experiment 3 with the first strategy. ..................... 35
Figure 2.16 Result of multiagent formation experiment 3 with the second strategy. .................. 36
Figure 3.1 A multiagent system with SIX a@ents. ...........couitiiiii i eieanen 46
v

www.manaraa.com



Figure 3.2  Responses of the multiagent system in Figure 3.1 with the proposed distributed con-
trol architecture for two different scaling factors for the density of the resulting
formation (A and B) and respectively the norm of the control signals of agents for
each case (Cand D). ... e e 48

Figure 4.1  The evolution of the agents’ state x(¢) (top) and the bandwidth parameter () (bot-
tom) for a square wave tracking command ¢(£). ...... ...t 59

Figure 4.2  The evolution of the agents’ state x(¢) (top) and the bandwidth parameter () (bot-
tom) for a sinusoidal wave tracking command ¢(¢) = 3sin(0.25¢)...............coooon. 60

Figure 4.3  Response of the multiagent system with the proposed distributed control architecture

for two different bandwidth commands. .......... ... . .. . 61
Figure 5.1  An undirected and connected graph G with 4 nodes (a) and its oriented graph (b)......... 70
Figure 5.2  The initial vector xq is projected onto the nullspace represented by vector w.............. 73
Figure 5.3  The evolution of x(¢) under the protocol (5.21) in Example 1. .......................... 78

Figure 5.4  The evolution of x(¢) under the protocol (5.29) in Example 2 with (a) y(¢) = 1 and
(D) Y1) = 2 ettt 79

Figure 5.5 Response of the multiagent system under the proposed control architecture given by
(5.34)and (5.35) in Example 3 .. ..o e 80

Figure 6.1  Anexample multiagent network as a system, where circles denote the floating agents,

squares denote the driver agents, dashed lines denote the local information exchange

between all agents (graph topology), and solid lines denote the input-output (feed-

back) interaction between driver agents and a given control algorithm of interest. ........ 82
Figure 6.2  Response of the multiagent network as a system in Example 2. ......................... 97
Figure 6.3  The control signals of driver agents (i.e., agents 2 and 3 in the considered multiagent

network as a system) and the total control signals of all agents in Example 2, where

ur(t) is the total control signal depicted by the right hand side of (6.2)................... 98
Figure 6.4  Khepera IV robot. .. ... e 102

Figure 6.5 Trajectory of the robots and targets during the mission in Experiment 1 (top plot) and
the time evolution of the robots in x and y directions (bottom plots)..................... 103

Figure 6.6  The high-level control history of robots generated by the proposed control architec-
ture in Experiment 1. ... ... o e 103

Figure 6.7  Trajectory of the robots and targets during the mission in Experiment 2 (top plot) and
the time evolution of the robots in x and y directions (bottom plots)..................... 104

Vi

www.manaraa.com



Figure 6.8  The high-level control history of robots generated by the proposed control architec-
ture in EXperiment 2. . ... ... e 104

Figure 6.9  The evolution of the finite time gain A(f)..............ooiiiiiiiiiiiii i, 105

Figure 7.1  Plots of the family of a(¢) in Example 7.3.2 as a is increasing (left) and m is increas-
ing (right), where the arrow pointing in the increasing direction of aand m. ............ 112

Figure 7.2  Plots of the family of 6(s) in Example 7.3.2 as a is increasing (left) and m is increas-
ing (right), where the arrow pointing in the increasing direction of a andm. ............ 112

Figure 7.3  Plot of 32((?) over the regular prescribed time interval [0,7) (left) and plot of its

identical version do(;ge(g‘;))ﬁ (s) over the stretched infinite-time interval [0,00) (right)

foroc(t)émwithazo.l,mzo.l,andr:i ............................... 118

L

Figure 7.4  Response of the networked multiagent system under algorithm (7.22) with a(t)
m, a=0.5,m=0.005, T =5 seconds, and y = 4, where the solid lines are
the states of agents (left) and the time derivative of agents (right), and the dashed line

shows the tracking command. ............ ...t 121

Figure 7.5 Response of the networked multiagent system under algorithm (7.22) with a(t) =
WM’ a=0.1, m=0.085, T =5 seconds, and y = 4, where the solid lines are
the states of agents (left) and the time derivative of agents (right), and the dashed line

shows the tracking command. ............ ..ottt 121

Figure 8.1  Effectof y€ (0,2] and a € {0.25,1,2.5,5,10,50} to the ultimate bound y; in (8.42),
where the arrow indicate the direction cxisincreased. ...............coiiiiiiiiinnnn... 137

Figure 8.2 Communication graph of the sensor network in Example 1 with 4 active nodes and 8
PASSIVE NOALS. . ettt ettt e ettt et e e e e e 138

Figure 8.3  State estimates of the sensor network in Example 1 with 4 active nodes and 8 passive
nodes under the proposed architecture (8.7) and (8.8). ..., 140

Figure 8.4  Input estimates of the sensor network in Example 1 with 4 active nodes and 8 passive
nodes under the proposed architecture (8.7) and (8.8). ..., 140

Figure 8.5 Communication graph of the sensor network in Example 2 and 3 with 8 active nodes
and 4 PasSive NOAES. . ...ttt ettt e e 141

Figure 8.6  State estimates of the sensor network in Example 2 with 8 active nodes and 4 passive
nodes under the proposed architecture (8.7) and (8.8). ........coviiiiiiiiii i, 142

Figure 8.7 Input estimates of the sensor network in Example 2 with 8 active nodes and 4 passive

nodes under the proposed architecture (8.7) and (8.8). ..., 142
Figure 8.8  State error norms of the sensor networks in Example 1 and Example 2. ................ 143
vii

www.manaraa.com



Figure 8.9  Input error norms of the sensor networks in Example 1 and Example 2. ................ 143

Figure 8.10 State estimates of the sensor network in Example 3 with 12 active nodes under the
proposed architecture (8.7) and (8.8). ..o 144

Figure 8.11 Input estimates of the sensor network in Example 3 with 12 active nodes under the
proposed architecture (8.7) and (8.8). ..ot 144

Figure 8.12 Communication graph of the active-passive sensor network in Example 4 with 12
DOCS. ettt et e e e 148

Figure 8.13 State estimates of the active-passive sensor network in Example 4 with 12 nodes
under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix
inequalities (8.60) and (8.61). ..ottt e 150

Figure 8.14 Position estimates (first and third states of the process) of the active-passive sensor
network in Example 4 with 12 nodes under the proposed architecture (8.58) and
(8.59) and satisfying the linear matrix inequalities (8.60) and (8.61). ................... 150

Figure 8.15 Input estimates of the active-passive sensor network in in Example 4 with 12 nodes
under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix
inequalities (8.60) and (8.61). ... ..o u it 151

Figure 8.16 State estimates of the active-passive sensor network in Example 4 with 12 nodes un-
der the proposed architecture (8.58) and (8.59) with the decrease in
O = 1, L e 151

Figure 8.17 Input estimates of the active-passive sensor network in Example 4 with 12 nodes un-
der the proposed architecture (8.58) and (8.59) with the decrease in

Figure 8.18 Communication graph of the active-passive sensor network in Example 5 with 13
D00, ..ttt e 152

Figure 8.19 State estimates of the active-passive sensor network in Example 5 with 13 nodes
under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix
inequalities (8.60) and (8.61). ..ottt e 154

Figure 8.20 Position estimates (first and third states of the process) of the active-passive sensor
network in Example 5 with 13 nodes under the proposed architecture (8.58) and
(8.59) and satisfying the linear matrix inequalities (8.60) and (8.61). ................... 155
Figure 8.21 Input estimates of the active-passive sensor network in in Example 5 with 13 nodes

under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix
inequalities (8.60) and (8.61). ..ot e 155

viii

www.manaraa.com



Figure 8.22 State estimates of the active-passive sensor network in Example 5 with 13 nodes un-
der the proposed architecture (8.58) and (8.59) with the decrease in

Figure 8.23 Input estimates of the active-passive sensor network in Example 5 with 13 nodes un-
der the proposed architecture (8.58) and (8.59) with the decrease in
O L= 1, L 156

Figure 9.1 A dynamic information fusion scenario in a sensor network with time-varying active
and pPassive NOAE TOIES. ... ...ttt e e e e e 159

Figure 9.2 Communication graph of the time-varying heterogeneous sensor network with 12
106 1 179

Figure 9.3  The time evolution of £;(¢), i = 1,...,N, of the considered time-varying hetero-
geneous sensor network under the proposed distributed “coestimation” architecture
given by (9.22) and (9.23). . ..ottt e 180

Figure 9.4  The time evolution of W;(f), i = 1,...,N, of the considered time-varying hetero-
geneous sensor network under the proposed distributed “coestimation” architecture
given by (9.22) and (9.23). .. ..o e 180

Figure 9.5 Position estimates (first and third states of the process) of the considered time-varying
heterogeneous sensor network under the proposed distributed “coestimation” archi-
tecture given by (9.22) and (9.23). . ..o it 181

Figure 9.6  The time evolution of £;(¢), i = 1,...,N, of the considered time-varying heteroge-
neous sensor network under the recent distributed “estimation” architecture in [1]
given by (9.36) and (9.37). . ..ot 182

Figure 9.7  The time evolution of w;(¢), i = 1,...,N, of the considered time-varying heteroge-
neous sensor network under the recent distributed “estimation” architecture in [1]
given by (9.36) and (9.37). . ..ottt 183

Figure 9.8  Position estimates (first and third states of the process) of the considered time-varying
heterogeneous sensor network under the recent distributed “estimation” architecture
in [1] given by (9.36) and (9.37). ... oottt 183

Figure 9.9  The time evolution of the first and third states of £;(¢), i = 1,...,N, of the considered
time-varying heterogeneous sensor network under the proposed distributed “coesti-
mation” architecture given by (9.22) and (9.23).......oiiiiiiii e 184
Figure 9.10 The time evolution of the second and the fourth states of £;(¢), i =1,...,N, of the con-

sidered time-varying heterogeneous sensor network under the proposed distributed
“coestimation” architecture given by (9.22) and (9.23). ... 185

1X

www.manaraa.com



Figure 9.11 The time evolution of w;(r), i = 1,...,N, of the considered time-varying hetero-
geneous sensor network under the proposed distributed “coestimation” architecture
given by (9.22) and (9.23). . ..ottt 185

Figure 10.1 The dynamic information fusion framework of an individual node with the integra-
tion of a local observer, value of information, active-passive consensus filter, and
information validity monitor layer. ........ ... . . 189

Figure 10.2 State estimates of the sensor network with four nodes in a connected, undirected ring
graph in Example 1 under the proposed active-passive consensus filter architecture
(10.33) and (10.34). .o e 209

Figure 10.3 The evolution of information validity vector of the sensor network with four nodes
in a connected, undirected ring graph in Example 1 under the monitor layer given by
(10.61) and (10.62). .ottt e e e 209

Figure 10.4 State estimates of the sensor network with four nodes in a connected, undirected ring
graph in Example 2 under the proposed active-passive consensus filter architecture
(10.33) and (10.34). .ot e e 210

Figure 10.5 The evolution of information validity vector of the sensor network with four nodes
in a connected, undirected ring graph in Example 2 under the monitor layer given by
(10.61) and (10.62). ..ottt e 210

Figure 10.6 State estimates of the sensor network with four nodes in a connected, undirected ring

graph in Example 3 under the proposed active-passive consensus filter architecture
(10.33) and (10.34). ..o 212

Figure 10.7 The evolution of information validity vector of the sensor network with four nodes

in a connected, undirected ring graph in Example 3 under the monitor layer given by
(10.61) and (10.62). ..ttt e e e e e 212

www.manaraa.com



Abstract

The first objective of this dissertation is to develop novel distributed control architectures allowing
spatiotemporal control of multiagent systems as applied to formation control. In addition, its second
objective is to introduce distributed estimation frameworks for dynamic information fusion for addressing
the heterogeneity in sensor networks.

Changing the spatial and temporal properties of agent teams in a distributed manner and in real-time
is an open problem in the control system literature as multiagent systems are often required to complete
tasks with ever-increasing complexity in adverse conditions and dynamic environments. Motivated by
this standpoint, this dissertation aims to address challenges related to spatiotemporal control of multiagent
systems by proposing three novel tools and methods: The multiplex information networks; the nullspace
control; and the time transformation method. First, existing distributed control algorithms utilize only a
single layer information exchange rule leading to the multiagent systems have fixed spatial and temporal
properties (e.g., the size, orientation and spatial evolution rate of a formation are fixed). To this end,
we introduce multiplex information networks with multiple information exchange layers comprising both
intralayer and interlayer communication links to allow the spatial and temporal properties of multiagent
systems (e.g., the formation’s size, orientation, and bandwidth) being manipulated in a distributed manner.
Moreover, tools and methods from differential potential fields are used for connectivity maintenance and
collision avoidance between agents. Second, complex cooperative behaviors in multiagent systems are
restricted under existing control architectures since the local interactions between agents are encoded in
the standard Laplacian matrix, which has the nullspace spanning the vector of ones. A novel method
proposed in this dissertation defines a more general version for Laplacian matrix, whose nullspace can
be manipulated as desired, and reveals a better understanding of the local interactions as well as allows
a broader range of complex cooperative behaviors in multiagent systems. Third, time-critical applications,
where a task is required to be completed at a user-defined convergence time, is another challenge. Distributed

control algorithms for such applications are also developed and generalized. Specifically, a novel time
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transformation method is employed to transform the system from the prescribed time interval 7 € [0,T) to
an equivalent system over the stretched infinite-time interval s € [0, o) for analysis purposes.

One additional challenge in multiagent system is the heterogeneity in sensor networks, which
prevents dynamics information correctly being fused. Therefore, another major contribution of this disser-
tation is to introduce and analyze new distributed input and state estimation architectures for addressing
the heterogeneity in sensor networks stemming from different in sensor modalities, quality of sensing
information (value of information), and information roles of nodes (active and passive). Both fixed and time-
varying information roles of nodes are investigated. Furthermore, some existing literature (see, for example,
[2]) implicitly considers nodes with different information roles, yet they require global sufficient stability
conditions for analysis while our proposed architectures only utilize local measurements and information
both in execution and design stages to guarantee the stability and performance of the overall sensor network.

Finally, the stability of the proposed architectures are theoretically analyzed and their efficacy is

illustrated on numerical examples as well as verified with experiments on various mobile robot platforms.
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Chapter 1: Introduction

With the rapid development of technology in computing, sensing and communication in the last two
decades, exploiting large numbers of interconnected agents such as low-cost and small-in-size autonomous
vehicles and micro-sensors has become feasible. This supports a wide array of civilian and military opera-
tions ranging from environment monitoring, surveillance to guidance, navigation, and control of autonomous
underwater, ground, aerial, and space vehicles. Such operations lead to a demand for developing advanced
distributed control architectures for allowing these multiagent systems’ spatial and temporal properties to
evolve adaptively in adverse conditions and dynamic environments (e.g., applications related to swarms
of robots) as well as allowing information fusion (e.g., applications in sensor networks). Motivated by this
standpoint, this dissertation first focuses on developing control architectures for manipulating spatiotemporal
properties of multiagent systems and then focuses on developing dynamic information fusion architectures
for sensor networks.

One of the main challenges in multiagent systems is to control the spatial and temporal properties
of agent teams in real-time. To elucidate this point, consider a fleet of ground vehicles as an example
that is commanded to form and maintain a formation while simultaneously tracking a dynamic target. The
distance between each agent in the formation can be large under ideal conditions to maximize the sensing
ability of the overall multiagent system as a whole. Still, when agents pass through a narrow passage, it is
then necessary for the formation to scale down (i.e., the spatial property) in real-time to fit in. In addition,
depending on the speed of the dynamic target, agents need to adjust their bandwidth (i.e., the temporal
property) in real-time for maintaining a desired tracking distance with the target. Yet, current distributed
control methods have a lack of information exchange infrastructure and tools to enable such spatial and
temporal evolution in a decentralized manner. This is due to the fact that these methods are designed based
on information exchange rules for a network having a single layer (see, for example, [1]-[3] and references
therein), which leads to multiagent formations with fixed, non-evolving spatial properties. For situations

where capable agents (or leaders) have to control the resulting formation using these methods, they can only
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do so if such vehicles have global information exchange ability. However, this is not practical for cases with
large numbers of agents and low-bandwidth peer-to-peer communications. As another reason for restrictions
in increasingly complex multiagent systems’ tasks, most distributed control results are predicated on the
benchmark consensus algorithm, which is built on the well-known Laplacian matrix whose nullspace spans
the vector of ones. In addition, for time-critical applications where the multiagent systems are required to
complete a given task over a specific time interval, most standard algorithms either depend on the initial
conditions or focus on finding the upper bound for the convergence time. As a result, the convergence time
cannot be assigned arbitrarily by the users.

On developing dynamic information fusion architectures for sensor networks, a critical roadblock
to achieving correct dynamic information fusion is heterogeneity. Heterogeneity in sensor networks is
unavoidable in real-world applications and comes from many sources such as a subset of sensors is subject
to the observation while the rest is not, sensing ability and qualities of each sensor can be also different. A
dynamic information fusion process should consider such heterogeneities, yet existing distributed estimation
algorithms only address these challenges partly. For example, [3] and [2] consider nonidentical modalities
of sensor nodes in their distributed algorithms. However, [3] ignores the possibility of having passive nodes
in the network since it requires all nodes to be active in the sense of receiving observations from a process of
interest. Although the authors of [2] implicitly consider nodes that can have time-invariant active and passive
information roles, their analysis involve global sufficient stability conditions, which can be impractical for
sensor networks having sufficiently large set of nodes.

In what follows, an overview of the proposed tools and methods as well as the contribution of
this dissertation toward addressing the challenges in manipulating spatiotemporal properties of multiagent

systems and fusing dynamics information in heterogeneous sensor networks are introduced.

1.1 Multiplex Information Based Distributed Control Architecture for Multiagent Systems

Current distributed control methods have a lack of information exchange infrastructure to enable
spatial and temporal evolution of multiagent systems. This is due to the fact that the single-layer structure
of existing approaches does not provide the necessary flexibility to control such properties through local
interactions (e.g., see [4-9] and references therein). For example, the formation control architectures
proposed in [7-9] result in a fixed formation; that is, the size and the orientation of the formation are

fixed and they cannot be altered distributively once being formed. As another example, the well-known
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Figure 1.1: An illustration of a multiplex information network with 3 layers.

consensus and consensus-like approaches have a fixed bandwidth, which depends on the Fiedler eigenvalue
of the graph Laplacian, and it cannot be changed distributively on the fly.

Multiplex information networks is an appropriate method for altering these fixed properties in real-
time. In particular, multiplex information networks describe networks with multiple information exchange
layers comprising both intralayer and interlayer communication links. Figure 1.1 illustrates a multiplex
information network with 3 layers, where circles denote nodes or agents, solid lines denote intralayer
communication links, and dashed lines denote interlayer communication links. The idea of multiplex
information networks has emerged in the physics and social science fields (e.g., see [10-14] and references
therein). However, these fields mainly focus on studying the system-theoretic characteristics as well as the
convergence of the overall network dynamics without focusing on the control design aspect. The contribu-
tion of this dissertation is to introduce and system-theoretically utilize multiplex information network for
enabling spatial and temporal control of multiagent systems through local interactions. Specifically, the main
layer is utilized to regulate the agent team for completing a global task (e.g., forming a desired formation,
tracking a dynamics target, and avoiding collision simultaneously) while other layers are utilized to spread
out the desired parameters (e.g., the desired scaling factor, rotation angle, or bandwidth commands) from
the capable agents (or leaders) to other agents in the network. The key feature of this distributed control
architecture is that the parameters updated under secondary layers directly influences the main layer, and
hence, the spatial and temporal properties of the multiagent systems can be manipulated in real-time and in

a decentralized manner.
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1.2 The New Laplacian Matrix with a User-Assigned Nullspace

The common denominator of most notable existing distributed control results is that they utilize
the benchmark consensus algorithm, which is built on the well-known Laplacian matrix whose nullspace
spans the vector of ones (e.g., see [5, 8, 15-25]). To elucidate this point, consider the benchmark con-
sensus algorithm over undirected and connected graphs with scalar integrator dynamics given by x;(t) =
— Y (xi(t) —x;j(z)), where x;(t) denotes the state of agent i, i = 1,...,N, and i ~ j indicates that agents
i and j are neighbors. Defining x(¢) = [x;(¢),...,x,(¢)]T, one can compactly write the overall dynamics
of this multiagent system as %(¢) = —Lx(t), where £ = D — A is the Laplacian matrix with D € R"*"
denoting its degree matrix and A € R"*" denoting its adjacency matrix. In particular, the spectrum of the
corresponding Laplacian matrix can now be ordered as 0 = 4;(£) < (L) < ... < A, (L) (A2(L) is called
as the Fiedler eigenvalue that determines the convergence rate), the nullspace of this Laplacian matrix spans
1, =[1,...,1]T 1, is the eigenvector corresponding the zero eigenvalue (L)), and lim, ...x(¢) = cl,
with ¢ being a scalar (consensus). Note that the above consensus algorithm is the key building block for a
wide array of existing distributed control architectures including but not limited to formation architectures,
pinning architectures, containment architectures, and dynamic information fusion architectures. Hence,
these extensions are also predicated on this Laplacian matrix with a nullspace spanning the vector of ones.
The following question is now immediate: To pave the way for composing complex cooperative behaviors in
multiagent systems, can we generalize the Laplacian nullspace such that it can span any vector with positive
elements?

One contribution of this dissertation is to address the above question, where we introduce a new
Laplacian matrix for undirected and connected graphs that generalizes the well-known Laplacian matrix
(hereinafter referred to as the standard Laplacian matrix) whose nullspace spans the vector of ones. Specifi-
cally, the proposed, new Laplacian matrix is based on a desired, user-assigned nullspace. The key feature of
our approach for generating this new Laplacian matrix is that it is simply predicated on keeping the same,
standard adjacency matrix and altering the degree matrix. That is, considering a distributed control archi-
tecture developed based on the standard Laplacian matrix, one can simply add self-loops to that architecture

to achieve convergence to a given user-assigned nullspace based on the results of this dissertation.
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1.3 Finite-Time Control with Time Transformation

Many practical applications such as engagement of a guided missile with a target, landing of an
aerial vehicle at a non-stationary carrier, and sequential execution of given complex tasks require the tasks
to be completed within a specific time interval [0, 7). While there is a rich literature with regard to finite-time
control, the finite-time convergence with the standard algorithms depends on initial conditions of dynamical
systems (see, for example, [26-32] and the references therein), and therefore, T may not be readily assigned
by a control designer. To provide a remedy to this problem, several results focus on finding an upper bound
on the finite-time convergence (see, for example, [33—-39] and references therein). Recently, there are also
new results such as [40-54] (and references therein) that have the ability to directly assign a user-defined
convergence time 7 to the finite-time algorithms utilized in time-critical applications. This dissertation
also contributes to finite-time control by proposing a structure predicated on a novel time transformation
approach. Concretely, the proposed structure allows the user to assign the convergence time arbitrarily
regardless of initial conditions while the time transformation method is utilized to transform a resulting
algorithm over the prescribed time interval [0, ) to an equivalent algorithm over the stretched infinite-time
interval [0, oo) for stability analysis. With this time transformation technique, standard system-theoretic tools

and methods can be used to analyze the systems.

1.4 Information Fusion Structure

There are two common ways to perform distributed dynamic information fusion. Specifically, one
classical way includes decentralized data fusion, for example, see [55-57], where these methods have
been shown to work well in practice for some applications without formal stability guarantees. Unlike
these methods, system-theoretic dynamic information fusion involves equations of motion to describe time
behavior of the information fusion process and they also offer stability guarantees (e.g. [58-60]). The
contribution of this dissertation builds on system-theoretic dynamic information fusion approaches.

Although distributed estimation algorithms have had strong appeal owing to their reliability and
flexibility as outlined above, a critical roadblock to achieving correct dynamic information fusion with these
algorithms is heterogeneity. Heterogeneity in sensor networks is unavoidable in real-world applications. To
elucidate this fact, consider a target estimation problem as a motivating example. Specifically, nodes of a

given sensor network can have heterogeneous information roles in the target estimation problem such that
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a subset of nodes can be subject to observations of this target (active nodes) and the rest can be subject to
no observation (passive nodes). Thus, only active nodes have to be taken into account during the dynamic
information fusion process. In addition, note that nodes of a sensor network can also have nonidentical
sensor modalities; for example, a subset of nodes can sense the target position and others can sense the
target velocity. This case also needs to be considered in the dynamic information fusion process. Dealing
with these classes of heterogeneity in sensor networks to achieve correct and reliable dynamic information
fusion is a challenging task using distributed estimation algorithms. Toward this end, notable contributions
in the literature include [2, 3, 58-75]. Specifically, the authors of [58—65] propose dynamic consensus
algorithms that are suitable for sensor networks with all nodes being active. However, as discussed above, a
subset of nodes in a sensor network can be passive in that they may not be able to sense a process of interest
and collect information. While the authors of [66—68] present methods that cover specific applications when
a subset of nodes are passive (and the remaining nodes are active), their results are in the context of static
consensus, and hence, they are not suitable in their presented form for dynamic data-driven applications.
The contribution of this dissertation is to introduce and analyze a new distributed input and state
estimation architecture for heterogeneous sensor networks. Specifically, nodes of a given sensor network
are allowed to have heterogeneous information roles in the sense that a subset of nodes can be active (that is,
subject to observations of a process of interest) and the rest can be passive (that is, subject to no observation).
Both fixed and varying active and passive roles of sensor nodes in the network are investigated. In addition,
these nodes are allowed to have nonidentical sensor modalities under the common underlying assumption
that they have complementary properties distributed over the sensor network to achieve collective observ-
ability (see, for example, [3] and [2], and references therein). The key feature of our framework is that it
utilizes local information not only during the execution of the proposed distributed input and state estimation
architecture but also in its design unlike the results in [2]; that is, global uniform ultimate boundedness of
error dynamics is guaranteed once each node satisfies given local stability conditions independent from the

graph topology and neighboring information of these nodes.

1.5 Organization

The organization of this dissertation is as follows. Chapter 2 introduces the multiplex information
network as applied to control the spatial properties of a multi-vehicle formation with scalar integrator

dynamics and Chapter 3 generalizes the result to higher-order dynamics. Chapter 4 addresses the temporal

www.manaraa.com



control problem of multiagent systems through utilizing the multiplex information network for controlling
the bandwidth. Chapter 5 proposes the new Laplacian matrix with user-assigned nullspace for allowing
complex cooperative behaviors in multiagent systems. Chapter 6 presents a structure to control multiagent
networks as systems with finite-time algorithms, time transformation, and separation principle. Chapter 7
generalizes the time transformation method by introducing a new class of scalar, time-varying gain functions
to convert a baseline control algorithm into a time-varying one for time-critical applications. Chapter
8 introduces a preliminary structure for dynamic information fusion in heterogeneous sensor networks.
Chapter 9 provides some extensions for improving the performance and simplifies the tunning procedure of
the structure proposed in Chapter 8. Chapter 10 proposes another dynamic information fusion framework
with the integration of local observers, the value of information, and active-passive consensus filter as well as
a layer to monitor the validity of the information. Finally, concluding remarks and future research directions

are presented in Chapter 11.
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Chapter 2: Formation Control with Multiplex Information Networks*

Current distributed control methods have a lack of information exchange infrastructure to enable
spatially evolving multiagent formations. Specifically, these methods are designed based on information
exchange rules represented by a network having a single layer, where they lead to multiagent formations
with fixed, non-evolving spatial properties. For situations where capable agents have to control the resulting
formation through these methods, they can often do so if such agents have global information exchange
ability. Yet, global information exchange is not practical for cases that have large numbers of agents and
low-bandwidth peer-to-peer communications. Motivated from this standpoint, the contribution of this paper
is to show how information exchange rules, which are represented by a network having multiple layers
(multiplex information networks), can be designed for enabling spatially evolving multiagent formations.
In particular, we first consider the formation assignment problem and then the formation tracking problem,
and introduce new distributed control architectures that allow capable agents to spatially alter the size and
the orientation of the resulting formation without requiring global information exchange ability. In addition,
tools and methods from differential potential fields are further utilized in order to generalize the proposed
distribute control architecture for the formation tracking problem to allow for connectivity maintenance and
collision avoidance needed in real-world applications. Stability of the proposed architectures is theoretically

analyzed and their efficacy are illustrated on numerical examples and on multiagent formation experiments.

2.1 Introduction

As advances in VLSI and MEMS technologies have boosted the development of integrated systems
that combine mobility, computing, communication, and sensing on a single platform, future civilian and
military operations will have the capability to exploit large numbers of interconnected agents such as low-

cost and small-in-size autonomous vehicles and microsensors. Such large-scale multiagent systems will

*This chapter is previously published in [76]. Permission is included in Appendix I.
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support operations ranging from environment monitoring and military surveillance, to guidance, navigation,
and control of autonomous underwater, ground, aerial, and space vehicles. For performing operations with
dramatically increasing levels of complexity, multiagent systems require advanced distributed information
exchange rules in order to make these systems evolve spatially for adapting dynamic environments and
effectively responding to human interventions. Yet, current distributed control methods lack information
exchange infrastructures to enable spatially evolving multiagent formations. This is due to the fact that
these methods are designed based on information exchange rules for a network having a single layer (see,
for example, [5, 77, 78] and references therein), which leads to multiagent formations with fixed, non-
evolving spatial properties. For situations where capable agents ! have to control the resulting formation
through these methods, they can often do so if such vehicles have global information exchange ability, but

this is not practical for cases with large numbers of agents and low-bandwidth peer-to-peer communications.

2.1.1 Contribution

The contribution of this paper is to introduce and show how information exchange rules, which
are represented by a network having multiple layers (multiplex information networks), can be designed
for enabling spatially evolving multiagent formations. In particular, after stating necessary mathematical
preliminaries in Section 2.2, we first consider the formation assignment problem (i.e., creating a desired
formation for the multiagent system in hand) in Section 2.3 and then the formation tracking problem
(i.e., formation control while tracking a dynamic, non-stationary target) in Section 2.4, and introduce new
distributed control architectures that allow capable agents to spatially alter the size and the orientation of the
resulting formation? without requiring global information exchange ability. In addition, tools and methods
from differential potential fields are further utilized in Section 2.4 in order to generalize the proposed
distribute control architecture for the formation tracking problem to allow for connectivity maintenance and
collision avoidance needed in real-world applications. Stability of the proposed architectures is theoretically
analyzed and their efficacy are illustrated on numerical examples in Sections 2.3 and 2.4 and on multiagent

formation experiments in Section 2.5.

ICapable agents denote a subset (or at least one) of all agents in a given multiagent system, which have the knowledge of
desired parameters used to control resulting formations.

2In this paper, spatial size control means to scale the original desired distances between agents through a design parameter
only available to capable agents and spatial orientation control means to rotate the original multiagent formation by a rotation
matrix constructed with a design parameter only available to these capable agents.
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2.1.2 Related Literature

Studies on multiplex information networks have recently emerged in the physics and networks
science literatures, where they consider system-theoretic characteristics of network dynamics with multiple
layers subject to intralayer and interlayer information exchange [10-14, 79-81] (there also exist studies on
multiplex networks that do not consider system-theoretic characteristics; see [82] for a survey). However,
these studies mainly consider cases where all layers perform simple consensus algorithms and analyze the
convergence of the overall multiagent systems in the presence of not only intralayer but also interlayer infor-
mation exchange, and hence, they do not deal with controlling spatial properties of multiagent formations.
Note that there are also recent studies on networks of networks by the authors of [83—85]. However, these
studies deal with large-scale systems formed from smaller factor networks via graph Cartesian products;
hence, they are also not related with the contribution of this paper.

Spatial multiagent formation control is considered by the authors of [86—89] using approaches
different from multiplex information networks. In particular, the authors of [86—88] assume that some
of the formation design parameters are known globally by all agents, and the authors of [89] assume
global knowledge of the complete network at the analysis stage. However, as previously discussed, such
assumptions may not be practical in the presence of large numbers of agents and low-bandwidth peer-to-
peer communications. From a data security point of view, in addition, it should be noted that one may not
desire a multiagent system with all agents sharing some global information about an operation of interest.
Throughout this paper, we do not make such assumptions in our multiplex information networks-based
spatial multiagent formation control approach. Finally, two preliminary conference versions of this paper
appeared in [90, 91]. The present paper considerably expands on [90, 91] by providing detailed proofs of all

the results with additional motivation, examples, and multiagent formation experiments.

2.2 Mathematical Preliminaries
We now introduce this paper’s notation and recall basic notions from graph theory, which are
followed by the general setup of consensus and formation problems for multiagent systems that are necessary

to establish our main results>.

3For details about graph theory and multiagent systems, see [5, 77, 92].
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2.2.1 Notation and Notions from Graph Theory

Throughout this paper, R denotes the set of real numbers, R" denotes the set of n x 1 real column
vectors, R denotes the set of n x m real matrices, R (resp., R, ) denotes the set of positive (resp., non-
negative) real numbers, R"*" (resp., @T”) denotes the set of n x n positive-definite (resp., non-negative-
definite) real matrices, 0,, denotes the n X 1 vector of all zeros, 1,, denotes the n x 1 vector of all ones, 0,,x,
denotes the n x n zero matrix, I, denotes the n x n identity matrix, and ® denotes the Kronecker product
operation. In addition, we write (-)T for transpose, Amin(A) and Amax(A) for the minimum and maximum
eigenvalue of the Hermitian matrix A, respectively; A;(A) for the i-th eigenvalue of A, where A is symmetric
and the eigenvalues are ordered from least to greatest value, det(A) for the determinant of A, diag(a) for the
diagonal matrix with the vector a on its diagonal, [x]; for the entry of the vector x on the i-th row, and [A];;
for the entry of the of the matrix A on the i-th row and j-th column. Furthermore, for given functions f(t)
and g(1), f(t) — g(r) as r — oo denotes lim; .. (f(r) — g(¢))=0.

In the multiagent systems literature, graphs are broadly adopted to encode interactions between
networked agents. An undirected graph G is defined by aset Vg = {1,...,n} of nodes and aset £ C Vg x Vg
of edges. If the distance between two arbitrary nodes is less than R, then they are said to be neighbors and
the neighboring relation is denoted by j € N; = {j| j € Vg, ||xijll» < R}, where x;; £ x; — x; with x; and
x;j being the state (position) of nodes i and j, respectively. In addition, if (i, ) € &g, then the nodes i
and j are said to be formation neighbors [93, 94] and this relation is denoted by j € ./\/,-f , Where j\/l-f is
a subset of ;. In general, note that A; can be a time-varying set while /\fif is a static set, that is, N'if .
remains unchanged in the presence of node movements. The degree of a node is given by the number
of its formation neighbors. In particular, letting d; be the degree of node i, the degree matrix of a graph
G, D(G) € R™" is given by D(G) = diag(d), d = [d),...,ds]T. A path ipi;...i is a finite sequence of
nodes such that i;_; € j\/l{ with k = 1,...,L, and a graph G is connected if there exists a path between
any pair of distinct nodes. The adjacency matrix of a graph G, A(G) € R"*", is given by [A(G)];; = 1
if (i,j) € & and [A(G)];; = O otherwise. The Laplacian matrix of a graph, £(G) € @ixn, is given by
L(G) 2 D(G) — A(G), where the spectrum of the Laplacian for an undirected and connected graph G can
be ordered as 0 = A4, (L(G)) < L (L(G)) < --- < A, (L(G)) with 1, as the eigenvector corresponding to the
zero eigenvalue A; (£(G)) and £(G)1, =0, and e“(9)1,, = 1,, hold. Here, we assume graph G is undirected

and connected unless noted otherwise.
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2.2.2 Consensus and Formation Dynamics

A graph G can model a given multiagent system with nodes and edges respectively representing
agents and interagent information exchange links. Specifically, let x;(z) € R™ denote the state of node i,
whose dynamics is described by the single integrator x;(¢) = u;(t), x;(0) = xj0, i = 1,--- ,n, with u;(r) € R
being the control input of node i. Allowing agent i to have access to the relative state information with
respect to its formation neighbors, a solution to the consensus problem can be achieved, for example, by
applying u;(t) = — ¥ N (xi(r) —x;()) to the above single integrator dynamics [5, 77], where the resulting

dynamics can be represented by the Laplacian dynamics of the form
X(t) = —L(G) ®@Inx(t), x(0) =xo, 2.1

with x(¢) = [x](¢),---,x}(t)]T denoting aggregated state vector of multiagent system. Since the graph G
is undirected and connected, lim, . [x;(#)]; = ([x1(0)]; + -+ [x,(0)];) /n holds from (2.1) for i =1,...,n
and j = 1,...,m. In this paper, we assume that m = 2 without loss of generality, which implies that the
multiagent system evolves in a planar space.

On the formation problem, define x;(t) — & € R? as the displacement of x;(t) € R? from the desired
formation position of agent i, £ € R?. Using now the transformed state x;(¢) — &; instead of x;(¢) in (2.1)
for i=1,...,n, one can write the dynamics x(r) = —(£(G) @ L) x(t) + (L(G) ® 1) &, x(0) = xo, [5, 771,
where & = [&],---,&,]T. Note that the above expression addressing the formation problem with m = 2 can
equivalently be written as x;(r) = _Zje/\/,f (xi(7) —XJ(I))+Zj€Mf (& —&;), xi(0) = xi. In the rest of this
paper, we consider a generalized version of this benchmark formation problem that not only allows to create
a desired formation for the multiagent system in hand (i.e., formation assignment; see Section 2.3) but also
allows formation control while tracking a dynamic, non-stationary target (i.e., formation tracking problem:;
see Section 2.4). In our proposed algorithm, the original resulting formation as well as the desired position
of agent i represented by &; are oriented through the rotation matrix R(6;(¢)) and the size is controlled by the
term %(¢); thus, the resulting formation is now represented by ¥;(¢)R(6;(¢))&; for i = 1,...,n. In addition,
the desired scaling design parameter y(¢) and the desired rotation angle design parameter 6(¢) are both
locally spread out in the network via two separate layers, and ¥(¢) and 6;(r) asymptotically converge to
these design parameter values. This then allows for spatial control of both the size and orientation of a

given original multiagent formation. Although we consider this particular formation problem in this paper,
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the presented multiplex information networks-based approach can be extended to many other approaches to
formation control. Finally, for the purpose of directly focusing on our main contribution stated in Section
2.1.1, we assume in this paper that the interactions between agents are not subject to time-delays. For
practical applications when interaction time-delays are not negligible and significant, one can consider the

results in, for example, [95-100] for analytically extending the results of this paper to the time-delay case.

2.3 Spatial Control of Multiagent Systems in Formation Assignment

This section focuses on the formation assignment problem, where we introduce and analyze a
multiplex information networks-based distributed control architecture for spatially controlling both size and
orientation of multiagent formations (Section 2.3.1). Then, we illustrate the result by a numerical example

(Section 2.3.2).

2.3.1 Formation Density and Orientation Control

Consider a system of n agents exchanging information among each other using their local mea-
surements, according to an undirected and connected graph G. Based on the benchmark formation problem
outlined in Section 2.2.2, we also consider that §; and &; are locally available to each agent, where this
captures an original, desired planar (i.e., m = 2) formation. In addition, we consider that there is a subset of
agents (or at least one agent), i.e., capable agents, that has the knowledge of the desired scaling parameter
y(¢) and the desired rotation angle 6(z). To this end, we focus on the problem of developing local information
exchange rules for enabling spatial control of size and orientation of the original planar formation through
parameters ¥(¢) and 0(¢) available only to a subset of agents (i.e., capable agents). Motivated from this

standpoint, we propose the distributed controller having three layers*

50=— ¥ (50 -50)+ L (HORO.0)E—100RO,)E ) +i1R(6,0)E

: f ; -f
JEN; JEN;

i

—i—}/,(t)R(Gl(t))é,, X,’(O) = X0, 2.2)

w0 == X (40) = %0) — k() = 70) = wsen( ¥ (50) = 1(0) + ki (%(1) = 7(1)) ),
JjeN} jeN?

i

%(0)="7%0, (2.3)

4The right hand side of (2.2) coupled with (2.3) and (2.4) represents the local controller u;(¢) for agent dynamics of the form

X,‘(Z) = u,-(t).
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6:(0) = 6y, 2.4)

where x;(¢) € R? denotes the state of the first layer of agent i that corresponds to the actual state of agent
i, & € R? denotes the original formation shape of agent i, %(¢) € R denotes the state of the second layer of
agent i that is introduced to distribute the formation scaling parameter or size factor ¥(¢) € R through local
information exchange, 6;(r) € R denotes the state of the third layer of agent i that is introduced to distribute
the formation orientation parameter or rotation angle 6(¢) € R through local information exchange, and
k; = 1 for capable agents (a subset or at least one of the n agents in the multiagent system) and otherwise
ki =0. In (2.2), R(6;(t)) denotes the rotation matrix of agent i

cos 6;(t) —sin6;(r)

R(6:(1)) 2 c R?*2, (2.5)

sin6;(t)  cos ()

Note that the desired formation scaling factor y(¢) and rotation angle 6(¢) are considered to be bounded and
continuously differentiable, and only available to capable agents as such they have the capability to alter the
size and orientation of the resulting formation (i.e., scale and rotate the formation). Similar to [101], we also
assume () and 6(t) are bounded such that |(t)| < @y and |0(t)| < wy, and T, and Ty are chosen such that
Ty > @y and Tg > .

It should be also further emphasized that the first layer represented by (2.2) helps in forming the
desired formation while the second and third layers represented by (2.3) and (2.4) respectively allow the
scaling factor y(¢) and the rotation angle 6(¢) to be spread out in the network and be updated in the first

layer; hence, the formation size and orientation can be controlled. The next theorem presents our first result.

Theorem 2.3.1. Consider the networked multiagent system given by (2.2), (2.3), and (2.4), where agents
exchange information using local measurements and with G defining an undirected and connected graph

topology. Then,

tim ( (1) = x;(0)) = YOR(O(0)) (& - &) ) = O, (2.6)

f—oo

holds for all i = 1,...,nandj€Nl-f.
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Proof. First, we prove that under the two underlying layers (2.3) and (2.4), ¥;(¢) and 6;(r) converge
to desired parameters y(¢) and 6(¢) for all i = 1,...,n. Let us consider the state transformations given by
Ji(t) 2 (t) —y(t), i=1,...,n, and 6;(t) £ 6,(t) — O(t), i = 1,...,n. Using the first state transformation
with (2.3) yields

B0 =- L (50) - 10) ki) - wsen( L (0 - HO)+kH0) ~ 10, @D

jeny jenNty

1

0;(t)=— ) (éi(t)—éj(t))—kiéi(l)—fesgn< Y (6:(r)— j(t))+k,-é,-(t)) —0(¢). (2.8)

R -
J EN’;} JEN;

T ~ ~

By letting 7(t) £ [ (1),....%:(t)] . 0(t) = [6:(¢),..., én(t)]T, the expressions (2.7) and (2.8) can be equiv-

alently written in a compact form as

W) = —(£9)+K)7) - gsen((£(@) +K)H(0) ) ~ L30), 2.9)
0(t) = —(L(G)+K)b(r)— 'Eesgn<(£(g)+K)é(t)) ~1,0(¢), (2.10)
where K £ diag([kl, . ..,k,,]T). Since ¥ and 8 have the same structure, we only show the analysis for

7(t) here, but the analysis for 0(z) is similar. Now, consider the Lyapunov function candidate V(¥) =

377 (L(G) +K)7. and so its time derivative along the trajectory of (2.9) is given by
V() =7 (£0)+ 8 ~ (£(6)+ KT~ ysen | (£(6)+ K)F0)| - 1,70 )

—7(L(G) +K)*¥(t) = Tl (£(G) + K)¥(0) [ + 7O (£(G) + K) () |1

—V(L(G) +K)*7(1) — (1~ @) | (L(G) + K) 7). 2.11)

IN

IN

Since £(G) +K € R’ (Lemma 2 of [102]) and (7, — @,) > 0, V(¥(t)) is negative definite. As a result, from
Theorem 3.1 of [103], lim,_,.. ;(¢) = 0, and with the same analysis, lim; .. 6;(r) = 0 hold foralli =1,...,n.
This implies that %(z) — y(z) and 6;(t) — 6(¢) as t — o for all i = 1,...,n. Hence, it now readily follows
from the limit properties along with the squeeze theorem [104] that R(6;(z)) — R(6(t)) as t — oo, where this

further implies that % (£)R(6;(¢)) — v(t)R(0(t)) ast — oo foralli=1,...,n.
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Next, we prove that under the main layer (2.2), agents reach consensus, and (2.6) will be achieved.
Consider the state transformation given by (1) £ x;(t) — %i(t)R(6;(¢))&, i = 1,...,n. Using this state

transformation with (2.2) yields

5(1) = =) (%) —%;(0)). (2.12)

jeN?

By letting £(t) £ [%(1),...,%(1)] T, (2.12) can be written in a compact form as
(1) =—(L(G) ®L)x(1), (2.13)

and therefore, lim; e [%i(#)]x = ([%1(0)]x + -+ [%4(0)]x) /n holds for i = 1,...,n and k = 1,2. As a conse-
quence, x;(t) —x;j(t) = %i(t)R(6;(t))&; — vj(t)R(0j(t))Ejast — o forall i=1,...,nand j € le Finally,
from (1) —xj(1) — H(R(6,()& — %(R(0,(1))&; as £ — w0 and H(OR(GK(1)) — F()R((1)) as 1 — oo,
one can conclude that x;(t) — x;(r) = y(t)R(6(r)) (& — &;) as 1 — oo using the limit properties, where the

result is now immediate. [ |

Remark 2.3.1. Theorem 2.3.1 shows that the proposed algorithm given by (2.2), (2.3) and (2.4) allows size
and orientation of the multiagent formation to be controlled by formation size parameter y(t) and orientation

parameter 0(t), which are only available to capable agents (not globally).

Remark 2.3.2. The dynamical structure of the two underlying layers (2.3) and (2.4) uses the signum
functions in order to achieve asymptotic stability in the presence of time-varying signals y(t) and 6(t),
where such functions are also adopted in the networked multiagent systems literature (see, for example,
[101, 105]). Note that if y(t) and O(t) are constants, then the results of Theorem 2.3.1 still hold without the

need for the signum function in (2.3) and (2.4); that is,

W) = — Y (%0 =v0) —k(v() = v(®), %0)= Yo, (2.14)
jeNy

6i(t) = — Y (6:(t)—06;(r)) —ki(6:(r) — 6(z)), 6:(0) = By. (2.15)
JjeN}
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Remark 2.3.3. For improving the rate of convergence of the networked multiagent system, without loss of

generality, we can introduce a positive parameter Q to the main layer (2.2) as

s =al— ¥ (60 —50)+ ¥ (WOREO)E—1OR6;0)E)]| +HORG0)E

jent jeNy
—H/l(t)R(Gl(t))&,, x,-(O) =X, (2.16)

Remark 2.3.4. The proposed algorithm in Theorem 2.3.1 can be extended to a three dimensional case with

xi(t) € R3. In this case, the rotation matrix becomes
R(67 (1), 67 (1), 67 (r)) = Re(67 (1)) Ry (6] (1)) R: (67 (1)), 2.17)

where 67(1) € R, 6(t) € R, and 6;(t) € R are the rotation angles corresponding to yaw, pitch, and roll,
respectively. Also, instead of using only one layer for 6;(t) like in 2D case, we now need three layers for

0X(t), 6; (1), and 63 (t).

Remark 2.3.5. The proposed multiplex networks-based spatial formation control algorithm given by (2.2),
(2.3) and (2.4) can be also extended to the case where the graph G is directed under the assumption that

there exists at least one capable agent at the root of the spanning tree [77].

Remark 2.3.6. The communication graph topologies for (2.2), (2.3), and (2.4) can be different as long as

they are undirected and connected graphs.

2.3.2 Illustrative Numerical Example

We now consider a group of 9 agents with agent 1 being a capable agent and assign random initial
conditions to agents. For the invariant formation problem described earlier, we choose &; of each agent
to obtain a formation depicted in Figure 2.1 (in this figure, solid lines represent an undirected informa-
tion exchange between agents). To control both the size and the orientation of the multiagent formation
depicted in Figure 2.1, we use the algorithm given by (2.2), (2.3) and (2.4) with (y,0) = (0.8,—7/2),
(v,0) = (1.0,7/3), (v,0) = (2.0,7/6) in Figures 2.2(a), 2.2(b), and 2.2(c), respectively. As expected
from the results discussed in Section 2.3.1, the resulting formation in these figures have different sizes and
orientations controlled locally through the formation size and orientation parameters (7, 0) available to the

capable agent.
17
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Figure 2.1: A given desired formation for the example in Section 2.3.2

© nitial position © Initial position

M Final Position W Final Position
Trajectory M r Trajectory

C ion link === C ication link

L L L L L T T - L L L L L T T
5 -4 -3 -2 -1 0 1 2 3 4 -5 -4 -3 -2 -1 0 1 2 3 4
x T

(b) y=10,0=7/3

© Initial position

B Final Position

Trajectory

- --C ication link

5 -4 -3 -2 -1 o 1 2 3 4
x

() y=2.0,0=7/6

Figure 2.2: Formation size and orientation control using the results in Theorem 2.3.1 for different (7, 0)
pairs.

2.4 Spatially Evolving Multiagent Formation Tracking

In this section, we generalize the results from the previous section to formation tracking problem
in order to control the size and orientation of the formation while tracking a dynamic target (Section 2.4.1).
The algorithms are then further extended to allow connectivity maintenance and collision avoidance (Section

2.4.2). A numerical example is presented to illustrate the efficacy of the methods (Section 2.4.3).
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2.4.1 Multiagent Formation Tracking through Multiplex Information Networks

Consider a system of n agents exchanging information among each other using their local mea-
surements according to a connected, undirected graph G. Specifically, we propose a distributed control

architecture using networks having multiple layers with the main (physical) network layer given by

%) = — Z ((Xi(l)—Pi(f)—Ci(f))—(xj(f)—l?j(f)—cj(f))>—ki(xi(l)—Pi(f)—Ci(f))

jeny
+pi(t) +ci(t), xi(0)=xp, (2.18)

where x;(¢) € R? denotes the state (i.e., physical position) of agent i, and ¢;(t) = [c}(¢),c}(t)]T € R? and

pi(t) ER(6;(1))S (v (1), 7 (1)) & € R?, (2.19)

correspond to the signals locally obtained through other network layers described in the next paragraph. In
(2.18), ki = 1 only for capable agents and it is zero otherwise. Note that we implicitly assume that there
exists at least one capable agent in the multiagent system. In (2.19), & € R? denotes the original formation
shape of agent i in the sense discussed in Section 2.2.2, 6;(r) € R is the rotation angle of agent i that is used
in its local rotation matrix given by (2.5), and ¥*(r) € R and ¥/ (r) € R are scaling factors of agent i in x and

y dimensions of the planar space, respectively, that are used in its local scaling matrix given by

S(7 (0),% (1)) £ diag([y' (1), % (1))") € RZ2. (2.20)

To define the dynamical structure of other network layers, let ¢;(¢) denotes either ¢ () € R, ¢} (1) €

R, 6;(1) € R, ¥'(t) € R, or 7, (¢) € R for conciseness of the following discussion that satisfy

¢i(t) = —qi(r) —tsgn(qi(r)), ¢:(0) = ¢, (2.21)
qi(t) £ Y (9:(t) = 0;(1)) + ki (9:(1) — o (1)), (2.22)
jeN/

where 7 € R is a positive design parameter and it is assumed that ¢o(¢) and ¢@o(t) are bounded. Note that
in (2.21) and (2.22), ¢y(z) denotes either ¢*(r) € R, ¢(t) € R, 6y(t) € R, ¥%(r) € R, or %)(r) € R, where

c(t) 2 [¢*(1),c(1)]T is the position of the dynamic target on a planar space, 6y(¢) is the desired rotation
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angle, and ¥ (r) and y(r) are desired scaling factors, respectively. Since k; = 1 only for capable agents, ¢(r),
60(t), % (¢), and %) (¢) are only available to these capable agents.

Since @y(r) is bounded, this implies that [¢*(r)| < @, | (1)] < @, [60(1)] < @, |75(1)] < @y,
and |){)v (1)] < Oy In what follows, we let @ to be the largest constant among @, @, Wy, O s and wp
without loss of generality (i.e., |@o(t)| < @), and set T > . The next theorem presenting the second result
of this paper shows that the multiplex information networks-based distributed controller architecture given
by (2.18) and (2.21) not only allows agents to track a dynamic target but also allows them to alter size and

orientation of the resulting formation.

Theorem 2.4.1. Consider the networked multiagent system given by (2.18) and (2.21), where agents ex-

change their local measurements using an undirected and connected graph G. Then, the expression given

by

lim (xi(t) ~ pi(t)) — 0, (2.23)

t—oo

holds for all i = 1,...,n, where p;(t) = c(t) + R(60(1))S(% (1), % (1)) &

Proof. We first show that ¢;(¢) converges to @y (t) for all cases when ¢;(¢) denotes either ¢;(¢) € R?,
0:(t) € R, ¥*(t) € R, or ¥/(t) € R. For this purpose, consider the state transformation given by @;(t) =

0:(t) — @o(t), i = 1,...,n. Using this state transformation with (2.21) and (2.22) yields

¢i(1) = —qi(t) —sgn(qi(r)) — do(t), (2.24)
ai(t) = Y (:(t) = 0;(t)) + ki (). (2.25)
jeN{

By letting ¢ (¢) 2 [¢1(1),...,0,(t)]7, (2.24) and (2.25) can be written in the compact form as

o() = —q(t) —sgn(q(r)) — Lo(r), (2.26)
q(t) = (L(G)+K)P(1), (2.27)

where K £ diag([k1,...,k,])”). Now, consider the Lyapunov function candidate V(¢) = 187 (£(G) + K)9,

20

www.manaraa.com



where its time derivative along the trajectory of (2.26) is given by

V() =§7(L(G) +K) ( (£(G) + K)B(r) — Tsgn [w(g) +K>¢3<r>} - 1n¢o<t>)

—0T(L(G) +K)*¢ (1) = T (L(G) +K)O(0)l1 +do()II(L(G) +K)$ (1)l]x
—0T(L(G) +K)*¢ (1) — (1~ )| (L(G) +K)B(1)]|1- (2.28)

IN

IN

Since £(G) + K € R (Lemma 2 of [102]) and (7 — @) > 0 by definition, V(§(¢)) is negative defi-

nite. Therefore, from Theorem 3.1 of [103], ¢(r) — 0 as t — oo; or equivalently, ¢;(t) — @o(¢) as t —
oo, It now readily follows from the limit properties along with the squeeze theorem [104] that p;(r) —
R(60(1))S(¥5(2), % (r))&;, and ¢;(r) — c(t) as t — oo; hence, ¢;(r) + pi(t) — pi(t) ast — oo.

Next, for the main network layer (2.18), let’s consider the state transformation
z,-(t)éxi(t)—pi(t)—ci(t), i=1,...,n (2.29)

Using (2.29), (2.18) can be rewritten as z;(t) = —Xient (zi(t) — zj(t)) — kizi(t). Define z(t) £ [z1(1), ...,

za(t)]7, then the last expression can be written in the compact form as
i) = —((L(G)+K)@h)zr), (2.30)

Since it is assumed that there exists at least one capable agent in the network (i.e, at least one of the diagonal
elements of K is equal to 1), it follows that £(G) +K € R}™", and hence, —(£(G) +K) is a Hurwitz matrix.
As a direct consequence, z(t) — 0 as t — oo; thus, x;() — p;(t) +¢;(t). Hence, using the limit properties,

(2.23) holds and proof is now complete. |

Remark 2.4.1. Theorem 2.4.1 shows that under the proposed algorithm given by (2.18) and (2.21),
limy e ((xi(1) = x;(2)) = (pi(1) = pj(1))) = limy oo ((xi(2) —x(1)) — R(60(£))S(¥5 (1), % (1)) (& = &;)) =0

holds; that is, agents has formed the desired formation. Note that (2.23) also implies that each agent is

translating a distance c(t) or the formation is tracking the target.

Remark 2.4.2. Similar to Remark 2.3.2, if c*(t), ¢ (t), 6o(), ¥(¢), and ¥)(t) are constants, then Theorem

2.4.1°s results still hold without the need for signum function in (2.21) and (2.22); i.e.,

21

www.manaraa.com



i) = — Y} (6:(r) = (1)) —ki(9i(t) — o). 2.31)
jeN?
We can also reach a similar conclusion for the case when some of these signals are constant and the

respective signum functions for those are removed from (2.21) and (2.22).

Remark 2.4.3. Similar to Remark 2.3.3, a positive design parameter & can be used in the main network

layer given by (2.18) as

(0 =a= B ()=o) =ai) = (50 = pyle) = 10)) ) = kilale) = pie) = i) |
JEN;
+p[(l‘)+é,'(l‘), x[(O) = X0, (2.32)

in order to improve convergence rate of the networked multiagent system. In this case, the proof of Theorem
2.4.1 remains identical with the term (L(G) + K) replaced with a.(L(G) + K) in (2.30). We can also reach a
similar conclusion when another positive design parameter is introduced to the other network layers given

by (2.21) and (2.22).

Remark 2.4.4. Similar to Remark 2.3.4, the proposed algorithm of this section can be also extended to a

three dimensional case with x;(t) € R3. In this case, p;(t) € R? can be redefined as

pi(t) = R(6(1), 6] (1), 07(1))S (v (1), % (1), % (1)) &, (2.33)

where 67(1) € R, 67(t) € R, and 6(t) € R are the rotation angles corresponding to yaw, pitch, and roll,
respectively, R(07(t),6] (1), 67(t)) is the rotation matrix, ¥*(t) € R, ¥ (t) € R, and ¥(t) € R are the scaling
factors for each dimension, and S(y!(t), ¥, (1), v (t)) = diag([¥*(1),7! (), ¥ (1)]T) is the scaling matrix. In
this case, ¢;(t) represents either cX(t), ¢ (t), 0X(t), 67 (1), 67(t), ¥(¢), ¥ (¢), or ¥ (¢) that satisfies (2.21) and
(2.22).

Remark 2.4.5. The proposed multiplex networks-based spatial formation control algorithm given by (2.18)
and (2.21) can be also readily extended to the case where the graph G is directed under the assumption that
there exists at least one capable agent at the root of the spanning tree [77]. A discussion similar to Remark

2.3.6 also holds for the results of this section.
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2.4.2 Multiagent Formation Tracking with Connectivity Maintenance and Collision Avoidance through

Multiplex Information Networks

In this subsection, we use tools and methods from differential potential fields (see, for example,
[5, 93, 94, 106, 107] and references therein) and generalize the results of Section 2.4.1 to allow connectivity
maintenance and collision avoidance that are needed in real-world applications. For this purpose, we let
each agent have a communication range as given in Figure 2.3. Specifically, we assume that two arbitrary
agents can only exchange information if their relative distance is less than R, i.e., ||x;;||>» < R. Furthermore,
a collision region is defined as a small disk area with radius » < d < R centered at agent i as depicted in this
figure. In the same way, we define an escape region as a ring with radius A < r < R also centered at agent i.
The region within the collision region and escape region (d < r < A) is called free region.

In what follows, the gradient of a scalar function f(x) is defined by V,f = ‘3—{: with g—{: being a
column vector as in, for example, [106] and Section 2.4.3 of [108].

We now define a (repulsive) differential potential function for the purpose of collision avoidance as

2
(#—i) if ||x;]]2 < d, j EN;
2 2 ijil2 > a]e iy

VRij(xij) L llxijlly

(2.34)
0 otherwise,
where
[/ (P S U )
4(“)@/\\% dz)HXi_/Hg
Vi) _ if ;2 < d, j € A 05,
8xi
0 otherwise.

Next, we define a (attractive) differential potential function for the purpose of connectivity maintenance as

(llxijlla—A)? . . f
s if ||x;illo > A, jeN/,
Veij(nj) & 4 Rl il ’ (2.36)

0 otherwise,

where
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(Hxi_/Hz—A)(zR—A—HX;sz)X_ .
(R—Ilxij]l2)*[Ixi5l2 ¢
AVeii(xii if |xijlla > A, je NV,
Caux('xt]) _ H JH i (237)
1
0 otherwise.

Note that Vig;; = Vgji and Vi = Veji as well as Vg;j = Vi;j = 0 for i = j. Note also that dVg;;(x;j)/dx; and
9Vcij(xij)/dx; defined in (2.35) and (2.37) are continuous. The repulsive differential potential function
Viij is smoothly activated when ||x;;||> < d and grows to infinity as ||x;;||> approaches 0. In addition, the
attractive differential potential function V;; is smoothly activated when ||x;;||>» > A and grows to infinity as
||xi;|]2 approaches R. Notice that Vg;; applies to agent i and any agent j who are neighbor of i (i.e., j € N}),
while V¢;; only affects agent i and its formation neighbors (i.e., j € /\fif ). In addition, we assume that the
desired distance between any two arbitrary agents lies in the free region, where this implies that the scaling
factors need to be lower and upper bounded such that this assumption is not violated.

Based on the above definitions, we generalize the results of the previous section by considering the

distributed spatial formation control algorithm given by

X)) = =) ((xi(f)—Pi(f)—Ci(f))—(xj(f)—Pj(l)—Cj(t)))—ki(xz'(f)—pi(t)—ci(f))

jeNy

+pilt) +ét) - Y ’;’(7”) -y Ca’(fc”, %(0) = xio; (2.38)
jen; 9N jens oK

Free Region

Collision Region

Escape Region

Figure 2.3: Communication range of agent i.
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Since we can achieve connectivity maintenance and collision avoidance by only modifying the main network
layer in (2.18) as (2.38), all other network layers given by (2.21) remain unchanged in this setting. The

following standard assumption is necessary for the next result.
Assumption 2.4.1. JVy;;(x;j)/dx; and dVic;j(x;j)/dx; vanish over time.

The above assumption implies that the potential field dVg;;(x;j)/dx; (resp., dVcij(xij)/dx;) is able
to create a repulsive force (resp., an attractive force) to push two agents out of the collision region (resp.,
to pull two neighboring agents back to the free region with relative to each other) without causing agents
to stuck in locked configurations (i.e., not being stuck in local minima). This assumption is standard in the
networked multiagent systems literature that adopts tools and methods from differential potential fields (see
Remark 2.4.6 below for further discussion). We further note that once two neighboring agents are in the
free region with relative to each other, dVg;;(x;;)/dx; and dVc;j(x;;)/dx; equal to zero (i.e., they vanish by

definition).

Theorem 2.4.2. Consider the networked multiagent system given by (2.38) and (2.21), where agents ex-
change their local measurements using an undirected and connected graph G. If initially agents are con-
nected with their formation neighbors and there is no collision, and Assumption 2.4.1 holds, then (2.23)

holds for alli=1,... ,n with connectivity maintenance and collision avoidance for all t > 0.

Proof. Following the discussion given after (2.38), we first note that the other network layers
represented by (2.21) remain unchanged in the setting of this theorem. Hence, from the first paragraph of
the proof of Theorem 2.4.1, ¢;(t) + p;(t) — pi(t) as t — oo holds.

Using the state transformation given by (2.29), we next note that (2.38) can be rewritten as

40 = = ¥ (a0 -z0)) —ka) - ¥, Vaiay) _ Y M (2.39)

jeN! e Gy O
Note also that a‘ge; ((f)” ) — a‘ng((f)"j ) and a\gg (([x)” ) — 8\/52((;3,-]- ) We define
ol ) 1 2
Vai(z(t)) = 3 Y Hzi(t)—zj(t)!\2+§ki\!zi(t)!!2, (2.40)
JjeN}

where the partial derivative of (2.40) with respect to z;(¢) is given by %(zg)) =Yt (zi(t) -z j(t)> +

kiz;(t). Now, we can write
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8V, aszz alel
s=- 20y Pil) g Moy

e, 9alt) jent
IVii(z L (IVRij(xig) 8 Veij(xij) )
—_ AV . 241
. Z( oult) T 9al) 24D

Next, consider the continuously differentiable function V : Dy x R*" — R given by

i=1j=1

1 n 1 n n
(5 L vaitzlt) + 5 anz, JB)+ 5 X X (Vaisoig) + Ve (i) (2.42)
i=1

where Dy = {x € R : ||x;j|l» € (0,R) ¥ j € NV and ||x;j|» € (0,00) ¥ j € N;\ N/ }. For any ¢ > 0, let

Q= {(x,z) € Dy x R?: V(-) < ¢} denote the level sets of V(-) and note that

2(t)
viy=|(av\" (av)' ov\"] |20
O=1() (&) - &)
2n(1)
IO
:;(5) 4. (2.43)
In what follows, we show that g_;/,» = —z;(¢). To this end, we first write
IV 9 [1¢ Iy y
9% = 9% (El;VAz Zk [z (t ||2+ El;,; (VRiJ(sz) +VC!J(le)>>
10 [ 1d [ 2\, 19 [yy
_Ea_zl (i:ZlVA,(Z( ))) +4—18_z, (;k,”z,(l)“z +§a—Z; (FZIJ; (VRU(XU)+VC1](XU)>) (2 44)
s n ¥ ) 14
where
10
A= 3 (V) + Vi) +- Vi) )
~19Vai(z(r) | 19Var(z(r)) 1 9Van(z(t))
~2 az, +§ FE R T
laVAz 1 < aVA ))
_ lovulem) 15 ( i( , (2.45)
2 82, 2] 1, j£i aZz
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Note that if i ¢ A/ then 2400 = 0 and if i € A/ then

IVaj(z(t))

2o = 2 (3 ey IO — 1B+ 31, 0)1B)
1

—(zj(1) —zi(1)) = (zi(1) — 2j(1)), (2.46)

with respect to agents i and j only. This implies that we graph-wise have

1 0Vy; 1
A = E% +2 Y (@) —z(0)). (2.47)
Zi 2 . f
JeN;
Furthermore, we have
ki 0 kizi(t)
5= 5 (ls0)l3) =757 (2.43)

Finally, by symmetry of the function Vi;; and V(;;, we have

1 L (OVgij(xij)  IViij(xij)
¢ = 5(22( azf(t)] + 8zzj'(t)1 ))

j=1
" 8VR,](x,-j) aVCij(xij)>
_ 4 ] 2.49
‘;( o) oul) -

Substituting (2.47), (2.48), and (2.49) back into (2.44) yields

WV 1aVuGED) 1 o
a_Zi = E—aZi + E jGZNf (Zl(t) Z](
1 IViai(z(t)) 1 9Vai(z(2)) IVrij(xij) aVCi'(xi')
T2 0n 2 o +j; < 5a) T oal) )
aV,- ! 8V,~-x,~ 8V,~~x,--
_ Aa(zzl.(t)) +j; ( ;Zj((t)j) + aczj((;)]))
) (2.50)

<8VR,j x,J BVC,-J-(xij)>
zi(t) 9z(t)

where the second equality comes from the expression %(z()t)) =Ljen/ (z,-(t) -z (t)) + k;zi(¢) given in the

paragraph after (2.40). Thus, (2.43) now becomes

= Y -Twan = Y -l <o 2s1)
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Since V(-) < 0, the level sets Q are positively invariant, and hence, Va;(z(t)), Viij(xij) and Vcij(x;;) are
bounded [106]. If for some j € N; such that ||x;;||» — 0, then Vg;; — eo. Therefore, by the continuity of
V in Dy, it follows that ||x;j||2 > 0 for all j € Ni(r). Likewise, if for some j € N/ such that ||x;;[» — R,
then V(;; — 0. Once again, by the continuity of V in Dy, it follows that ||x;;|l» < R for all j € /\f,-f . Thus,
if the agents are initially connected with their formation neighbors and there is no collision, then collision
avoidance between agent i and its neighbors (i.e., j € N;) and connectivity maintenance between agent i and
its formation neighbors (i.e., j € ./\/if ) are guaranteed for all ¢ > 0.

The level sets Q are closed by the continuity of V in Dy and they are bounded since V(-) < 0,
and hence, they are compact. By LaSalle’s invariance principle, all trajectories starting in £ converge to the
largest invariant setin E = {(x,z) € Dy x R?": V(-) =0} = {(x,z) € Dy x R?": 7(t) = 0}. From (2.41), this

- (a\;,: x;’ )+ agcz’((xsf )> holds. From Assumption 2.4.1 (i.e., the agents are not

implies that 2

stuck in local rn1n1ma), the term — Y7, (agi’,((fy ) ag";’,((f;’ )> vanishes over time. Thus, trajectories starting

in Q converge to M C E defined by M = {(x,z) € Dy x R?" : a‘g‘;%g» S <ag§i(();§j) + agi’;,((f;")) =

OV i=1,...,n}. Finally, analyzing aVA’(( ())) =0V i=1,...,n now follows from the second paragraph

of the proof of Theorem 2.4.1 owing to the fact that %(())) =L N <zl~(t) —3zj (t)) + kizi(t), where the
right hand side of this expression was used there. In other words, the largest invariant set of M is trivial
in this case and equals to z;(r) =0 for all i = 1,...,n from the proof of Theorem 2.4.1. Thus, from the
discussion given in the last part of Theorem 2.4.1’s proof, x;(t) — pi(t) + ci(t) as t — co. Recalling the fact
that the other network layers represented by (2.21) remain unchanged once again, @;(¢) — @o(¢) ast — oo or
ci(t)+ pi(t) — pi(t) as t — oo from the first paragraph of the proof of Theorem 2.4.1. Hence, (2.23) holds

by the limit properties. |

Remark 2.4.6. Without the assumption that agents are not stuck in local minima (i.e., Assumption 2.4.1),

one of the following two cases occurs based on the discussion given in the last paragraph of Theorem 2.4.2’s
proof:

i) Agents can converge to the free region and (2.23) holds.

ii) It follows from LaSalle’s invariance principle and (2.41) that %(())) =— ;5: 1 (8\;,:(();,), ) + 9‘;?((;CSJ )>
holds, where both left and right hand sides of this equation are not equal to zero.

Note that the latter case implies that agents are stuck in local minima. Although there are several methods

to_avoid local minima (see, for example, [109—-111]), it is an open problem in the networked multiagent
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Figure 2.4: A given desired formation for the example in Section 2.4.3

systems literature that adopts tools and methods from differential potential fields. Yet, for example, one can
use the idea stated in [109], which assumes that agents that are stuck can be detected (e.g., agents that are
not moving for a specific amount of time) and a virtual force
o . AVai(z(1))
F; ifzi(t) =0 and =522 #£0,
F.2! {0 %) (2.52)

0 otherwise,
is generated to push such agents out of the local minima with F; being a random finite value for each agent
(to preserve continuity, one can apply filtered version of this force). This force can eventually yield all agents

to converge to the free region such that (2.23) follows.

2.4.3 Illustrative Numerical Example

We now present a numerical example to illustrate the results of Sections 2.4.1 and 2.4.2. For this
purpose, consider a group of 5 agents with agent 1 being the capable agent and assume that all agents are
subject to random initial conditions. We choose &; for each agent to obtain the desired formation depicted in
Figure 2.4. Specifically, to illustrate the results of Theorem 2.4.1, we use (2.32) with o = 5. In addition, for
(2.21), we use ¢*(t) =1t; ¢*(¢t) = sin(z); 6y = 0; and low-pass filtered version of y(r) = 0.5 for ¢ € [0,10),
y(t) = 0.25 for t € [10,20), and y(r) = 1 for z € [20,00) for both ¥(¢) and ¥)(z). The time derivatives of
ci(1)

1

cl(t), 6:(t), ¥*(t), and ¥ (¢) are all upper bounded by 5 or a smaller constant, and hence, we set T = 5.

'}

Figure 2.5 shows that the considered group of agents perform target tracking while simultaneously forming,
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Figure 2.5: Target tracking using the proposed multiplex networks-based spatial formation control
algorithm in Theorem 2.4.1.

maintaining, and spatially altering their formation in time. Furthermore, Figures 2.6 and 2.7 show that ¥;(¢)
converges to the desired values of the scaling factors and the state transformation variable z;(¢) approaches
to zero, respectively.

Next, we illustrate the results of Theorem 2.4.2. In particular, we add the potential field functions
to (2.32) as in (2.38) and set d = 0.5, A = 6, and R = 8, where all other design parameters remain the same.
Figure 2.8 shows that the considered group of agents achieves the same level of performance as in Figure
2.5 while maintaining connectivity and avoiding collisions. In addition, Figure 2.9 shows the evolution
of distances between agents during ¢ € [0,5] seconds and illustrates collision avoidance properties of the

proposed multiplex networks-based spatial formation control algorithm.

15 T T T T T 1.4
1.2f
1
1
. o8
= =
&ES ;'%:‘ 0.6
0.5
0.4
0.2
o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
t [sec| t [sec]
(a) Time evolution of y*(r). (b) Time evolution of ¥, (7).

Figure 2.6: Time evolution of the scaling factors in Figure 2.5.
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Figure 2.7: Time evolution of z;(¢) in Figure 2.5.

Figure 2.8: Target tracking using the proposed multiplex networks-based spatial formation control
algorithm in Theorem 2.4.2.

Distance

L
o
o

Figure 2.9: Time evolution of distances between agents in Figure 2.8.
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(a) Qbot 2 (b) Workspace

Figure 2.10: Laboratory-level experimental setup.

2.5 Multiagent Formation Experiments

To justify theoretical results, proposed algorithms of this paper are implemented on a group of 3
robots. In the first experiment, the robots form a V-shape formation with the size and orientation changed
overtime. For the second experiment, the robots also achieve the same formation while tracking a dynamic
target. In the third experiment, the robot formation is controlled to pass through a narrow passage. The
mobile robot platform used in our experiments is Qbot 2 (Figure 2.10(a)). In addition, a motion capture
system is used to detect the position and orientation of each robot. However, each robot is limited to know
only its local measurements and exchanges these data with its neighbors via a wireless network. The motion

capture system is able to cover the workspace shown in Figure 2.10(b).

2.5.1 Experiment 1: Formation Density and Orientation Control in Formation Assignment

In this experiment, the robots are implemented with algorithms (2.2), (2.3) and (2.4). The desired
scaling factor y and rotation angle 6 are changed by an operator from the computer station. Robot 1 is
set as the capable agent, so it is the only one knows these desired values. Initially, the robots are placed
randomly in the workspace. The data in Figure 2.11 shows that robots are able to form the formation with
(v,0) = (1,0) forz € [0,36), (y,0) = (0.7,—m/2) for t € [36,68) and (y,0) = (1.5,7/3) for t € [68,100].

This experiment has confirmed our Theorem 2.3.1.
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Figure 2.11: Results of multiagent formation experiment 1.

2.5.2 Experiment 2: Spatially Evolving Multiagent Formation Tracking

In this experiment, we implement algorithms (2.38) and (2.21) on the robots. The data in Figure
2.13 illustrates the five configurations of the robots (circles) and the target (square) over time. At t =0, the
robots are far apart from each other while the desired scaling factor is set to Y = 0.7. Att =25, the robots are
coming closer to form the desired formation and tracking the target. Att = 35, the formation is completed
and following the target. As observed from the controller of Robot 1 in Figure 2.14, there is an impulse
around t = 40. This is owing to the fact that the operator has just assigned a new scaling factor Yy = 1.4 to the
capable agent (i.e., robot 1). At t =47, the formation with y = 1.4 is achieved. At t = 62, the robots are still
tracking the target while maintaining the desired formation. This experiment has confirmed our Theorem

24.1.

2.5.3 Experiment 3: Formation Passing Through a Narrow Passage

We finally consider the scenario that formation has to track a target and pass through a narrow

passage. With the proposed algorithms, we come up with two strategies: For the first strategy, we adjust the
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Figure 2.12: Control histories of each robot for multiagent formation experiment 1.

3
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Figure 2.13: Results of multiagent formation experiment 2.

scaling factor ¥, and ¥, to make formation small enough to pass through passage as shown in Figure 2.15.
For the second strategy, we observe that the V-shape formation (Figure 2.4) can be compressed to a line
formation through setting the scaling factor in x-direction ¥, = 0. Therefore, in order to pass through the
narrow passage, we rotate the V-shape formation by an angle 6 = /2 and set %, = 0 (note that, when we
rotate the formation by 90 degree, the original x-axis becomes y-axis and vice versa). The results are shown

in Figure 2.16.
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Figure 2.14: Control histories of each robot for multiagent formation experiment 2.
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Figure 2.15: Result of multiagent formation experiment 3 with the first strategy.

2.6 Conclusion

In this paper, we investigated how information exchange rules represented by multiplex information

networks can be designed to enable spatially evolving multiagent formations. Specifically, we introduced,
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sof

Figure 2.16: Result of multiagent formation experiment 3 with the second strategy.

analyzed, and experimentally validated new distributed control architectures for the formation assignment
(i.e., creating a desired formation for the multiagent system in hand) and the formation tracking (i.e.,
formation control while tracking a dynamic, non-stationary target) problems that allow capable agents to
spatially alter size and orientation of the resulting formation without requiring global information exchange
ability. Considering multiagent operations with dramatically increasing levels of complexity, the presented
multiplex networks-based approach can also be used with many other approaches in multiagent systems to
enable advanced distributed information exchange rules to make these systems evolve spatially in adapting
to dynamic environments and respond effectively to human interventions. Our future research will include
additional theoretical developments and applications for a group of heterogeneous ground and aerial robots
with exogenous disturbances, system uncertainties, and communication constraints. We will also consider

the cases when the roles of capable agents switch in a given multiagent system.
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Chapter 3: On Control of Multiagent Formations through Local Interactions*

We recently showed for multiagent systems with first-order agent dynamics how information ex-
change rules represented by a network having multiple layers (multiplex information networks) can be
designed for enabling spatially evolving multiagent formations. In this paper, we generalize our earlier
results for multiagent systems with general linear dynamics. Specifically, we utilize multiplex information
networks for formation density control of multiagent systems. The proposed approach allows capable agents
to spatially alter density of the resulting formation while tracking a target of interest — without requiring
global information exchange ability, and hence, through local interactions. We provide an illustrative

numerical example to demonstrate the efficacy of the proposed distributed control architecture.

3.1 Introduction

Multiagent systems require advanced distributed information exchange rules for performing oper-
ations with dramatically increasing levels of complexity in order to make these systems evolve spatially
for adapting dynamic environments and effectively responding to human interventions. Yet, current dis-
tributed control methods lack information exchange infrastructures to enable spatially evolving multiagent
formations. This is due to the fact that these methods are designed based on information exchange rules
for a network having a single layer (see, for example, [5, 77, 78] and references therein), which leads to
multiagent formations with fixed, non-evolving spatial properties. For situations where capable agents have
to control the resulting formation through these methods, they can only do so if such vehicles have global
information exchange ability — that is not practical for cases involving large numbers of agents and low-
bandwidth peer-to-peer communications.

In [113, 114], we showed for multiagent systems with first-order dynamics how information ex-

change rules represented by a network having multiple layers (multiplex information networks) can be

*This chapter is previously published in [112]. Permission is included in Appendix 1.
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designed for enabling spatially evolving multiagent formations. In this paper, we generalize our recent
results for multiagent systems with general linear dynamics. Specifically, we utilize multiplex information
networks for formation density control of multiagent systems. The proposed approach allows capable agents
to spatially alter density of the resulting formation while tracking a target of interest — without requiring
global information exchange ability, and hence, through local interactions.

In particular, studies in multiplex information networks have recently emerged in the physics and
networks science literatures, where they consider system-theoretic characteristics of network dynamics with
multiple layers subject to intralayer and interlayer information exchange [10-14, 79, 81]. However, these
studies mainly consider cases where all layers perform simple consensus algorithms and analyze the conver-
gence of the overall multiagent systems in the presence of not only intralayer but also interlayer information
exchange, and hence, they do not deal with controlling spatial properties of multiagent formations. Note
that there are also recent studies on networks of networks by the authors of [83—85]. However, these studies
deal with large-scale systems formed from smaller factor networks via graph Cartesian products, and hence,
they are also not related with the contribution of this paper.

Spatial multiagent formation control and formation density control in particular is considered by
the authors of [86—-89] using approaches different from multiplex information networks. Specifically, the
authors of [86—88] assume that some of the formation design parameters are known globally by all agents
and the authors of [89] assume global knowledge of the complete network at the analysis stage. However, as
previously discussed, such assumptions may not be practical in the presence of large numbers of agents and
low-bandwidth peer-to-peer communications. From a data security point of view, in addition, it should be
noted that one may not desire a multiagent system with all agents sharing some global information about an
operation of interest. Throughout this paper, we do not make such assumptions in our multiplex information
networks-based formation density control approach.

The organization of this paper is as follows. Section 3.2 introduces the necessary mathematical
preliminaries to develop the main results of this paper. Section 3.3 presents the proposed distributed
control architecture for density control of multiagent formations with general linear dynamics through local
interactions. We provide an illustrative numerical example in Section 3.4 to demonstrate the efficacy of the
proposed architecture and concluding remarks are summarized in Section 3.5.

Throughout this paper, R denotes the set of real numbers, R"” denotes the set of n x 1 real column

vectors, R denotes the set of n x m real matrices, R denotes the set of positive real numbers, R’,*" (resp.,
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@ixn) denotes the set of n x n positive-definite (resp., nonnegative-definite) real matrices, S’ (resp., gixn)
denotes the set of n x n symmetric positive-definite (resp., symmetric nonnegative-definite) real matrices,
7 denotes the set of integers, Z, (resp., Z. ) denotes the set of positive (resp., nonnegative) integers, 0,
denotes the n x 1 vector of all zeros, 1,, denotes the n x 1 vector of all ones, 0,,«, denotes the n x n zero
matrix, and I, denotes the n x n identity matrix. In addition, we write (-)T for transpose, (-)~! for inverse,

|| - || for the Euclidian norm,

- || for the Frobenius norm, Ayin(A) (resp., Amax(A)) for the minimum (resp.,
maximum) eigenvalue of the Hermitian matrix A, A;(A) for the i-th eigenvalue of A (A is symmetric and the
eigenvalues are ordered from least to greatest value), and diag(a) for the diagonal matrix with the vector a

on its diagonal.

3.2 Mathematical Preliminaries

We first recall some basic notions from graph theory, where we refer to [5, 92] for details. In
the multiagent literature, graphs are broadly adopted to encode interactions in networked systems. An
undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set &g C Vg x Vg of edges. If
(i, j) € &g, then the nodes i and j are neighbors and the neighboring relation is indicated with i ~ j. The
degree of a node is given by the number of its neighbors. Letting d; be the degree of node i, then the degree

matrix of a graph G, D(G) € RV*V, is given by
D(G) 2 diag(d), d=Idi,...,dy]". 3.1

A path ipi; ...ir is a finite sequence of nodes such that iy ~ i, k=1,...,L, and a graph G is connected
if there is a path between any pair of distinct nodes. The adjacency matrix of a graph G, A(G) € RV*V s

given by

1, if(i,j) € &,
AQ),; 2 ()€

0, otherwise.

The Laplacian matrix of a graph, £(G) € ngN, playing a central role in many graph theoretic treatments of

multiagent systems, is given by
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Throughout this paper, we model a given multiagent system by a connected, undirected graph G, where
nodes and edges represent agents and inter-agent communication links, respectively.

Next we introduce two necessary lemmas for the results of this paper.

Lemma 3.2.1 ([5]). The spectrum of the Laplacian of a connected, undirected graph can be ordered as

0=241(£(9)) <22(L(9)) < ... < An(L(G)), (3.2)

with 1,, as the eigenvector corresponding to the zero eigenvalue Ay (E(Q )) and

L(G)1y = Oy. (3.3)

Lemma 3.2.2 ([102]). Let

G:[ulv.u'Q)"'a.uN]Tu ,LL[GZ+, izl)"‘an (34)

and assume at least one element of G is nonzero. Then, for the Laplacian of a connected, undirected graph,

F £ L(G) +diag(G), (3.5)

is a positive-definite matrix.

3.3 Control of Multiagent Formations with General Linear Dynamics

In this section, we consider a system with N agents exchanging information among each other using
their local measurements according to a connected, undirected graph G. Specifically, let the dynamics of

each agent be described by

Xl‘(t) = Axi(t) —I—Bl/t,‘(l‘), xi(O) = X0, 3.6)
i) = Cxi(t) 3.7)
where for agenti, i = 1,...,N, x;(t) € R" denotes the state vector, u;(t) € R™ denotes the control vector, and

y; € R? denotes the output vector with p < n. In (3.6) and (3.7), in addition, A € R"*" denotes the system
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matrix, B € R"*"™ denotes the control input matrix, and C € R”*" denotes the output matrix such that the
triple (A, B,C) is minimal.

Our objective is to design a distributed control signal u;(¢) for each agent i, i =1,...,N, such that the
resulting multiagent system not only generates a desired formation but also the density of this formation is
spatially altered by capable agents while tracking a target of interest — without requiring global information
exchange ability, and hence, through local interactions. For this purpose, we propose the distributed control

architecture given by

l/tl'(l) = —K]Xi(t)—KQZi(l), (3-8)
u(t) = Z()’i(t)_éi<t)_)’j(t)+‘§j(t))+.ui()’i<t)_§i(t)_c(f))7 (3.9)

where K; € R™*" and K, € R™*? are feedback controller gain matrices, z;(f) € R” is the integral state vector,
and c¢(¢) € R” is the position of a target of interest (i.e., command to be followed by the multiagent system).

In (3.9), in addition, &(¢) € R” denotes

(1>

Gi(t) %(0)sr, (3.10)

where & € R? captures a desired formation objective, %(¢) € R is an additional network layer satisfying

() = —a), (%) =) — o (v(e) = v (1),

i~j

@3.11)

with y*(7) € R being the scaling factor for the density of the resulting formation and o > 0, and y; = 1 only
for capable (i.e., leader) agents and it is zero otherwise. Throughout this paper, we assume that there is at
least one capable agent in the multiagent system.

More specifically, our objective is to guarantee

yi(t) = c+ &'y, i=1,...,N, 3.12)
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asymptotically for the case when the position of the target and the scaling factor for the density of the

resulting formation are constants (i.e., c¢(t) = ¢ and y*(r) = y*, respectively) and approximately otherwise.

To this end, we introduce two assumptions on the selection of the feedback controller gain matrices in (3.8).

Assumption 3.3.1. There exists K| and K, such that

oy A—-BK; —-BK;
AiC 0

is Hurwitz for all A;, i = 1,...,n, where A; € spec(F) and

Féﬁ(g)_'_dlag(G)? G= [ul:lJQ,"'?uN]T7

with L(G) € ngN and F € SN by Lemmas 3.2.1 and 3.2.2, respectively.

Assumption 3.3.2. There exists K| and K, such that

is invertible, where J € RP*P,

A& A—BK; e RV,

and
B 2 BK, € R"™*?.
Next, let the aggregated vectors be given by
x(t) = [u()xn),. @] R,
E) = [&(),&0),....&n(0)] € R,
and
5,* 0 h (t)
§) = £ ()
0 Ev| |mw()

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Using these vectors, (3.6), (3.7), (3.9), and (3.11) can now be written in a compact form as

(1) = (Iy @ A)x(t) + (In @ B)u(t), 321
y(1)=(In®C)x(t), (3.22)
A1) =(FO)x(t) = (F 1) wy(t) — (GRIp)c(r), (3.23)
7(t) = —aFy({1) + oGy (1). (3.24)

Now, consider the multiagent system given by (3.6), (3.7), where N agents exchange information
among each other using their local measurements according to a connected, undirected graph G. In addition,
consider the distributed controller architecture given by (3.8), (3.9), and (3.11) subject to Assumptions 3.3.1
and 3.3.2. If the position of the target and the scaling factor for the density of the resulting formation are

constants, then it can be shown that
tlimy,-(t):c%—éi*y*, i=1,...,N. (3.25)
e

In other words, for the case when ¢(¢) = ¢ and y*(¢) = y*, the proposed distributed control architecture given
by (3.8), (3.9), and (3.11) not only generates a desired formation but also spatially alters the density of the
resulting formation’.

Building on the above result, we next consider a more practical case when the position of the target
and the scaling factor for the density of the resulting formation are time-varying with bounded time rates of

change; that is,

[e(®) ]2 Bi, (3.26)

7@l < B (3.27)

IN

For this purpose, once again, consider the multiagent system given by (3.6), (3.7), where N agents exchange
information among each other using their local measurements according to a connected, undirected graph
G. In addition, consider the distributed controller architecture given by (3.8), (3.9), and (3.11) subject to

Assumptions 3.3.1 and 3.3.2. If the position of the target and the scaling factor for the density of the

SThe detail proof of 3.25 is provided in Appendix A.
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resulting formation are time-varying with bounded time rates of change, then it can be shown that y;(¢)

converges to a neighborhood of®

c)+EY (1), i=1,...,N. (3.28)

Furthermore, an ultimate bound for the distance of

g(t) = q(1) + A, ' Bype(1), (3.29)

can be computed as [115]

A'max(Pq) ”Pqu_quHF(Bl +ﬁ2)

la®lle < 2475k Amin(Rg)

t>T. (3.30)

In (3.30), if its right hand side is small, then the distance of (3.29) is small for r > T'. It now can be shown

that a small (3.29) implies y;(¢) to stay close to

c()+& (1), i=1,...,N, (3.31)

fort >T.
Finally, in addition to controlling the density of the resulting formation, one can also control its
orientation by adding an additional network layer. For example, for a two dimensional formation problem,

one can use the proposed controller architecture in (3.8) and (3.9) with (3.10) replaced by

() = wOR(6:(1)E € R, (3.32)
where
cos6;(t) —sin;(t
R(6i(1)) & ) © € R¥2, (3.33)
sin6;(r)  cos6;(t)
provided in Appendix B.
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In (3.32), %(7) € R and 6;(r) € R are additional network layers respectively satisfying (3.11) and
6i(1) = —a ) (6:(t) — 6;(r)) — e (6:(2) — 6% (1)), (3.34)
i~y

with 6*(¢) € R controlling the orientation of the resulting formation.

3.4 Illustrative Numerical Example

In this section, we present an illustrative numerical example to demonstrate the efficacy of the
proposed distributed control architecture in Section 3.3. Specifically, consider a multiagent system with six
agents exchanging information among each other using their local measurements according to a connected,
undirected graph depicted in Figure 3.1, where the first agent is a capable agent (i.e., 4 = 1 and y; =0,

i=2,...,6). The dynamics of each agent is represented by (3.6) and (3.7) with

033 I3 033
A: 9 B: 9 C: I3 O3><3 9

Ay A I
(3.35)
where
0 O 0 0 209 O
0 O —wg 0 0 O
and
@y = 0.0015. (3.37)

Note that (3.35) and (3.36) represent the linearized equations of the relative translational dynamics, which

are described by the Clohessy-Wiltshire equations [116], and

T
xi(t) = [@.T(t)@w)] , (3.38)
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Figure 3.1: A multiagent system with six agents (square denotes the capable agent, circles denote the other
agents, and solid lines denote the connected, undirected graph topology).

with @;(¢) being the position of agent i, i = 1,...,6, in a three dimensional space.
In this example, all agents are subject to random initial conditions and we let z;(0) = 0 and %(0) = 1,

i=1,...,6. In addition, we choose

2546 —-0.005 O 1584 0 0
Ky = 10.005 25.46 0 0 1584 0 |,

0 0 2546 0 0 15.84
(3.39)
14.14 —0.003 0
K> = 10.003 14.14 0 |- (3.40)
0 0 14.14
and
o=>5, (3.41)

T
where Assumptions 3.3.1 and 3.3.2 are satisfied. For §, i =1,...,6, we choose &' = [2 0 0] &=
T

[1 -1 O]T, 53":[—1 —1 O]T, ézz[—z 0 O]T, 55":[—1 1 O]T, and 636*2[1 1 o],

which yields to an uniform hexagon desired formation on a two dimensional space. Finally, we let
T
c(t) = [o.n 2.55in(0.021) 0] : (3.42)

Figure 3.2A presents the results when the scaling factor for the density of the resulting formation is

y*(t) = 0.5 for t € [0,80) seconds, y*(r) = 1 for ¢t € [80, 160) seconds, and y*(¢) = 1.5 for ¢ > 160 seconds.
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In addition, Figure 3.2B presents the results when the scaling factor for the density of the resulting formation
is y*(t) = 1.5 for ¢ € [0,80) seconds, y*(r) = 1 for ¢ € [80, 160) seconds, and y*(¢) = 0.5 for 7 > 160 seconds.
In both figures, we use a low-pass filter to smoothen the transition between y*(¢) changes (in order to have
a bounded time rate of change of y*(¢)). It is clear from these figures that the proposed distributed control
architecture allows the capable agent to spatially alter density of the resulting formation while tracking a
dynamic target of interest. Finally, the norm of the control signals for each agent is depicted in Figures 3.2C

and 3.2D for the cases in Figures 3.2A and 3.2B, respectively.

3.5 Conclusion

Current distributed control methods lack information exchange infrastructures to enable spatially
evolving multiagent formations without having global information exchange ability. We recently showed
for multiagent systems with first-order agent dynamics how information exchange rules represented by a
network having multiple layers (multiplex information networks) can be designed for enabling spatially
evolving multiagent formations. This paper generalized our recent results for multiagent systems with
general linear dynamics. Specifically, multiplex information networks are utilized for formation density
control of multiagent systems. The proposed approach allows capable agents to spatially alter density of
the resulting formation while tracking a target of interest — without requiring global information exchange
ability, and hence, through local interactions. An illustrative numerical result demonstrated the efficacy of

the proposed methodology.
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Figure 3.2: Responses of the multiagent system in Figure 3.1 with the proposed distributed control
architecture for two different scaling factors for the density of the resulting formation (A and B) and
respectively the norm of the control signals of agents for each case (C and D). In A and B, square denotes
the capable agent, circles denote the other agents, solid lines denote the connected, undirected graph
topology, and dashed lines denote trajectories of agents on a two dimensional space.
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Chapter 4: Bandwidth Control of Multiagent Systems*

Increasing complexity of engineering tasks requires the spatial and temporal properties of agent
teams to change in real-time. However, single-layer structure of existing distributed control algorithms
does not provide the necessary flexibility to control such properties through local interactions. Motivated
by this standpoint, the contribution of this paper is to make the first attempt in addressing how to develop
a distributed approach for controlling the bandwidth (i.e., the temporal property) of multiagent systems.
Specifically, we propose a distributed control architecture predicated on a multiplex information network
having two layers for controlling the bandwidth of agent teams though local interactions, where a leader-
follower algorithm is considered in the first layer (main layer) and a bandwidth distribution algorithm is
considered in the second layer. The key feature of the proposed architecture is that the bandwidth commands
on the second layer, which are available to the leader or leaders in the multiagent system, directly drive the
bandwidth of the main layer. Both constant and time-varying bandwidth commands are considered and
system-theoretic stability properties for both cases are established. Finally, illustrative numerical examples

are presented to demonstrate the efficacy of the proposed architecture.

4.1 Introduction

4.1.1 Background

Distributed control of multiagent systems is an active research field with a wide array of applications
in both civilian and military domains. Considering the increasing complexity of engineering tasks, the
spatial and temporal properties of agent teams are required to change in real-time. To elucidate this point,
consider a fleet of ground vehicles as an example that are commanded to form and maintain a formation
while simultaneously tracking a dynamic target. The distance between each agent in the formation can be

large under ideal conditions to maximize the sensing ability of the overall multiagent system as a whole. Yet,

*This chapter has been submitted to the 2020 American Control Conference for possible publication.
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when agents pass through a narrow passage, it is then necessary for the formation to scale down (i.e., the
spatial property) in real-time to fit in. In addition, depending on the speed of the dynamic target, agents need
to adjust their their bandwidth (i.e., the temporal property) in real-time for maintaining a desired tracking
distance with the target.

To address engineering tasks with increasing complexity, multiagent systems need new distributed
methods that allow control of their spatial and temporal properties. Because, single-layer structure of
existing approaches does not provide the necessary flexibility to control such properties through local
interactions (e.g., see [4-9] and references therein). For example, the formation control architectures
proposed in [7-9] result in a fixed formation; that is, the size and the orientation of the formation are fixed
and they cannot be altered distributively once being formed. As another example, the well-known consensus
and consensus-like approaches have a fixed bandwidth, which is depends on the Fiedler eigenvalue of the
graph Laplacian, and it cannot be changed distributively on the fly.

Multiplex information networks is an appropriate method for altering these fixed properties in real-
time. In particular, multiplex information networks describes networks with multiple information exchange
layers comprising both intralayer and interlayer communication links. They have emerged in the physics
and social science fields (e.g., see [10-14] and references therein). However, these fields mainly focus on
studying the system-theoretic characteristics as well as the convergence of the overall network dynamics
without focusing on the control design aspect. Recently, the authors of [76, 91, 112, 113] utilize multiplex
information networks for spatial control of multiagent systems through local interactions. Yet, how to
system-theoretically use these networks for bandwidth control of multiagent systems is still an open and

important scientific question.

4.1.2 Contribution

The contribution of this paper is to make the first attempt in addressing how to develop a distributed
approach for controlling the bandwidth (i.e., the temporal property) of multiagent systems. Specifically, we
propose a distributed control architecture predicated on a multiplex information network having two layers
for controlling the bandwidth of agent teams though local interactions, where a leader-follower algorithm is
considered in the first layer (main layer) and a bandwidth distribution algorithm is considered in the second
layer. Here, we note that although a leader-follower algorithm is considered in the main layer, the presented

results can be readily applied to consensus algorithms, formation algorithms, and containment algorithms,

50

www.manaraa.com



to name but a few examples, for controlling the bandwidths of these algorithms in the main layer. The key
feature of the proposed architecture is that the bandwidth commands on the second layer, which are available
to the leader or leaders in the multiagent system, directly drive the bandwidth of the main layer. Both
constant and time-varying bandwidth commands are considered and system-theoretic stability properties for
both cases are established. Finally, illustrative numerical examples are presented to demonstrate the efficacy
of the proposed architecture.

The organization of this paper is as follows. In Section 4.2, we present the necessary mathematical
preliminaries. The proposed architecture and its system-theoretic stability properties are given in Section
4.3 for constant bandwidth commands case and in Section 4.4 for time-varying bandwidth commands case.
Section 4.5 then presents illustrative numerical examples and Section 4.6 finally summarizes the concluding

remarks.

4.2 Preliminaries

In this paper, R stands for the set of real numbers, R” stands for the set of n x 1 real column vectors,
R (resp., @T”) stands for the set of n x n positive-definite (resp., positive semi-definite) real matrices,
1, stands for the n x 1 vector of all ones, and I, stands for the n x n identity matrix. We also use (-)T
for transpose, Amin(A) and Amax(A) respectively for the minimum and maximum eigenvalue of a matrix A,
diag(a) for diagonal matrix with vector a on its diagonal, [x]; for the entry of vector x on the i-th row, and
A;;j for the entry of matrix A on the i-th row and j-th column.

We now recall several graph-theoretical notions for completeness (e.g., see [5] and [92] for details).
Specifically, an undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set g C Vg x Vg
of edges. If (i, j) € &g, then the nodes i and j are neighbors and the neighboring relation is indicated with
i ~ j. The number of agent i’s neighbors is its degree and denoted as ;. The degree matrix of a graph G,
D(G) € RVN is then defined by D(G) £ diag(d), where d = [dy,...,dy]". In addition, a path igi) . ..ir is
a finite sequence of nodes such that iy_; ~ i, k= 1,...,L, and a graph G is called connected when there
exists a path between any pair of distinct nodes. The adjacency matrix of a graph G, A(G) € RVV is also
defined by [A(G)];; = 1 when (i, j) € & and [A(G)];; = 0 otherwise. Finally, the graph Laplacian matrix,
L(G) € @i}XN, is defined by £(G) = D(G) — A(G). For the results of this paper, we consider a connected,

undirected graph G.
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Lemma 4.2.1 (Proposition 9.4.9 of [117]). Let A € R"™™. Then,

AHZ = Gmax(A> = \/m, where

Omax(A) denotes the largest singular vale of A.

From Lemma 4.2.1, it follows that ||A]|2 = |Amax(A)| when A is symmetric. In addition, if A =

diag(a) with a = [ay,...,ay]T, then ||A||, = max; |a;].

4.3 Constant Bandwidth Control

4.3.1 Proposed Architecture

Consider a multiagent system with N agents exchanging information according to a connected,

undirected graph G and operating under the dynamical structure given by

Xi(l) = (Xl'(l) (— Z.(x,-(t)—xj(t))—k,-(x,-(t)—c(t))> , Xi(()) = X0, (41)
OCZ'([) = —B <Z(Oﬂ,(l‘) — Otj(l‘)) —|—ki(OCl'(l‘) — Oto)) , Ot,'(O) = Qo, “4.2)
i~j

where x;(t) € R and ;(t) € R respectively denote the state and the bandwidth of agent i, i = 1,...,N,
c(t) € R is the time-varying tracking command with bounded time rate of change (i.e., |¢(f)| < ¢ with
¢ €Ry), ap € R, denote a constant bandwidth command, and 8 € R, denote a constant gain. While it
does not change the theoretical results of this paper, ¢y for all i =1,...,N should be selected as positive
from a practical standpoint. In addition, we consider that the network has at least one leader, where k; = 1
when agent / is a leader and k; = 0 otherwise. In this setting, the tracking command ¢(¢) and the bandwidth

command 0y is only available to the leader agent(s).

4.3.2 System-Theoretic Analysis

We first define the state and bandwidth errors as

) 2 xi(t)—c(), 4.3)
a(t) = o) —a(0) (4.4)
By taking the time derivative of (4.3), we obtain
(1) = —(04() + ) (;j(ii(t) —)Zj(t))+k,~f,-(t)> —¢(1), %(0)=Fp. (4.5)
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Similarly, taking the time derivative of (4.4) yields

o(t) = —P <Z(5¢i(f) _dj(t))+kiai(t)> . 0;(0) = Ogo. (4.6)

i~j

Next, let #(¢) = [%1(¢),...,%n(t)]T and &(t) £ [@(1),..., 0y (t)]T be the aggregated vectors. Then, (4.5) and

(4.6) can be written in the compact form as

X(t) = —diag(a(r)+aoly) (L(G)%(t) +KE(t)) — Inc(t)
= —diag(a(t) + aply)Fi(t) — Iy¢(t), %(0) = %o, 4.7
a(r) = —BFa(r), a(0)= do, (4.8)

where F = £(G) +K € RVN with K £ diag([ky,...,ky]). Here, we note that F is a positive-definite matrix

(e.g., see Lemma 3.3 of [16]). We are now ready to state the first result of this paper.

Theorem 4.3.1. Consider the multiagent system given by (4.1) and (4.2) with N agents exchanging infor-
mation according to a connected, undirected graph G. Then, the closed-loop error dynamics of the overall

network system given by (4.7) and (4.8) is input-to-state stable.

Proof. We start with the explicit solution of (4.8) given by

a(r) = e P a(0). (4.9)

Note that since F is a symmetric matrix, it can be decomposed as F = UAUT (e.g., see Theorem 2.5.6
of [118]), where A = diag(4;(F)) € RV with A;(F) >0V i=1,...,N being the eigenvalues of F and
U = [uy...uy] € RVN denotes an orthonormal matrix with u; € RY, ||u;]|3 = 1, being the eigenvector

corresponding to A;(F). Therefore, we have

e PPHly = ||le PUAY |, = |ue PMUT,
< (U L)UT 2]le A
< ke PM (4.10)

for some positive constant k and A. We now substitute (4.9) back to (4.7) and obtain
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) = —diag (e—ﬁF’a(O) + ocolN) Fi(t) — 1yé(r),  (0) = %. @.11)

Let A(r) £ —diag (e P @(0) + ot 1y) F. Then, (4.11) can be rewritten as

i) = AW)F—1yé(r), (0) = . 4.12)

Since the term —1y¢(7) in (4.12) is bounded by assumption, one can consider it as the bounded input
to the system. Furthermore, by Lemma 4.6 of [119], if the origin of the unforced system (i.e., X(¢) =
A(1)x(1)) is globally exponentially stable, then one can conclude that the system (4.12) is input-to-state
stable. Therefore, we now prove that the origin of ¥(z) = A(7)X(¢) is globally exponentially stable.

To this end, the unforced system can be first expanded into

i) = A(Nz()

= —aoF(t)—diag <e‘ﬁFtﬁc(O)> Fx(1). (4.13)

Consider next the Lyapunov function candidate given by

V(%) = Tor (1)x(). (4.14)

Note that V(0) = 0 and V(X) > 0 for all X # 0. The time derivative of (4.14) along the trajectories of (4.13)

is given by

V(E) = —aoxT(t)Ff(t)—xT(t)diag(e*ﬁ”a(()))m(t)
< — 0o Amin (F)[5(0) |3 + ke P2 || x(0) ]| F |12 ]1(2) 13

= 2 (a0 (F) — ke P ()0 4L

B(r)
= —B(1)V(%), (4.15)

where the second inequality comes from (4.10) and the third equality comes directly from Lemma 4.2.1.

Defining H (1) £ ¢/0B(5)45y (%) and taking its time derivative yields
H(t) = B(1)eh By () 4 ehBOdsy ()

< B(1)eloBOEY (5) — o BOIB(1)Y (7) = 0. (4.16)
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As aresult, H(t) < H(0). Equivalently,
V(E1) < e hBOBY(50)). (4.17)
Substituting (4.14) into (4.17) and expanding B(t), we obtain

||f(l) ||% < e_j(;2(aO)me(F)_keiﬁisafmax(F)Ha(o)HZ)dSHf(o) ”%

— e—2ocokmm(F)t+2k2Lmax(F)Ha(O)\szée‘m“dsux*(o)H%, (4.18)

Taking square root of both sides of (4.18) yields

1Z(0)]2 < efaolmin(F)t+klmax(F)H06(0)Hzfée’m"ds”)z(())”2, (4.19)
Note that since
g 1 eh
/ ePlgy = ¢ < (4.20)
0 BA  BA BA
(4.19) becomes
. — 0l yin (F Kk2Amax (F)|[(0)[l» »
e (O]
_ &~ 00 Amin (F)1 (e"]|%(0)|2), 4.21)
where n £ B (F)[@O)2 - From (4.21), we can conclude that the origin of the unforced system (4.13)

BA
is globally exponentially stable. As a consequence, the system (4.12) is input-to-state stable; hence, the

closed-loop error dynamics of the overall network system given by (4.7) is input-to-state stable. |

Remark 4.3.1. Theorem 4.3.1 indicates that when the tracking command is a constant c(t) = ¢ or when ¢(t)
approaches 0 as t — oo, then the closed-loop error X(t) will also converge to 0 as t — . In addition, when

c(t) is time-varying, %(t) is ultimately bounded by a class K function of supy< ., || — In¢(7) |2 = V/NE.

Remark 4.3.2. From (4.21), it can be seen that the performance of the overall network system depends on
the command bandwidth o, the design parameter B, and the structure of network via Amax (F), Amin(F ),Z

and k. Therefore, one can use this result to judiciously choose the design parameters.
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4.4 Time-varying Bandwidth Control

In this section, we generalize the result of Section 4.3 to the case where the bandwidth command
is time-varying. For this purpose, we consider the same dynamical structure given by (4.1) and (4.2),
where 0p(7) € R, is now a time-varying bandwidth command with a bounded time rate of change such
that |6 (7)| < 0 € Ry and satisfies the condition 0 < a < 0 (r) < a with a,a € Ry . Along the lines of
the mathematical discussion given in Section 4.3.2, we obtain the compact from of the close-loop error

dynamics given by

X(r) = —diag(a(r) + ao(t)ly)FE(t) — Iné(r),  %(0) = o, (4.22)
G(r) = —BFa()—1yoo(r), a(0)= . (4.23)
We are now ready to state the second result of this paper.

Theorem 4.4.1. Consider the multiagent system given by (4.1) and (4.2) with N agents exchanging in-
formation according to a connected, undirected graph G. If the gain B is sufficiently large, then under a
time-varying bandwidth command with a bounded time rate of change the closed-loop error dynamics of the

overall network system given by (4.22) and (4.23) is uniformly bounded.

Proof. Once again, we start with the explicit solution of (4.23) given by
t
a(r) = e PF1(0) + / e BFE=S) (1 ao(1)) ds. (4.24)
0
Substituting (4.24) to (4.22) yields

£(t) = —diag (e*ﬁFfa(O) + ocg(t)lN) Fx(1) — 1y¢(r) + diag < /0 Lo BF) (Iyao (1)) ds> Fx(1), %(0)=%.

(4.25)
In order to analyze the system given by (4.25), we first analyze the following system
i) = —diag (e—ﬁFfa(O) + ao(t)1N> Fi(t)
—  —ap(1)F(r) — diag <e*/3F ’a(O)) Fi(t), (0)=F. (4.26)
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To this end, consider the Lyapunov function candidate given by (4.14). By taking its time derivative along

the trajectory of (4.26), we obtain

VE) = —oo(t)iFi(t) — i diag (e*ﬁF ’d(O)) Fi(t)

< —ai"Fx(r) — & diag (e—ﬁ”a(O)) Fi(t). 4.27)

From this point, (4.27) can be brought to the form of (4.15) and then with a similar analysis as in proof
of Theorem 4.3.1 one can conclude that the origin of the system given by (4.26) is globally exponentially
stable.

By the Converse Lyapunov theorem (e.g., see Theorem 4.14 of [119]), next note that there exists a

continuously differentiable function V (%) that satisfies

alft)B<VE < el Et)]3, (4.28)
9% (—diag (e P @(0) + o (1) 1y) Ff( ) < —asllE)3, (4.29)
H Hz< cal|X(1) ]2, (4.30)

where ¢, ¢z, c3, and ¢4 are positive constants. We now utilize the above function V (%) satisfying (4.28),
(4.29), and (4.30) as the Lyapunov function candidate and take its time derivative with respect to the
trajectory of (4.25). Mathematically speaking, we have
V(F) = g‘; [— diag (e—ﬂF'a(O) + oco(t)lN) Fi(t) — Ine(r) +diag (3PP (1o 1)) ds) Fi(0)|
< —3]|%(0) |13 + call%(0) |2 Ine 2+ call £() |12 diag (o e PF ) (Lybo (1)) ds) |12l F[|2]12(1) 12

= —3]|%(0) 113 + call#(1) 2l 1nell2 + camax (F) || diag (Jg e PFU) (Inco (1)) ds) [12]|F(0) 13, 4.31)

where the second inequality comes from (4.29) and (4.30). Note also that

Jaiag ( [[e# (wao(n)ds) e < | [ PP tydo(o)) dsl
< [ e P o et ds
< /Olkeﬁ’_l(’s)(\/ﬁéto)ds
< kvNa (4.32)
B
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where the third inequality comes from (4.10). Therefore, (4.31) becomes

V()< (o — Pl 5(1)[13 4 co/NEI|E() - (4.33)

From here we note that if 8 is designed such that

(4.34)

cahmax (F)kv/Nayo
BA

by S £ {&(t) : %(t) < ¢}. As a consequence, the closed-loop error dynamics of the overall network system

then p £ (c3 — ) > 0. In addition, let ¢ £ C“T‘/ﬁa. Then, V(-) < 0 outside the compact set given

given by (4.22) and (4.23) is uniformly bounded. |

Remark 4.4.1. Similar to the discussion in Remark 4.3.2, the inequality given by (4.34) suggests an ap-
propriate choice for the design gain B depending on the network size and structure (via the parameters

VN, ).max(F),i) and the time rate of change of o (t) (via &p).

4.5 TIllustrative Numerical Examples

In this section, we demonstrate the efficacy of the proposed distributed bandwidth control architec-
ture through two numerical examples, where the first one considers a one-dimensional (1D) application case
and the second one considers a two-dimensional (2D) application case. For both cases, we consider a group

of 5 agents subject to a connected, undirected ring graph with agent 3 being the leader.

4.5.1 Example 1

This example focuses on the 1D application case. Agents are subject to the initial conditions x(0) =
[7;5;1;—2;—4] and o(0) = [0.5;0.8;1.5;1.25;2]. The design gain f is set to 2. The simulation time is set
to 72 seconds. In addition, for 7 € [0,24), the command bandwidth is set to o = 2; for 7 € [24,48), o = 20;
and for ¢ € [48,72], o = 5. We consider the same setup for two different tracking commands.

For the first scenario, the tracking command is a square wave such that for 7 € [0, 18) and 7 € [36,54),
c(t) =5; fort € [18,36) and € [54,72), c¢(t) = 0. The performance of the overall network system under
the proposed control architecture is depicted in Figure 4.1. Specifically, during the first 24 seconds, agents

slowly converge to the tracking command. During 7 € [24,48), since the bandwidth command o increases,
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agents react and converge to the tracking command c(¢) faster as depicted in the top plot of Figure 4.1. For
the last 24 seconds, the bandwidth command o is reduced to 5 and, as expected, the transient response is
faster than when o = 1 but slower than when oy = 20. In addition, the bottom plot of Figure 4.1 shows the
convergence of agents’ bandwidth parameters () to the command bandwidth o).

For the second scenario, the tracking command is a sinusoidal wave depicted by ¢(¢) = 3sin(0.25¢).
The performance of the overall network system under the proposed control architecture is depicted in Figure
4.2. In particular, during the first 24 seconds, agents’ states lag well behind the tracking command. During

t € [24,48), with the command bandwidth o = 20, agents can closely follow the tracking command ¢(t)

0 20 40 60
Time (sec)

a(t)

0 20 40 60
Time (sec)

Figure 4.1: The evolution of the agents’ state x(¢) (top) and the bandwidth parameter ¢(z) (bottom) for a
square wave tracking command c(¢). The dotted lines denote the time when the command bandwidth is
changed.
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0 20 40 60
Time (sec)

Time (sec)

Figure 4.2: The evolution of the agents’ state x() (top) and the bandwidth parameter (¢) (bottom) for a
sinusoidal wave tracking command c¢(7) = 3sin(0.25¢). The dotted lines denote the time when the
command bandwidth is changed.

as depicted in the top plot of Figure 4.2. For the last 24 seconds, when the command bandwidth is set to
ay = 5, the performance degrades as compared to the case when o = 20 but is still better than the case when
0p = 2. Once again, the bottom plot of Figure 4.2 shows the convergence of agents’ bandwidth parameters

0;(t) to the command bandwidth o (7).

4.5.2 Example 2

This example focuses on the 2D application case. Agents are initially located at (—1.5;1),(—1;1),

(—1;-2),(—2;—1),(—2;0) and subject to ¢&t(0) = [0.5;0.8;1.5;1.25;2]. The design gain f3 is set to 2. The
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-2 -1.5 -1 -0.5 0 0.5 1 15 2

Figure 4.3: Response of the multiagent system with the proposed distributed control architecture for two
different bandwidth commands. Circles denote the position of the target, squares denote positions of agents
at some specific time instants, dashed line denotes the target’s trajectory, and solid lines denote the
trajectories of agents.

target’s trajectory is depicted by (cy,cy) = (=14 3sin(0.03¢),5co0s(0.1¢)). The simulation time is set to 72
seconds. In addition, for 7 € [0,36), the command bandwidth is set to ap = 2; for t € [36,72), ap = 10.
The performance of the overall network system under the proposed control architecture is depicted
in Figure 4.3, where circles denote the position of the target and square denotes positions of agents at some
specific time instants. In particular, during the first 36 seconds, agents converge and then track the target. It
can be seen that during this time period, the agents are lagged behind the target due to low bandwidth. For
the last 36 seconds, when the bandwidth is increased, agents can closely track the target, even at a shape

turn.
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4.6 Conclusion

In this paper, we developed a distributed control architecture predicated on a multiplex information
network having two layers for controlling the bandwidth (i.e., the temporal property) of agent teams though
local interactions. Specifically, the first layer (main layer) considered a leader-follower algorithm and the
second layer considered a bandwidth distribution algorithm, where the bandwidth commands on the second
layer that were available to the leader or leaders in the multiagent system directly drove the bandwidth of
the main layer. Both constant and time-varying bandwidth commands were considered and system-theoretic
stability properties for both cases were established. In addition to our theoretical findings, illustrative
numerical examples demonstrated the efficacy of the proposed architecture for controlling the bandwidth
of multiagent systems. Future research can consider employing additional network layers to control not
only temporal but also spatial properties of multiagent systems and generalizations to agent teams with

high-order dynamics.
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Chapter 5: On New Laplacian Matrix with a User-Assigned Nullspace in

Distributed Control of Multiagent Systems*

The common denominator of most notable distributed control results is that they utilize the bench-
mark consensus algorithm, which is built on the well-known Laplacian matrix whose nullspace spans the
vector of ones. Since this algorithm is the key building block for a wide array of existing distributed control
architectures, extensions of this algorithms are also predicated on this Laplacian matrix. Motivated by this
standpoint, this paper explores how one can generalize the Laplacian nullspace, which can span any vector
with positive elements, to pave the way for composing complex cooperative behaviors in multiagent systems.
Specifically, we introduce a new Laplacian matrix for undirected and connected graphs that generalizes the
well-known, standard Laplacian matrix, where it is based on a desired, user-assigned nullspace. We first give
the mathematical definition of this Laplacian matrix and show that it inherits some fundamental properties
of the standard Laplacian matrix. We then present distributed control architectures for convergence to the
desired nullspace and for convergence to a specific vector within that nullspace. Finally, an application
of the proposed Laplacian matrix to formation tracking and scaling problem is given. To complement our

theoretical results, we also present several numerical examples.

5.1 Introduction

Predicated on the recent advances in technology, multiagent systems have become an active research
field during the last two decades. These systems have an important potential to impact a wide array of
applications in civilian and military domains such as surveillance, reconnaissance, ground and air traffic
management, payload and passenger transportation, task assignment, rapid internet delivery, and emergency
response; to name but a few examples (e.g., see [120-124]). In such applications, agents (e.g., aerial, ground,
water, and underwater vehicles) with information exchange ability are required to collaborate and coordinate

with each other for accomplishing given group tasks as a team. Since global information exchange between

*This chapter has been submitted to the 2020 American Control Conference for possible publication.
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agents is not preferred due to energy and security constraints, most state-of-the-art results now focus on the
development of distributed control architectures that allow agents to exchange only local information with
each other toward given group tasks. The common denominator of most notable distributed control results
is that they utilize the benchmark consensus algorithm, which is built on the well-known Laplacian matrix
whose nullspace spans the vector of ones (e.g., see [J, 8, 15-25]).

To elucidate the last sentence of the above paragraph, consider the benchmark consensus algorithm
over undirected and connected graphs with scalar integrator dynamics given by ;(r) = — ¥ ; (xi(r) —x;(1)),
where x;(¢) denotes the state of agent i, i = 1,...,N, and i ~ j indicates that agents i and j are neighbors.
Defining x(¢) = [x;(t),...,x,(¢)]T, one can compactly write the overall dynamics of this multiagent system
as x(t) = —Lx(t), where £L 2 D — A is the Laplacian matrix with D € R™" denoting its degree matrix
and A € R"™" denoting its adjacency matrix (we also refer to the first paragraph of Section 5.2 for details
on notation). In particular, the spectrum of the corresponding Laplacian matrix can now be ordered as
0=1(L)< (L) <...< (L) (A2(L) is called as the Fiedler eigenvalue that determines the convergence
rate), the null-space of this Laplacian matrix spans 1, = [1,...,1]T (1, is the eigenvector corresponding the
zero eigenvalue A (L)), and lim; . x(t) = c1, with ¢ being a scalar (consensus). Note that the above
consensus algorithm is the key building block for a wide array of existing distributed control architectures
including but not limited to formation architectures, pinning architectures, containment architectures, and
dynamic information fusion architectures. Hence, these extensions are also predicated on this Laplacian
matrix with a nullspace spanning the vector of ones. The following question is now immediate: To pave the
way for composing complex cooperative behaviors in multiagent systems, can we generalize the Laplacian
nullspace such that it can span any vector with positive elements?

The contribution of this paper is to address the above question, where we introduce a new Laplacian
matrix for undirected and connected graphs that generalizes the well-known Laplacian matrix (hereinafter
referred to as the standard Laplacian matrix) whose nullspace spans the vector of ones. Specifically, the
proposed Laplacian matrix is based on a desired, user-assigned nullspace. We first give the mathematical
definition of this Laplacian matrix and show that it inherits some fundamental properties of the standard
Laplacian matrix. We then present distributed control architectures for convergence to the desired nullspace
and for convergence to a specific vector within that nullspace. Finally, an application of the proposed
Laplacian matrix to formation tracking and scaling problem is given. To complement our theoretical results,

we also present several illustrative numerical examples.
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Note that the authors of [125, 126] also investigate how to drive a given multiagent system to
different Laplacian nullspace for undirected and connected graphs. They utilize a similarity transformation
onto the standard Laplacian matrix to change its resulting nullspace, where this process leads to the same,
standard degree matrix but to a new adjacency matrix. In contrast, our approach is simply predicated on
keeping the same, standard adjacency matrix and altering the degree matrix instead. That is, considering a
distributed control architecture developed based on the standard Laplacian matrix, one can simply add self-
loops to that architecture to achieve convergence to a given user-assigned nullspace based on the results of
this paper; however, the results in [125, 126] require the exact knowledge of each neighboring agent states

for the same purpose.

5.2 New Laplacian Matrix and the Nullspace Convergence Protocol

We first recall several graph-theoretical notions (e.g., see [S] and [92] for details). Specifically, an
undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set £g C Vg x Vg of edges. If (i, j) €
&g, then the nodes i and j are neighbors and the neighboring relation is indicated with i ~ j. The number of
agent i’s neighbors is its degree and denoted as d;. The degree matrix of a graph G, D(G) € RV*V s then
defined by D(G) £ diag(d) with d = [d}, . ..,dy]". In addition, a path iyi; ... i is a finite sequence of nodes
such that iy ~ i, k=1,...,L, and a graph G is called connected when there exists a path between any pair
of distinct nodes. The adjacency matrix of a graph G, A(G) € RV*V s also defined by [A(G)];j = 1 when

=NxN

(i,)) € & and [A(G)]ij = 0 otherwise. Finally, in this paper, the standard Laplacian matrix, £(G) € R} ",
is defined by £(G) 2 D(G) — .A(G) with span{1y} being its nullspace.

5.2.1 The New Laplacian Matrix

Consider a multiagent system with N nodes communicating under a connected and undirected graph
G with the standard adjacency matrix A(G). Let w = [wy,...,wy] € RN be a vector with positive elements
(i.e., w; e Ry foralli=1,...,N), which is the representative vector for the desired nullspace span{w}. We

define the new, altered degree matrix D(G,w) as a diagonal matrix such that

N .
1D (G,w)] Z ”W’ -y (5.1)

Jj=1 i~ j
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or equivalently,
D(G,w) £ diag(A(G)w)(diag(w))~! € RNV, (5.2)

For simplicity, we now write D for the new degree matrix defined in (5.2) and A for the standard adjacency
matrix in this section, unless stated otherwise. Next, we define the new Laplacian matrix with the desired,

user-assigned nullspace span{w} as
L(G,w) 2D — A= diag(Aw)(diag(w)) ™' — A. (5.3)

Note that when w = 1y, £(G,w) = L(G), where £(G) is the standard Laplacian matrix. For the standard
Laplacian matrix, w; = w; = % =1foralli,j=1,...,N; thus, the degree of agent i is simply the number
of its neighbors. For the case where w # span{ly}, agent i requires w; value either by default (i.e.,
preprogrammed) or through information exchange. In what follows, we investigate the properties of the
new Laplacian matrix £(G,w).

We first show that £(G,w) is a positive semidefinite matrix. For this purpose, consider the quadratic

form of the new Laplacian matrix

xIL(Gw)x = xI(D—Ax
= x'(diag(Aw)(diag(w)) "' — A)x

= x (diag(Aw) (diag(w))~")x —xTAx
[.Aw

= Z Z 2xix;
=1 Wi (i.j)e€g
N

- Z(ZWJ 2) Z 2xx;
i=1 \i~j Vi (i.j)e€g

= Z (W/szrW’x?) Z 2x;x;
(ij)egg NN Wi (ij)e€g

= Z <W1x2+x —2xxj>
(ijjegg N\ W

_ < [V /Wlx]> >0, (5.4)
(i,j)e€g Wi
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Therefore, £(G,w) is a positive semidefinite matrix. This implies that 0 = 4; < A, < ... < Ay, where 4;,
i=1,...,N are the eigenvalues of the new Laplacian matrix £(G,w). In this paper, the indices of eigenvalues

of the new Laplacian matrix follow the above order, unless stated otherwise.

Remark 5.2.1. We note that the second to last equality in (5.4) requires w;j/w; and w;/w; to be positive. In

addition, without loss of generality, the last equality in (5.4) can be rewritten as

2
xXTL(G,w)x = |W'i|xl~— ’Wi’x~ >0. (5.5)
o ™\ ™

Therefore, (5.4) holds as long as all elements in w are nonzero and shares the same sign. In other words, in

general, the new Laplacian (5.3) is defined under any vector w with nonzero elements and share the same

sign. The result for w with nonzero elements and arbitrary signs will be presented in a future research.

Remark 5.2.2. We note that span{w} is in the nullspace of L(G,w) as

L(G,w)w = diag(Aw)(diag(w))'w—Aw

= diag(Aw)ly — Aw = Aw — Aw = Op. (5.6)

Theorem 1 below further shows that span{w} is indeed the nullspace of L(G,w).

Remark 5.2.3. The new Laplacian defined in (5.3) can be extended to a weighted graph. Specifically, define
a function m: Eg — R and let the adjacency matrix of the weighted graph G denoted by A,, and is given

by

Ay & o) Fhiet

0, otherwise.

Let w € RN be a vector with positive element. Then, the degree matrix of the weighted graph G denoted by

D,, is a diagonal matrix such that

= A ms )wy
[Dw]ii—jgl i —l;j W (5.7
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or equivalently,

D,, £ diag(A,w)(diag(w))~! e RVV, (5.8)

Now, the new weighted Laplacian matrix is defined by

Ew(g) £ Z_)w - -Aw- (59)

Similar to Remark 5.2.2, note that it can be shown that span{w} belongs to the nullspace of L,,(G). In

addition, the properties shown in this section can be also generalized to the new weighted Laplacian matrix.

Next, we assume orientation of each edge is assigned arbitrarily and define the new incidence matrix

E(G) € R¥*™ with m being the number of edges in the graph G as

if v; is the tail of the edge e, = (i, j)

EG))ik= 3L if v is the head of the edge e; = (i, )
0 otherwise
(5.10)
where i =1,...,N and k = 1,...,m. Therefore, the last equality in (5.4) can be rewritten as
TL(G,w)x = <,/ ~Lxi— ‘/w’x]>
(i.j)eEg Wi
= |E(G)"xI3
_ TeiaNE(c\T
= x E(GE(G) x>0. (5.11)

As a result, the new Laplacian matrix can now be rigorously defined in a similar way as the standard

Laplacian matrix

(5.12)
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Proof. Theorem 2.4.3 of [117] states that let A € R"*™, then A = ATA). By letting E(G)T = A in

this case, we obtain

N(E@)") = NEGNE@G"

= N(L(G,w)). (5.13)

That is, the nullspace of £(G,w) and E(G)T are the same. From here, the proof follows in the same spirit of
Theorem 2.8 of [5].
Suppose there exists a vector z ¢ span{w} such that ' E(G) =0 (i.e., z € N(E(G)T)), then for each

edge (i, j) € £ we have

Since w; and w; are positive, when z; = 0, (5.14) indicates that z; = 0. Thus, since the graph G is connected,
zi=0foralli=1,2,...,N or z =0y € span{w}, which is a contradiction to the initial assumption. In other
words, any vector z ¢ span{w} and containing zero element does not satisfies (5.14). In addition, when z;
and z; are nonzero and the graph G is connected, then from (5.14) the ratio

4 _ Wi

_ i (5.15)

5wy

is correct for all i, j € V. Yet, this means z € span{w}, which is a contradiction to the initial assumption.
Consequently, N'(E(G)T) has dimension one, or equivalently, the geometric and algebraic multiplicity of
the zero eigenvalue of the new Laplacian matrix is one. That is, A; = 0 and A, > 0.

Conversely, consider A, > 0. Then, the nullspace of £(G,w) and E(G)" has dimension one. Thus,
if z € N(£(G,w)), then by (5.6) z € span{w} and z'E(G) = 0. If the graph G is not connected, then there
exists at least one vector z satisfies (5.14) with some z; = z; = 0 while other elements is different from 0;
that is, z ¢ span{w} but z'E(G) = 0. This also indicates that the dimension of dim (NV(E(G)")) > 2, which

is a contradiction. Therefore, the graph G is connected. |
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(a) (b)
Figure 5.1: An undirected and connected graph G with 4 nodes (a) and its oriented graph (b).

We now illustrate the result above with an example. Consider an undirected and connected graph G

with 4 nodes as shown in Figure 5.1(a). The adjacency matrix A of the corresponding graph G is

0100
1011
A= . (5.16)
0100
0100

Let w = [1,2,3,4]T. Then, the modified degree matrix is

D £ diag(Aw)(diag(w)) ' = diag([2,4,3,1]). (5.17)

As a result, we obtain the new Laplacian matrix in the form

2 -1 0 0

i} _ -1 4 -1 -1

L(G,w)=D—-A= : (5.18)
0o -1 % 0
0 -1 0 3

In addition, we can assign the orientation of the edge as in Figure 5.1(b) and construct the new

incidence matrix £(G) based on (5.10) as

(5.19)
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5.2.2  The Nullspace Convergence Algorithm

In this section, we introduce a new distributed algorithm for multiagent networked system to con-
verge to a desired nullspace and prove the stability of the algorithm. For this purpose, we consider a
multiagent system with N agents exchanging information according to a connected and undirected graph

G and operating under the following distributed algorithm

6t = Z({xi(z)x,(;)), x:(0) = xi, (5.20)

or equivalently,

xi(t) = —Z(X,'(l)—xj'(t))—l-z(1—1:}5))6[(!), xi(O):xio, 5.21)

i~j i~j

where x;(f) € R is the state of agent i, i = 1,...,N, and w; € R, denotes the element i-th of the desired

nullspace w £ [wy,...,wy] € RV,
For stability analysis, let x(¢) = [xq,...,xy]T € R be the aggregated vector, then (5.21) can be
written in the compact form given by
i(t) = —L(G,w)x(t), x(0)=xo, (5.22)

where £(G,w) is the new Laplacian matrix defined in (5.3).

Theorem 5.2.2. Consider an undirected and connected graph G with N nodes and the new Laplacian matrix

L(G,w) defined by (5.3), where w is a vector with positive entries. Under the distributed protocol given by

(5.21) or the compact form given by (5.22), x(t) exponentially converges to (HQ w.
wii2

Proof. We first note that since £(G,w) is a symmetric matrix, it is diagonalizable by an orthogonal

matrix U € RVN (thatis, UU T —1). In other words, it can be written in the form

L(G,w)=UAUT, (5.23)

where A € RV*V is a diagonal matrix with eigenvalues of the new Laplacian matrix £(G,w) on the diagonal

and U consists of corresponding normalized eigenvectors.
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Next, by the variation of constants formula, the explicit solution of (5.22) satisfies

x(t) = e FGWiy
B T

e UAU IXO
= Ue MUTx,

= ule_l"ulTxo +...+ uNe_Wu;,xo. (5.24)

By Theorem 5.2.1, A; > 0 foralli =2,...,N, and A; = 0 with u; = vavv\lz' Therefore, x(¢) exponen-
(w"xo)
Iwl3

tially converges to (u}xo)u; = w. [ |

Remark 5.2.4. Under the protocol (5.22), the above theorem shows that x(t) exponentially converges to

T T
(‘Twﬁg)w = r‘vwﬁg ﬁ which is a vector projection. In other words, the protocol (5.22) projects the initial
2

vector xo onto w, or equivalently, the nullspace of L(G,w). Therefore, when w = 1y, or equivalently,
L(G,w) = L(G), the protocol (5.22) shows that the average consensus is actually the projection of the
initial vectors onto vector 1y. Figure 5.2 simply illustrates this view point for a network with two agents.
Furthermore, the ratio between two agents can be viewed in term of angles. Specifically, let 015 be the angle
between x1-axis and the desired nullspace, then tan(0;,) = X—f Similarly, let 0,1 be the angle between x,-axis
and the desired nullspace, then tan(6,;) = % Therefore, 01 = /2 — 6,1 and tan(02) = 1/tan(6y;). This

indicates that the original Laplacian matrix is a special case, where 0;; = 0;; = 1t /4 that leads to the ratio

IV"—; = % = 1. Hence, the desired nullspace for a multiagent system can be obtained through manipulating
T
wi and w; (or the ratio :VV—’/) In addition, define the error e(t) = x(t) — (H}Wﬁg)w. Then, e(t) is orthogonal to
4 2

the nullspace represented by w. To elucidate this point, we first obtain

wix(t) = wle ) xo

= wixo, (5.25)

where the last equality come the fact that w'L(G,w) = O%. We also have

TWxo) g (WTXO)_WTXO' (5.26)

w3 i3
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X2

x\\ e(t)

Figure 5.2: The initial vector xj is projected onto the nullspace represented by vector w.

Combining (5.25) and (5.26) yields

wle(r) =wT <x(t) (wLxo) w> =0. (5.27)

w3

Hence, the result is immediate. This result is also consistent with other results on the standard Laplacian

matrix (see, for example, [19, 95]) that the disagreement vector (i.e, e(t)) is orthogonal to 1y.

Remark 5.2.5. The proposed protocol (5.21) generalizes a wide range of nullspace convergence including
the so-called average consensus protocol. Specifically, the nullspace of the average consensus protocol is
w=span{ly}. Asaresult, wij=wjforalli, j=1,... N and the second term of (5.21) is eliminated yielding
the structure of the average consensus protocol. In addition, the second term of (5.21) clearly shows that
only the degree of agent i (self-loops) is modified compared to the standard average consensus protocol.
While the approach in [125] and [126] requires the exact knowledge of each neighboring agent state, the
protocol (5.21) only requires each agent to know the “distance” to its neighbor(s) (i.e., (x;(t)—x;(t)).
Therefore, our approach has the potential to require less information exchange compare to the method in

[125] and [126].

5.3 Nullspace Control with the Leader-Follower Algorithm

5.3.1 Convergence to a Specific Vector in the Nullspace

In this section, we extend the result of Section 5.2 to its leader-follower version and show that

this new algorithm can be directly applied to drive the multiagent system toward a specific vector in the
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nullspace of the new Laplacian matrix. In particular, this new leader-follower algorithm is different from

the standard leader-follower algorithm in the sense that while the leader tracks the command, the followers

arrange themselves relative to their neighbors such that the ratios ;C’((tt)) = i for all (i, j) € &g are satisfied.
J J
Mathematically speaking, we consider a multiagent system with N agents exchanging information according

to a connected and undirected graph G and operating under the following distributed algorithm
"y
Xi(t) = — Z (xi(1) —x;(1)) + Z (1 - wj> xi(t) — ki (xi(t) — (1)),  x:(0) = xio, (5.28)
i~j i~j i

where x;(f) € R is the state of agent i, i = 1,...,N, and w; € R, denotes the element i-th of the desired
nullspace w = [wy,...,wy] € RV, ¢(¢) € R is the time-varying tracking command with bounded time rate
of change (i.e., |¢(¢)| < ¢ with ¢ € Ry). In addition, we consider the network has at least one leader, where
ki = 1 when agent i is a leader and k; = 0 otherwise. Thus, the tracking command c¢(¢) is only available to
the leader(s).

Let x(t) £ [x1,...,xy]T € RY be the aggregated vector, then (5.28) can be written in the compact

form
x(t) = —Fx(t) + Klyc(t), x(0)=xo, (5.29)
where and F £ £(G,w) +K € RVN with K = diag([ky,...,ky]) € RV*N and £(G,w) is the new Laplacian

matrix defined in (5.3). We are now ready to state the following theorem.

Theorem 5.3.1. Consider a connected and undirected graph G with N nodes and the new Laplacian matrix
L(G,w) defined by (5.3), where w is a vector with positive elements. Under the distributed protocol given by

(5.28) or its compact form given by (5.29), x(t) approaches to the neighborhood of F~'K1yc(t) as t — oo,

Proof. We first show that F is positive-definite by considering

XTOFx(t) = x'(t)(L(G,w)+K)x(t)

= xTL(G,w)x(t) +x"(1)Kx(t). (5.30)

Since xT(t)£(G,w)x(t) > 0 and x(¢)TKx(t) > 0, x(t)TFx(t) > 0. Let Q| = {x| xTL(G,w)x = 0}, Q, =
{x| xTKx = 0} and Q = {x| xTFx = 0}. Note that x"(#)Fx(t) = 0 only when x"(¢)£(G,w)x(t) = 0 and
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xT(t)Kx(t) = 0 simultaneously. Hence, Q = QN Q. In addition, xT (1) £(G,w)x(t) =xT (1) E(G)E(G)x(t) =
IE(G) x(t)|5 = 0 only if x € N(E(G)T). By (5.13), we have Q; = N(£(G,w)) = span{w} = yw for any
arbitrary y € R. As a result, Q = {x| xTKx = Y’wTKw = y¥¥ | ksw? = 0}. Since there is at least one leader
or k; = 1 in the network and w; is nonzero for all i =1,...,N, Z?’Zl kiwi2 > 0. Therefore, xTKx =0 only
when y = 0. In other words, Q = {Oy}, or xTFx > 0 for all x # Oy. Thus, F is a positive-definite matrix.

Next, we define the error e(r) £ x(t) — F~'K1yc(t), and take its time derivative to obtain

é(t) = x(r)—F 'Klyeé(r)
= —F(e(t)+F '"Klyc(t)) + Klyc(t) — F ' K1yé(t)

= —Fe(t) —F 'Klyc(t). (531

If c(t) is constant, it is obvious from (5.31) that x(t) — F~'K1yc(t) as t — . We next consider the case

when ¢(7) is not constant. Specifically, consider the Lyapunov function candidate given by

Vie)= %eTe. (5.32)

Note that V(0) = 0 and V(e) > 0 for all e # 0. Taking its time derivative along (5.31) yields

V() = €(t)(~Felt)—F'Klye(r))
= —el(1)Fe(t) — e (1)F ' K1yc(r)
= —Janin (F)[le(®)|3 + lle(®)l|2[|F ' K2 V/Né
= —min(F)lle(®) 12 (lle(®) 2 - ¢), (5.33)

where ¢ £ W Therefore, V(-) < 0 outside the compact set ¥ = {e(r)| |le(?)||» < ¢}, which shows
Tonin (F) p

that the error e(¢) is uniformly bounded. Hence, the result is now immediate. |

Remark 5.3.1. As discussed in the proof of above theorem, when c(t) is constant (that is, ¢(t) = 0 for
all t € [0,00)), then ¢ = 0. As a result, V(-) < 0 and the close-loop error e(t) exponentially goes to 0.
Furthermore, if c(t) is a time-varying command such that ¢(t) approaches 0 as t — oo, the close-loop error

also converges to 0 as t — oo,
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Remark 5.3.2. Observe that Fw = (L(G,w) + K)w = L(G,w)w + Kw = Kw. Hence, w=F'Kw. In
addition, without loss of generality, the command can be written in the form of c(t) = y(t)w;, where w; is
the leader’s corresponding component in the desired nullspace vector w, then by definition of K matrix, we
have K1yc(t) = y(t)Kw. As a result, F~'K1yc(t) = y(t)F~'Kw = y(t)w. This means under the protocol
(5.29), x(t) converges to the neighborhood of y(t)w. From Remark 5.3.1, we note that when y(t) = 1, the
system asymptotically converges to w. In other words, when the leader converges to w;, the whole network
approaches to vector w. Furthermore, by adjusting y(t), the final convergence value of each agent changes,
xi(t)

yet the ratios Tc5 = :VV—’, are still maintained for all (i, j) € £g.
J J

Remark 5.3.3. The result shown in the first paragraph of the proof of Theorem 5.3.1 indicates an interesting

property of the new Laplacian matrix: Any increment in the degree of any agent in the networked system

depicted by a new Laplacian matrix makes the matrix become positive-definite.

5.3.2 An Application to Formation Control

In this section, we utilize the result of Section 5.3.1 and the multiplex information network archi-
tecture proposed in [76] to allow formation scaling and tracking in a distributed manner. First, we note
that multiplex information network architecture describes a multiagent system with multiple layers of infor-
mation exchange including intralayer and interlayer communication links. For the 2D formation tracking
problem, we use the standard formation translation algorithm as the main layer and the algorithm (5.28)
as the second layer to update the desired relative position of each agent in the formation. Mathematically
speaking, consider a group of N vehicles communicating with each other under a connected and undirected

graph and operating under the following algorithm

(1) = =) (i) = &) = (x;() = &;(1))) —kilxi(t) = &) — (1)), x:(0) =xi0,  (5.34)

G0 = ~EEO-50+ L (1- ) w0 - kGO -, GO=G 639
i~ i~j xi

where x;(¢) and §;(r) €R,i=1,...,N are the current position and the desired relative position of agent i in x-

axis, respectively®; wy = [wyq,...,ww] € RY represents the desired baseline formation in x-axis of the agent

7If there are more than one leader in the network, then the result still holds for ¢;() = ¥(¢)w;, where i is in the leader set and
the term y(¢) is known among the leaders.
8The same structure is utilized for y-axis, and hence, omitted.
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teams with w,; € R denoting the desired relative position of individual agent i; and ¢,(¢) € R is a time-
varying tracking command for the formation in x-axis with bounded time rate of change (i.e., |¢,(f)| < &
where ¢, € R} ). Along the lines of the discussion in Remark 5.3.1, note that the tracking command for
the second layer (5.35) is now explicitly in the form of yw,;, where y € R, plays the role as the command
scaling factor for the formation. In addition, we consider the network has at least one leader, where k; = 1
if agent i is the leader and k; = O otherwise. Thus, the tracking command c,(¢) and the scaling factor 7y are
only available to the leader(s).

For stability analysis, we define the position error as
%i(t) £ xi(1) = &i(t) — ex(1), (5.36)
and taking its time derivative to obtain

5(t) = =Y (&) —%i(t) —kifi(t) — &i(t) —eu(t),  %(0) = o (5.37)

i~j

Let %(t) 2 [%1,...,Zy]T € RV and & 2 [£),...,En]T € RY be the aggregated vectors. Then, (5.37) can be

written in the compact form given by
£(t) = —Gx(t) — & (1) — ex(t)ly,  %(0) =% (5.38)

where G = L£(G) + K with K = diag([ki, ..., ky]) € RY*N and £(G) is the standard Laplacian matrix. We
note that G is a positive definite matrix (e.g., see Lemma 3.3 of [16]).

We are now ready state the following theorem.

Theorem 5.3.2. Consider the networked multiagent system given by (5.34) and (5.35), where agents ex-
change their local measurements under a connected and undirected graph G. Then, the closed-loop error

dynamics given by (5.38) is input-to-state stable.

Proof. Utilizing the result of Theorem 5.3.1 and Remark 5.3.1, we can conclude that é(t) is a
bounded signal. In addition, ¢,(7)1y is bounded by assumption. Therefore, we can consider the term

—&(t) — ¢.(r)1y as the bounded input of the closed-loop error dynamics (5.38). Furthermore, since G is
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Figure 5.3: The evolution of x(z) under the protocol (5.21) in Example 1.

positive definite, the origin of the unforced system %(z) = —G#(t) is exponentially stable. Hence, by Lemma

4.6 of [119], the system (5.38) is input-to-state stable. |

Remark 5.3.4. By the result of Theorem 5.3.1 and Remark 5.3.1, note that £ (t) exponentially converges
to ywy, hence, lim,ﬁwé(t) = Oy. Therefore, Theorem 5.3.2 indicates that when c¢.(t) = ¢, is a constant
command or when ¢ (t) approaches to 0, then the closed-loop error X(t) approaches to 0. In addition, when
c(t) is time-varying, X(t) is ultimately bounded. Furthermore, when X(t) approaches 0, %;(t) = %;(t) = 0. As
a result, x;i(t) — &i(t) —cx(t) =xj(t) = §j(1) — cx(t), or equivalently, x;(t) — ywyi — cx(t) = x(t) — ywyj — cx(t)

foralli,j=1,...,N, which indicates that agents achieve the formation and are tracking the command.

5.4 Illustrative Numerical Examples

In this section, we consider several examples to illustrate four contribution. Specifically, we consider
a group of 4 agents communicating under a connected and undirected graph G as depicted in Figure 5.1(a)

for all following examples.

5.4.1 Example 1

This example aims to illustrate the protocol given by(5.21). Initially, the state of agents are set
to x(0) = [—2;3;4;—3]. The desired nullspace is chosen to be the span of the representative vector w =

[1;2;3;4] and the protocol given by (5.21) is utilized. To accelerate the convergence, a gain a = 2 is used to
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Figure 5.4: The evolution of x(¢) under the protocol (5.29) in Example 2 with (a) y(¢) = 1 and (b) y(¢) = 2.

multiply the protocol. Figure 5.3 shows that agents converge to vector <WT’C§>W =[0.1333;0.2667;0.4000;0.5333]
2

[[wl

as expected from Theorem 5.2.2.

5.4.2 Example 2

This example aims to illustrate the result of Theorem 5.3.1. For this example, agent 1 is chosen as the
leader. The initial condition is set to x(0) = [8,4,6,2]T and the desired nullspace is chosen as w = [1,2,3,4]™.
In this case, the protocol (5.28) is implemented and as discussed in Remark 5.3.2, we should choose the
command c(t) = y(t)w; = y(¢t). Once again, the protocol is multiplied by a gain a = 5 to accelerate the
convergence. Figure 5.4(a) shows that when y(r) = 1, all agents converge to the desired vector w. In

addition, Figure 5.4(b) shows that all agents converges to the 2w when y(r) = 2.

5.4.3 Example 3

In this example, we illustrate the result of Theorem 5.3.2. Specifically, we choose agent 3 to be the
leader in this case. Initially, agents are located at (x;,y;) = (—6,2),(—5,4),(=5,7),(=2,—1) fori=1,...,4.
The initial desired relative positions of agents in the formation (&y;, &,;) are set to (6,6),(2,2),(0,3),(1,1)
fori=1,...,4, while the actual desired formation (diamond shape) is encoded within (w;, wy;) = (2,3), (3,2),
(2,1),(1,2) for i = 1,...,4. The tracking command is set to (c.(t),cy(t)) = (0.1¢,2.5sin(0.05¢)). As

discussed in Section 5.3.2, v plays the role as the scaling factor. Therefore, to see its effect, for the first
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Figure 5.5: Response of the multiagent system under the proposed control architecture given by (5.34) and
(5.35) in Example 3. Circles and square denote agents’ position at some specific time instants where the
square denotes the leader, dashed lines denote agents’ trajectories, and solid lines denote the
communication links between agents.

50 seconds, we set ¥ = 1 and for the last 50 seconds, we set ¥ = 2. Under the proposed protocol given by
(5.34) and (5.35), agents achieved the desired the formation while tracking the command as illustrated in

Figure 5.5. In addition, at t = 50 seconds, the formation size is doubled as expected.

5.5 Conclusion

This paper’s contribution was to generalize the standard Laplacian matrix, which has a nullspace
spanning the vector of ones, through introducing a new Laplacian matrix, which has a user-assigned nullspace
spanning any vector with positive elements. Focusing on undirected and connected graphs, the mathematical
definition of this Laplacian matrix was given and its fundamental properties were shown. Distributed control
architecture were then presented for convergence to the desired nullspace and for convergence to a specific
vector within that nullspace. An application of the proposed Laplacian matrix to formation tracking and
scaling problem was also given and several illustrative numerical examples were shown to complement our
theoretical results. We believe that the contribution of this paper will open up many research directions
to investigate from here toward composing complex cooperative behaviors in multiagent systems through

nullspace assignment and control.
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Chapter 6: Finite-Time Control of Multiagent Networks as Systems with Time Transformation and

Separation Principle*

In this paper, we study finite-time control of multiagent networks as systems, where they involve
floating agents that exchange local information and driver agents that not only exchange local information
but also take input and output roles. For this class of multiagent networks, control algorithms are applied to
the actuators of the driver agents based on the measurements collected from their sensors for the purpose of
influencing the overall behavior of the resulting system. Specifically, we consider time-critical applications
in the control of multiagent networks as systems and propose a finite-time control approach predicated on a
recent time transformation method. The proposed method guarantees execution of control algorithms over
a prescribed time interval [0,7) with T being a user-defined convergence time based on analysis performed
over a stretched, infinite-time interval [0,00). We analytically show that the resulting system achieves user-
defined finite-time convergence regardless of the initial conditions of agents, where we also discuss the
separation principle obtained with the proposed method. The presented theoretical contributions are not

only illustrated by numerical examples but also experimentally validated using ground mobile robots.

6.1 Introduction

The last decades have witnessed a considerable attention and growth in theory and application
of multiagent networks (see, e.g., [5, 16, 77] and references therein). In the near future, these systems
will play a key role for enabling network-centric operations that range from collaborative surveillance and
reconnaissance to guidance and control of underwater, ground, aerial, and space vehicle teams. Motivated
from this standpoint, this paper contributes to the studies in control of multiagent networks as systems (see,
e.g., [5, Chapter 10]). This class of multiagent networks consists of floating agents and driver agents, where

the former agents exchange local information through consensus or consensus-like algorithms and the latter

*This chapter will be submitted to the Control Engineering Practice journal for possible publication.
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agents not only exchange local information but also take input and output roles in the system. Here, control
algorithms of interest are applied to the actuators of the driver agents based on the measurements collected
from their sensors for the purpose of influencing the overall behavior of the resulting system. An example

multiagent network as a system is depicted in Figure 6.1.

6.1.1 Contribution

In this paper, we consider time-critical applications in the control of multiagent networks as systems.
In particular, a finite-time control approach is proposed based on a recent time transformation method
[40, 41]. The key feature of this method is that it guarantees execution of control algorithms over a
prescribed time interval [0,7), where T is a user-defined convergence time, based on analysis performed
over a stretched, infinite-time interval [0,00). Utilizing this method for finite-time control of multiagent
networks as systems, we analytically show 1) user-defined finite-time convergence of the resulting system
regardless of the initial conditions of agents, and ii) separation principle of the proposed time-critical
algorithms.  Note that the preliminary conference version of this paper has appeared in [127]. This
present paper considerably expands on [127] by providing the detail proofs in [127]; additional information
discussion, remarks, examples and practical considerations; and experimental results with ground mobile

robot platforms.

6.1.2 Related Literature

Finite-time control offers an appealing framework for time-critical applications of dynamical sys-

tems. We start with the seminal papers [26, 27], where the authors define finite-time stability for non-

Pt
-
Pre
-

Control
Algorithm

Figure 6.1: An example multiagent network as a system, where circles denote the floating agents, squares
denote the driver agents, dashed lines denote the local information exchange between all agents (graph
topology), and solid lines denote the input-output (feedback) interaction between driver agents and a given
control algorithm of interest.
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smooth dynamical systems. There exist many studies in the multiagent networks literature that utilize and
generalize the results in these two (and similar) papers, where the finite-time convergence depends on the
initial conditions of agents. The studies documented in [33—39] address this problem by upper bounding
the finite-time convergence time and the studies documented in [40, 41, 43-52] propose system-theoretic
tools for guaranteeing user-defined finite-time convergence regardless of the initial conditions of dynamical
systems.

As noted in Section 6.1.1, the contribution of this paper builds on the novel time transformation
method introduced in [40, 41] that results in smooth control algorithms (the studies in [46-52] are more
related than the other aforementioned ones to the contributions documented in these two papers, where we
refer to [40, 41] for important differences). Our motivation behind in utilizing and generalizing the results
in [40, 41] is primarily owing to the fact that their time transformation method allows one to use well-
established system-theoretical tools proposed over infinite-time intervals [0, o) for reaching guarantees over
the user-defined prescribed time interval [0, 7). This key aspect here allows us to analytically show i) and

ii) outlined in Section 6.1.1.

6.1.3 Organization

The content of this paper is as follows. Section 6.2 introduces the necessary mathematical prelimi-
naries for the main results of this paper. The proposed finite-time control approach for multiagent networks
as systems is introduced and analyzed in Section 6.3. In addition, a numerical example is presented to
demonstrate the proposed system-theoretical results. Section 6.4 discusses some practical considerations
and validates the efficacy of the proposed architectures with experimental results. Finally, concluding

remarks are summarized in Section 6.5.

6.2 Mathematical Preliminaries

The notation used in this paper is fairly standard. Specifically, R, R", and R"*" respectively denote
the set of real numbers, n X 1 real column vectors, and n X m real matrices; R, and ]RZ’FX” (resp., ﬁixn)
respectively denote the set of positive real numbers and n X n positive-definite (resp., positive semi-definite)
real matrices; and 0,, 1,, 0,x,, and I, respectively denote the n x 1 vector of all zeros, the n x 1 vector
of all ones, the n X n zero matrix, and the n X n identity matrix. In addition, we write ()T for transpose,

(-)~! for inverse, || - ||> for the Euclidian norm, Am;,(A) (resp., Amax(A)) for the minimum (resp., maximum)
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eigenvalue of the symmetric matrix A, A;(A) for the i-th eigenvalue of A (A is symmetric and the eigenvalues
are ordered from least to greatest value), [A];; for the entry of the of the matrix A on the i-th row and j-th
column.

We now concisely overview several notions from graph theory (we refer to, e.g., [5] for details).
In particular, graphs are broadly utilized to encode interactions in multiagent networks. To this end, an
undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set Eg C Vg x Vg of edges. Repeated
edges and self-loops are not allowed. If (i, j) € &g, then the nodes i and j are neighbors and the neighboring
relation is indicated with i ~ j. The degree of a node is given by the number of its neighbors. Letting d;
be the degree of node i, then the degree matrix of a graph G, D(G) € RV*VN is given by D(G) = diag(d),
d=1d,... ,dN]T. A path iyiy .. .1 is a finite sequence of nodes such that i,_; ~ iy, k=1,...,L, and a graph
G is connected if there is a path between any pair of distinct nodes. The adjacency matrix of a graph G,
A(G) € RM*N is given by [A(G)];; = 1 if (i, ) € & and [A(G)];; = O otherwise. The Laplacian matrix
of a graph, L(G) € ETXN, is given by L(G) = D(G) — A(G). For the multiagent networks as systems
study considered in this paper, we consider that a given multiagent network can be modeled by a connected,
undirected graph G with nodes and edges respectively representing agents and inter-agent communication
links.

Finally, the following lemma is necessary for one of the results in this paper.

Lemma 6.2.1 (Fact 2.17.1, [117]). Let A € R™** B € R™"™ and D € R™ ™. Assume that A and D are

nonsingular. Then,

A B Al —A-BD!
= . (6.1)
Om><n D Oan D_]

6.3 Finite-Time Control of Multiagent Networks as Systems

6.3.1 Multiagent Networks as Systems Setup

We first introduce the multiagent networks as systems setup considered in this paper. As discussed
in Section 6.1 (see also Figure 6.1), this class of multiagent networks consists of floating agents and driver
agents (see, e.g., [5, Chapter 10]), where dynamics of each agent satisfies a single integrator form. Specif-

ically, we propose that the floating agents execute the dynamics given by x;(t) = aA(¢) [ —Yie (x,-(t) —
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X ](t))] to locally exchange their state information x;(z). In addition, we propose that the driver agents
execute the dynamics given by (1) = ad(t)[ — ¥ ; (xi(t) —x;(t)) +u;(¢)] and yi(t) = xi(¢) to not only
locally exchange their state information x;(¢) but also take input and output roles in the system, where
u;(t) denotes their control inputs and y;(z) denotes their output measurements. Building on the finite-time
control results documented in [40, 41], we consider that the resulting system evolves over the user-defined
prescribed time interval [0,7) with T € R being a given user-defined convergence time. In addition,
o € Ry is again and A(t) = 1/(T —1t) in the above expressions. While we do not constraint the number
of floating and driver agents in the system, the number of floating agents is often larger than the number of
driver agents in practical applications.

The above multiagent network as a system setup, which consists of a total of N agents that exchange

information using their local measurements according to a connected, undirected graph G, can be compactly

written as
x(t) = Ot?L(t)(— L(G)x(t) —i—Bu(t)), x(0) = xo, (6.2)
y(t) = B'x(r), (6.3)
T
where x(1) = |x, (1), x2(t), ..., xn(t)| € RY denotes the aggregated state vector that captures the indi-

vidual states of floating and driver agents, u(r) € R? denotes the aggregated control vector that captures the
inputs applied to the set of driver agents, and y(¢) € R” denotes the aggregated output vector that captures the
output measurements received from the set of driver agents. Here, £(G) € RV*V is the resulting Laplacian
matrix (see Section 6.2). In addition, B € RV*? (resp., BT € R”*V) is the input (resp., output) matrix of the
form B = {ei ej ek ] , where i, j k,... are the corresponding indices of driver agents in the system
and e; is the column vector with i-th element being equal to one and other elements being equal to zero (we
refer to Section 6.3.5 for an example).

It is clear from the above discussion that a driver agent takes both an input and output role in the
system. It should be noted that one can also extend the results of this paper to the cases where a subset of
driver agents can take input roles only, another subset of driver agents can take output roles only, and the
remaining driver agents can take both input and output roles. The reason why this is not considered here is
owing to the following practical consideration: When an operator connects to the set of driver agents in a

multiagent network from, for example, a ground station, then this operator generally has the ability to receive
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output measurement data from this set and inject control inputs to the same set. Finally, for the following
results in this paper, it is considered that the pair (—£(G),B) is stabilizable. Since £(G) is symmetric, the

pair (—£(G),B") is detectable by duality.

6.3.2 Control Algorithm for Driver Agents

We next introduce the control algorithm, which is applied to the actuators of the driver agents
(i.e., “Bu(t)” in (6.2)) based on the measurements collected from their sensors (i.e., “BTx(¢)” in (6.3)) for
the purpose of influencing the overall behavior of the resulting system (see Figure 6.1). Specifically, we

propose the finite-time control algorithm over user-defined prescribed time interval [0, T') given by’

u(t) =K (t) + Kaz(t) + Ksc(t), (6.4)
2(t)=aA(t)(— L(G)%(t) + Bu(t) + H(y(t) — B'%(t)), £(0) = %o, (6.5)
(1) = aA(t) (Acz(t) + Bai£(t) + Booc(t)),  z(0) = zo, (6.6)

where K| € RPN K, € RP*P K3 € RP*P. H € RN*P | A, € RP*P, B,y € RP*N and B, € RP*P. In the
execution of the control signal given by (6.4) since the aggregated state vector is not available, one needs to
reconstruct the aggregated state vector through the state estimation algorithm given by (6.5) with () € RV
denoting the estimated state. In addition, to give a designer the flexibility in achieving different sets of
control objectives, (6.6) denotes the dynamic compensator with z(7) € R? denoting the dynamic compensator
state and c(¢) € R? denoting a command of interest. Here, we consider that ¢(z) and ¢(¢) are bounded for

t >0 and ¢(t) is a piecewise continuous function.

Remark 6.3.1. The finite-time control algorithm given by (6.4), (6.5), and (6.6) are inside the bottom “box”
shown in Figure 6.1. That is, based on the measurements y(t) collected from the sensors of driver agents,
an operator executes this control algorithm through injecting u(t) to the actuators of these agents. The
aforementioned sets of control objectives that can be achieved with this control algorithm over user-defined

prescribed time interval [0,T) is discussed in Section 6.3.4.

9The control architecture given by (6.4), (6.5), and (6.6) without A (7) is the generalized dynamic output feedback (see, e.g.,
[128, Section 1.3]) .
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6.3.3 Stability Analysis Based on Time Transformation and Separation Principle

We now show the stability analysis of the controlled multiagent network as a system based on

time transformation and discuss the separation principle. In particular, let the state estimation error be

x(1)

lI>

x(t) — x(t). This error evolves according to the dynamics given by

i(t) = aA(t)(— L(G)x(t) + Bu(t) + L(G)&(t) — Bu(t) — H(y(t) — B'2(1)))
= aA(r)(— L(9)%(r) —HB (1))
= —aA(t)(L(G)+HB)x(t)

= —aA(t)Fx(t), £0) = Xy (6.7)

where F £ (L£(G) + HBT) € RV*N. Here, we assume that —F is Hurwitz by a proper selection of the

observer gain matrix H, where the following remark is immediate.

Remark 6.3.2. Since (—L(G),B") is detectable, one can always find an observer gain matrix H such that
—F is Hurwitz. Since L(G) is also symmetric, a proper selection of H provides that all eigenvalues of
F (resp., —F) are positive (resp., negative). For example, one trivial selection is H = B that results in
F = (L(G)+HB") = (L(G)+ BB") with BB being a diagonal matrix with ones and zeros on its diagonal.
From Lemma 2 in [70] and Lemma 3.3 in [16], it follows that this selection of the observer gain matrix

creates a positive-definite F matrix owing to the connected, undirected graph topology.

Next, using the proposed control algorithm (6.4) in (6.2), one can write
(1) = aA(t) ( — L(G)x(1) + B(K12(t) + Koz (1) + K3c(z)))
= aA(r) ( — L(G)x(t) + B(K: (x(t) — £(t)) + Kaz(t) —i—Kgc(t)))

— aA(r) ( —(L(G) — BK)x(r) — BK1&(1) + BK>z(1) —i—BIQc(t)), x(0) = xo. 6.8)

In addition, the dynamic compensator given by (6.6) can be rewritten as
2(t) = aA(t) (Acz(t) + Berx(t) — Ba&(t) + Beoc(t)),  z(0) = zo. (6.9)

T
At this point, let r(t) £ xT(1), 5 (1), 57 ()| € R*N+P_ From (6.7), (6.8), and (6.9), one can now write
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—(£(G)—BK;) BK, —BK, BK;3

i) = aA(r) Bei A —Ba | 1)+ 0A@) | By | c(t)
0N><N 0N><p —F 0N><p
N——
M N
= aA(t)(Mr(t)+Nc(t)), r(0)=ro. (6.10)

Here, our finite-time control goal'® is to show lim,_,7- (r(f) + M~'Nc(t)) = 0, where “—~M~'Nc(t)” can
capture different sets of control objectives (see Sections 6.3.4 and 6.3.5). In order to achieve this goal, one

needs to make the system matrix M in (6.10) Hurwitz (see Theorem 6.3.1), where the following remark is

immediate.
. e . . . A | M1 M
Remark 6.3.3. We start with partitioning the system matrix M in (6.10). For this purpose, let M = ,
Mz My
—(L(G)—BK|) BK; —BK,
where M, = (@) 2 o "My 2 Onx (N+p) and My £ _F. Obviously, the spectrum

B.1 A, —B
of M is equal to the union of the spectrums of M| and My owing to the upper block triangular structure of
M. This highlights the separation principle. Because, one can judiciously select the controller gain matrices
K and K> to make M| Hurwitz (see below) and select the observer gain matrix H to make My Hurwitz (see

Remark 6.3.2). Hence, the design processes for making M| and My both Hurwitz are independent.

We now further elaborate how the controller gain matrices K| and K, can be selected to render M

Hurwitz. To this end, we first present the following lemma.

Lemma 6.3.1. If (—£(G),B) is stabilizable and

—L(G)—Aly B
rank =N-+p, (6.11)

Bcl 0p><p

forall A € 6(A.) with 6(A.) denoting the spectrum of A, then the pair

10 A discussed in, for example, [41] and [40], we are only interested in the response of the multiagent network over the user-
defined prescribed time interval [0, 7). There are a broad set of applications that support this viewpoint such as time-critical
simultaneous strike, multiagent automation, and formation reconfiguration, to name but a few examples.
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(6.12)

I

B Ac Opxp

( —L(G) Onxp B )7

is stabilizable.

Proof. The result is immediate from Lemma 1.26 of [128] with A = —L(G), G; £ A., G, = I,

DZ£0,y,and C £ B,,. [

The next remark shows that one can always find the controller gain matrices K; and K> to render M

Hurwitz.

Remark 6.3.4. Under the conditions given in Lemma 6.3.1, there always exist controller gain matrices K,

and Ky such that My is Hurwitz. To elucidate this, one can rewrite My as

—(L(G)—BK;) BK,

M, =
B Ac
| L(9) Onp . BK, BK,
B Ac OpXN 0p><p
—ﬁ(g) ONXP

B
- + |:K1 K2:|

Bcl Ac 0p><p ——
~. ~ _ ~. v J 4
A B
= A+BK. (6.13)

The result is now immediate from Lemma 6.3.1.

We are now ready to state the following theorem to achieve our finite-time control goal.

Theorem 6.3.1. Consider a multiagent network as a system given by (6.2) and (6.3), where agents exchange
information using their local measurements according to a connected, undirected graph G. In addition, if

M is Hurwitz'! and the driver agents execute the controller architecture given by (6.4), (6.5) and (6.6), the
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solution to (6.10) is then bounded fort € [0, T) and

lim (r(t) +M 'Nc(t)) = 0. (6.14)

t—T—

Proof. Let ¢(t) = r(t) + M~ 'Nc(t). One can then write

g(t) = #t)+M 'Nc()
= aA(t)(M(q(t) —M 'Nc(t)) +Ne(t)) + M~'Né(t)

= aA(r)Mq(t) —i—M*lch(t), q(0) = qo, (6.15)

where c4(t) = ¢(t). We now use the time transformation method utilized in [41] and [40] (see also [129,
Section 1.1.1.4]) to analyze the error dynamics given by (6.15). For this purpose, lett = 6(p) 2 T(1 —e~7)
denote the time transformation with p € [0, ) being the argument on stretched, infinite-time interval [0, ).

Note that

di _dé(p) _ .. &

— = —Te ? 2 n(p). 6.16

dp - dp e (p) (6.16)
Next, let & (¢) denote the solution to the dynamical system given by (6.15), and define y(p) £ &(¢).

In addition, let y/(p) £ ‘;—'})’ and use the chain rule to obtain

v'(p)= 5—;%’
=Te P <%Mw(p) +M_1ch(6(p)))
:och[/(p)—l—Te_pM_lch(Q(p))
=aMy(p)+h(p)c;(6(p)), w(0) = q, (6.17)
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where ¢;(0(p)) =M 'Ncq(6(p)). Utilizing (6.16) and (6.17), we have the dynamics of the system in the

stretched, infinite-time interval as!?

v (p) = aMy(p)+h(p)c;(6(p)), w(0)=qo, (6.18)

K (p) = —h(p), h(0) = ho. (6.19)

From this point, one can use standard Lyapunov stability theory over p € [0,o0) to show that the origin of
the system (q/,h) = (0,0) is exponentially stable on this stretched interval. Since M is Hurwitz, there exists

a unique positive-definite matrix P such that
0=M"P+PM+1. (6.20)
We now consider the Lyapunov function candidate given by

V(y,h) = y'Py+ni?, (6.21)

where n € Ry and P € RfNJFp)X(ZNH) is the solution of (6.20). Note that V(0,0) = 0 and V(y, ) > 0 for

all (y,h) # (0,0). The derivative of (6.21) with respect to p € [0,0) along the trajectories of (6.18) and
(6.19) is given by

V'(w(p).h(p)) = w'(p)P(aMy(p)+h(p)c;(6(p)))
+(aMy(p) +he; (8(p))) Py(p) —2nh" (p)h(p),
= ay"(p)(PM+M"P)y(p)+2y" (p)Ph(p)c;(6(p)) —2nk*(p),

= —ay" (p)y(p)—2nk*(p) +2y" (p)Ph(p)c;(6(p)), (6.22)

12Note that the initial condition of (6.19) h(0) = hy is arbitrary while the solution of (6.17) is a subset of the solutions of the
system (6.18) and (6.19) corresponding to the initial condition where 4(0) = T. Therefore, if the origin of the system (6.18) and
(6.19) is exponentially stable, then the solution of (6.17) is bounded and converges to 0.
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where V/(y(p),h(p)) = (dV (y(p),h(p))/dp. By applying Young’s equality to the term
“2yT(p)Ph(p)c;(6(p))", we obtain

2y (p)Ph(p)ci (0(P)) < 2mar(P)IR(D) W (D) |I2]|ci (8(p)) 12
22max(P) [H(P) 1y () |2¢4

1
WPz +dlh(p)* A (P) () (6.23)

IN

IN

where || (6(p))||» < & follows from the boundedness of ¢(¢) and the parameter d = (A2,.(P)(¢})?) - ne
R,.
Next, it follows from (6.22) and (6.23) that
1 -
V!(w(p):h(p)) < —allw(p)llz = 2nlh(p) + W (P)ll2 + dlh(p)|* A (P)(E2)*

= W) )~ ()P (20— A (P)(E))

7LZ ;" 2
= 1w PN,
N e (P)(E5)
G5 e )
12 &t 2
= v LG g, (624
By choosing 1 = (212, (P)(&5)?)/ e, (6.24) becomes
Vi(y(p),h(p)) < —%HW(P)H% —nlh(p)*. (6.25)

Thus, the origin of the dynamics given by (6.18) and (6.19) is globally exponentially stable [119, Theorem
4.10] on the stretched, infinite-time interval p € [0,0) (i.e., lim, . (W(p),2(p)) = (0,0) holds). Finally,
when we fix the initial condition of (6.19) to 2(0) = T, the solution of (6.17) y(p) = &(¢) is a subset of the
solutions of the system (6.18) and (6.19), where & (7) is the solution to (6.15). In addition, ¢ approaches T as
p approaches oo; hence, lim,_,7- &(z) = 0. As a result, (6.14) is now immediate for all initial conditions of
r(t). [ |

Theorem 6.3.1 shows that r(t) converges to —M ~'Nc¢(t) in T seconds in the sense of (6.14), where T
is the user-defined convergence time determining the time-interval of operation [0,7'). As discussed earlier,

M and N can be chosen to capture different sets of control objectives (see Sections 6.3.4 and 6.3.5).
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Remark 6.3.5. Theorem 6.3.1 also establishes the boundedness of the control signal u(t) given by (6.4)
over [0,T). Note that one can also view the term “oA(t)(—L(G)x(t) +Bu(t))” in (6.2) as the total control
signal. Motivated from this standpoint, the next theorem establishes the boundedness of this signal through

showing that i(t) is bounded over [0,T).

Theorem 6.3.2. Consider a multiagent network as a system given by (6.2) and (6.3), where agents exchange
information using their local measurements according to a connected, undirected graph G. In addition, if

M and

MAET+ oM e R¥N*P, (6.26)

are both Hurwitz, and the driver agents execute the controller architecture given by (6.4), (6.5) and (6.6),

i-(t) is then bounded fort € [0,T).
Proof. Taking time derivative of (6.10), one can write
#(t) = aA*(t)(Mr(t) +Nc(t)) + ad(t)(MF(t) +Nc(t))
= aA?(t)(ar(r) " Vi(r) + ad(t)(Mi(t) + Né(r))

= A(0)F(t) + A (t)MF(t) + ad (£)NE(r)

= A(t)(I+aM)i(t)+ aA(t)Nc(t), r(0) =rg, #(0)=ro, (6.27)
where the first equation comes from the fact that A (r) = A2(z). Next, let s(r) 2 i(r) and rewrite (6.27) as
$(t) =A(t)(I+aM)s(t) + oA (t)Nca(t), s(0) = Fop. (6.28)

Let v(¢) denote a solution to (6.28). In addition, let t 2 8(p) £ T(1 — e~?) denote the time transformation
with p € [0,) being the argument on stretched, infinite-time interval [0,0), and define {(p) = v(t). We

also let {'(p) = % and use the chain rule to obtain

¢'(p) = ;1;5615
= Tefp(Teip (I+aM){(p)+ T:ichd(G(p)))
= M (p)+aNcy(6(p)), &(671(0)) = ro, (6.29)
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Since ¢4 (6(p)) is bounded, and M is Hurwitz by assumption (6.26), {(p) is a bounded solution to the
dynamical system given by (6.29) on the stretched, infinite-time interval p € [0,00). Thus, V() is bounded

on [0,7) and so is 7(¢). The result is now complete. [

Remark 6.3.6. In Theorem 6.3.2, it is assumed that both M and M are Hurwitz. It should be noted that if
M is Hurwitz and since Q. is a positive design parameter, then it can be readily shown through Lyapunov
equation arguments that M is Hurwitz. On the other hand, if M is Hurwitz, then it can be shown by directly
checking the eigenvalue of M that & > —1/Re(Apar(M)) makes M Hurwitz. To summarize, since M can
always be made Hurwitz (see Remark 6.3.2 and Remark 6.3.4), o can be judiciously selected according to

o > —1/Re(Apax(M)) for M to be Hurwitz.

Remark 6.3.7. Theorem 6.3.2 establishes the boundedness of i(t), t € [0,T). Since

Ht) £ 57 (1), 25 (r), &7 (t)]T by definition and the total control signal (i.e., “aA(t)(—L(G)x(t)+Bu(t))” in
(6.2)) equals to the first entry in i(t), then this theorem directly gives the boundedness of this total control
signal. Under the condition given in Theorem 6.3.2, one can also show that u(t) is bounded. To see this,
consider the time derivative of (6.4) given by u(t) = K\%(t) + Kzz(t) + K3¢(t). Now, from the boundedness
of ¢(t) by definition and Theorem 6.3.2, the result is immediate. If, in addition, c(t) is a constant command,
it then follows that lim;_,7- ii(t) = 0. In this constant command case and using the steps highlighted in the
proofs of Theorem 6.3.2, one can also show that u'>)(t) £ d5u(t) /dt* is bounded and lim, 7 u'®) (1) =0
when M £ E1+ aM is Hurwitz with & being a positive integer. Similar to the discussion in Remark 6.3.6,

note that & > —& /Re(Apax(M)) makes Mg Hurwitz when M is Hurwitz.

6.3.4 Discussion on the Structure of “—M~IN”

Theorem 6.3.1 shows that r(t) converges to —M~!Nc(t) in the sense of (6.14) at the user-defined

convergence time 7. Here, we elaborate the structure of “—M~'N" since it can be designed to capture differ-

S . .. . My M
ent sets of control objectives. Recall that we consider above the partitioned matrix given by M =

M3 My

.. . N . BK; ..
One can also partition the matrix N as N = with Ny = and N = Oyxp. Under the conditions of
N B
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Lemma 6.2.1, note that one can write

MY M MoM!
Ml = ! ! Ll (6.30)

As a result, we obtain

N — Mt MMM (N
Ovevip)  —My' | N2

—M[ "Ny +M; 'MoM, ' N>

Onc (v-p)N1 — My "N

—Ml_lNl
= , (6.31)

Opr

where the last equality results from the fact that Ny = Oy ,. This implies that lim,_,7- X(r) = 0.
1T
Next, let 7(1) £ |x(r), z(¢)| €RY*?. From (6.31), itis clearly that lim,_,7- (7(r) -+ M| 'Nyc(t))=0

holds. To further elaborate the structure of the term “—M, IN.”, Tet

Mlé My, My _ —(,C(g)—BK1) BK> ’ 632)
My My B Ac
N BK

YA I N et (6.33)
Noy B

with My, M12,M»1,M>,N11,N»; being the corresponding matrices. Since M| can always be made Hurwitz

My, M
(see Remark 6.3.4), we define M, S _11 _12 . As aresult, “—~M INy” can be equivalently written as
My M
M Ny +M 2Ny
—Ml_lNl _ ) (6.34)

M1 Ny| + My Noy

Depending on the considered control objective, one can design the structure of (6.34) accordingly (see the

following remark and Section 6.3.5 for a specific example).
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Remark 6.3.8. Consider, for example, N agents on a connected, undirected path graph with the first agent
being the driver agent. Assume that one would like all agents in the multiagent network to converge to
a spatial location, c(t), at the user-defined convergence time T (i.e., rendezvous). In this case, we can set
K| = —%IIT\,, K,=0,K3=1,A.=—1, B,y =0, and B., =0, where we assume —(L(G) + %BIITV) is Hurwitz,
then these selections result in —M; 'Nic(t) = [1y,0]Tc(t). As a consequence, lim, 7 (x(t) — Iyc(t))=0

and lim,_,7 z(t) = 0, where the former convergence yields lim,_,7- (x;(t) — c(1))=0.

6.3.5 Illustrative Numerical Example

In this section, we show a numerical example to illustrate the efficacy of the proposed control
architecture. Specifically, consider a multiagent network with 4 agents (i.e., N = 4) subject to a connected,
undirected path graph, where agents 2 and 3 are the driver agents (p = 2) while agents 1 and 4 are the

floating agents. For (6.2) and (6.3), this selection of driver and floating agents yields

0100
BT — ) (6.35)
0010

Note that the pair (—£L(G),B) is controllable in this case. In what follows, random initial conditions are
assigned to all agents.

Here, our objective is to design a control algorithm to split the network such that agents 1 and 2
reach to a desired command (c;(¢) = 3 + 3sin(0.5¢) + sin(4¢) is used) and agent 3 and 4 reach to another
desired command (c; (1) = —2 4 1.5c0s(0.8¢) is used) at T = 5 seconds. It should be noted that based on
Theorem 6.3.1 and (6.34) that lim,_, 7- (x(t) + (M11N11 + M2y, )c(t)) = 0; hence, with this given objective,

we need to select gain matrices according to S = — (1\71 11N11 +M 12N21) with

T 1 100
St = . (6.36)

0 011
We now explain the process of designing the gain matrices Ki,K>,K3,H,A., B¢, and B, for the
proposed control architecture. Specifically, recall that F = (E(g )+ HBT), where H needs to be designed

such that F' is a matrix with positive real part eigenvalues. As discussed in Remark 6.3.2, a choice of H = B

makes F' a positive definite matrix. In this example, we do not adopt a dynamic compensator (6.6); hence,
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Figure 6.2: Response of the multiagent network as a system in Example 2 (the dashed lines denote the
trajectories of the commands ¢ (¢) and ¢, (), the solid lines denote actual states x(¢) of all agents, and the
dotted lines denotes the state estimation £(¢)).

K> =0, for the control input u(¢) given by (6.4)'3. In addition, without loss of generality we can choose
Ac = —I,, B;1 = 0,xy and Beo = 0,5 ,,. Since the pair (—L(G),B) is controllable, we can always find K|

such that —£(G) 4 BK; is Hurwitz with

~1.1956 —1.0722 —0.3942 —0.1387
K = . 6.37)

—0.1387 —0.3942 —1.0722 —1.1956
With these choices, M| in (6.13) is a block diagonal matrix and the matrices M| and M are Hurwitz. Once
again, in order to meet the objective, we need to design the gain matrices such that lim,_,7 (x(t) + (M1 Ny +
MoNoy)e(t)) = lim, 7 (x(t) — (£(G) — BK1) " 'BK3c(t)) = lim;_,7- (x(t) — Sc(t)) = 0, where S is given
by (6.36). By choosing

3.2678 —0.4671
(6.38)

W
I

—0.4671 3.2678

one can satisfy (6.36). With the choice of o = 10 and the above gain matrices, the assumption in Theorem
6.3.2 given by (6.26) is also satisfied.

The response of the multiagent network as a system in Example 2 given by (6.2) and (6.3) under
the proposed control architecture (6.4) and (6.5) is shown in Figure 6.2, where the dashed lines denote the
trajectories of the commands ¢ (¢) and c;(¢), the solid lines denote the actual states x(¢) of all agents and the

dotted lines denote the state estimation £(z). As expected from Theorem 6.3.1 along with the above selection

13 An example that considers a dynamic compensator can be found in [127].
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Figure 6.3: The control signals of driver agents (i.e., agents 2 and 3 in the considered multiagent network
as a system) and the total control signals of all agents in Example 2, where u7z(¢) is the total control signal
depicted by the right hand side of (6.2).

of the gain matrices, the states of agents 1 and 2 converge to ¢ (¢) and the states of agents 3 and 4 converge

to c»(¢) at T = 5 seconds. The resulting control signals are also shown in Figure 6.3.

6.4 Practical Considerations and Experiments

6.4.1 Practical Considerations

In Section 6.3, we show that the proposed algorithm can meet the objective in a user-defined finite
time 7. However, when ¢ gets sufficiently close to 7" or when 7 is chosen as a small value, the controller
can have a high-gain effect that is not desired in practice. To address this issue, the finite time gain A () =
1/(T —t) needs to be bounded at some point, but the question is when? In this section, we investigate the
following two cases: i) Find the time 7 such that agents are sufficiently close to meet the objective. ii) If the
finite time gain is assigned an upper bound ahead of time, find the time 7 such that agents are sufficiently
close to meet the objective and the finite time gain does not exceed the given bound before that time.

We now start with case i) by reconsidering the system error dynamics given by (6.18) and (6.19) on

the stretched, infinite-time interval

V' (p) = aMy(p)+h(p)cs(6(p)), w(0)=qo, (6.39)
H(p) = —h(p), h(0) = ho, (6.40)
08
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where h(p) = Te P. Here, the explicit solution of (6.39) can be written as

vip) = e y(o)+ [ ”e@ﬂ)“Mh(s)c;(e(s))ds

= My +/ T (6(s))ds. (6.41)

Note that [|eP®M ||, < ke=®*? for some k,A € R. such that 2 < —Re(Amax(M)) [130, Chapter 8]'*. As
discussed in Theorem 6.3.2 and Remarks 6.3.6 and 6.3.7, to guarantee the boundedness of () over [0,T),
one should choose & > —1/Re(Amax (M)), which can be readily satisfied by choosing & > 1/ (i.e., aA —

1 > 0). In addition, we have ||c;(6(p))]|2 < &}, so the solution (6.41) can be upper bounded by

- » )
HW(p)HZ < keialp”llf(o)HZ‘i‘TEZ/ e(_al(P—S)—s)ds
0

- - p —
= kefa’l”Hl//(O)Hz-i-Tc_j}e*akp/ el@A=Ds g
0

Tc—*e—aip
— ke %hp 4 2md (plad=lp g
lw Ol + =2 —= (e )
_ —x _—alp
< ke By (0) | + L el
al —1
— ke Ry (0) ] +
al —1
Tc
= k e +
e (ke I+ 1)
H(p)
— e PH(p). (6.42)

This explicit solution not only justifies the result of Theorem 6.3.1 but also can be used to estimate the

sufficient time 7y < T for the error approaching the zero neighborhood. It can be seen that lim,_,.. H(p) =

Tcd

. Let € € R, such that € > d and at p = p, we have

%
Tc;

H(py) = ke~ @05y (0) ]l + —
ai—1

=E. (6.43)

One can directly solve (6.43) for p, and obtain

14When all Jordan blocks of M have multiplicity equal to 1, we can choose A = —Amax (M). Otherwise, A has to strictly satisfy

A < —Aapax (M).
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B I e\ —In(3)
P = —(aA —1) In (klw(O)llz> T a1 (6.44)
1)

When the error of the system gets sufficiently small, the term € — Og:; ; approaches to 0; that is, § also

approaches to 0. Therefore, § can be used as an alternative quantity for the error to measure how close

agents are to meet the objective. Mathematically, by choosing 6 € R, and 8§ < 1, one can estimate the

equivalent value of 7 in the stretch time domain, which is ps; = _al;(j) , without the need to explicitly know

the parameters €,k, y(0), and ¢;. Subsequently, the time transformation t = T'(1 —e™”) can be utilized to

calculate
1
T, =T(1—eP)=T(1l—-5ar-1). (6.45)

As discussed earlier, at time ¢t = T, agents are sufficiently close to meet the objective; and hence, we can
bound the finite time gain from this time onward to prevent the possible high-gain affect; that is, A(z) =
1/(T —T;) fort > T.

For case ii), we define an upper bound 8 € R, ahead of time for the finite time gain such that
A(t) =1/(T —t) < B (for the purpose of bounding it at t = T;). However, if T is chosen as a small value, the
finite time gain could have been bounded when agents were still too far away from the objective. Therefore,
we first need to calculate the required time 7 for the system to sufficiently close to meet the objective under
this extra condition and then choose T accordingly. In particular, 7} has to satisty 7, < T — % € R,. Utilizing

the result of (6.45) to get T in term of 7 and substituting to the above inequality yield

TS<L—

1
< ; —. (6.46)
1—8ari-1 B

1l
Once again, by choosing § € R, and é < 1, one can guarantee that (1 -0 all) > 0 and can acquire T

from (6.46) as

-1
(5 ar—1 — 1) . (6.47)
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At this point, one can obtain

T
T = i (6.48)

e
Remark 6.4.1. Note that in case i) the finite time gain A(t) has no predefined upper bound and is bounded
at time t = Ty, when the error gets sufficiently small (by selecting a small value for 8); hence, we still have
the freedom to choose T arbitrarily. In case ii), the finite time gain A(t) is bounded under two conditions: i)
it reaches the upper bound and ii) the error is sufficiently small. To satisfy both conditions simultaneously,
Ty is required to satisfy the inequality (6.47) and therefore the freedom to choose T is reduced, as the choice

of T now depends on the choice of T;.

Remark 6.4.2. It should be noted that the smaller the choice of of 8 is, the larger the right hand sides of

(6.45) and (6.47) are; hence, the larger the value of T;.

6.4.2 Experiments

In this section, we present two experimental results to justify the efficacy of the control architecture
proposed in Section 6.3 together with the practical considerations discussed in Section 6.4.1. Specifically,
the control architecture is implemented on a group of four ground mobile robots communicating in a path
graph with robots 2 and 3 are driver agents and robots 1 and 4 are floating agents. The objective of the
robots is the same as the illustrative numerical example in Section 6.3.5, where the group is split into two
so that the robots 1 and 2 track a target ¢ (¢) while the robots 3 and 4 track a target c»(¢). Note that for the
experiments, a two-level control hierarchy is considered in such a way that the proposed control architecture
plays the role as a high-level guidance law for the robots and each robot also has a low-level control law for
tracking commands generated from the high-level one.

The differential drive robot platform used in the experiments is Khepera IV (Figure 6.4). In addition,
a motion capture system with Vicon Vero 2.2 cameras is used to obtain the position and orientation of
each robot. Furthermore, the control architecture is implemented in a pseudo-distributed manner; that is, a
workstation computer is utilized to calculate guidance commands, translate into control signals (i.e., the left
and right wheel speeds) and send them to the robots, yet the information for generating guidance commands

is regulated as if the robots were exchanging information according to the path graph.
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Figure 6.4: Khepera IV robot.

In both experiments, the designed matrices are used exactly the same as presented in the numerical
example of Section 6.3.5 for x and y directions. Moreover, the robots are initially placed at arbitrary
positions. The targets are also two Khepera IV robots, which are respectively programmed to track the
commands in x-direction as ci,(f) = 250 + 500cos(0.1¢) and c¢p,(t) = —300 + 500cos(0.17) and in y-
direction as ciy(f) =400+ 500sin(0.17) and ¢3,(f) = —150+ 500sin(0.1¢). Since the matrix M is Hurwitz
and has Re(Amax (M)) = —0.382, the choice of A = 0.3 for both experiments satisfies the condition A <
—Re(Amax(M)) discussed in Section 6.4.1. We note also that in the experiments the robots are set to stop

when t = T;.

6.4.2.1 First Experiment

In this experiment, the robots follow the first case discussed in Section 6.4.1; that is, the finite
time convergence is given and the robots stop when they are sufficiently close to meet the objective. In
particular, we choose the finite time convergence to be 7 = 15 seconds and 6 = 0.002, which is an alternative
measurement for the error (see equation (6.44) for its definition). Then, using (6.45), one can find 7; =
14.3292 seconds. Figure 6.5 shows the trajectories of the robots and the targets during the mission (top plot)
and the time evolution of the robots in x and y directions, respectively (bottom plots). It can be seen that the
robots are split into two to track the two targets, and they are close to the target at time ¢ = 7;. Figure 6.6
shows the control history of robots generated by the proposed control architecture, where the top plots are
the control history of driver robots and the bottom plots are the total control history depicted by the right

hand side of (6.2).
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Figure 6.5: Trajectory of the robots and targets during the mission in Experiment 1 (top plot) and the time
evolution of the robots in x and y directions (bottom plots).
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Figure 6.6: The high-level control history of robots generated by the proposed control architecture in
Experiment 1. Top plots are the control history of driver robots. Bottom plots are the total control history
of all robots depicted by the right hand side of (6.2).

6.4.2.2 Second Experiment

In this experiment, the robots follow the second case discussed in Section 6.4.1; that is, the upper

bound of the finite time gain A(¢) is assigned to be 8 = 2 and the robots stop when they are sufficiently

close to meet the objective with 6 = 0.002. From (6.47), we need to choose Ty > 10.6803, and T; = 15 is

chosen for this case. Next, (6.48) is used to obtained the finite time convergence 7' = 15.7022 seconds for

implementation purpose. Figure 6.7 shows the trajectories of the robots and the targets during the mission
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Figure 6.7: Trajectory of the robots and targets during the mission in Experiment 2 (top plot) and the time
evolution of the robots in x and y directions (bottom plots).
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Figure 6.8: The high-level control history of robots generated by the proposed control architecture in
Experiment 2. Top plots are the control history of driver robots. Bottom plots are the total control history
of all robots depicted by the right hand side of (6.2).

(top plot) and the time evolution of the robots in x and y directions, respectively (bottom plots). It can be
seen that the robots are split into two to track the two targets, and at the stop time ¢ = Tj, they are close to
the target. In addition, Figure 6.9 shows that the finite time gain A (¢) does not exceed the given upper bound
B = 2 during the mission. Figure 6.8 also shows the control history of robots generated by the proposed
control architecture, where the top plots are the control history of driver robots and the bottom plots are the

total control history depicted by the right hand side of (6.2).
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Figure 6.9: The evolution of the finite time gain A(¢).

6.5 Conclusion

In this paper, we focused on multiagent networks as systems and proposed a new finite-time control
algorithm using a recent time transformation method. Specifically, based on a given user-defined finite-time
interval [0,7'), we showed that the proposed algorithm guarantees the time-critical completion of a given
system-level control objective at T seconds regardless of the initial conditions of agents. In addition, it
was shown that the separation principle holds for the proposed finite-time control algorithm in the sense
that one can select the observer and controller gain matrices independently. Finally, numerical examples

demonstrated the efficacy of our theoretical results.
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Chapter 7: Finite-Time Control of Perturbed Dynamical Systems Based on

a Generalized Time Transformation Approach*

We study finite-time control of perturbed dynamical systems based on the time transformation
approach. For addressing time-critical applications, where the execution of a control algorithm over a
prescribed time interval [0, 7) is necessary with T being a user-defined convergence time, we introduce a
new class of scalar, time-varying gain functions entitled as “generalized finite-time gain functions" that have
the capability to convert an original baseline control algorithm into a time-varying one. Based on these
generalized finite-time gain functions, in particular, the corresponding “generalized time transformation
functions" are obtained and used to transform a resulting algorithm over the prescribed time interval [0, T)
to an equivalent algorithm over the stretched infinite-time interval [0,c0) for stability analysis, where the
connection between the generalized finite-time gain functions and their corresponding generalized time
transformation functions are investigated in detail. Specifically, we show all the conditions on the proposed
generalized finite-time gain functions that guarantee the boundedness and convergence of the state and
control signals. We also present an application of our theoretical findings to the distributed control of

networked multiagent systems problem over a prescribed time interval.

7.1 Introduction

In many practical applications such as engagement of a guided missile with a target, landing of
an aerial vehicle at a non-stationary carrier, and sequential execution of given complex tasks, finite-time
control algorithms play an important role (see, for example, [26, 27, 40, 41] and the references therein).
These time-critical applications are often performed over a time interval [0, ), where the utilized finite-time
control algorithms are expected to guarantee a task completion at a user-defined convergence time 7.

While there is a rich literature with regard to finite-time control, the finite-time convergence with

the standard algorithms depends on initial conditions of dynamical systems (see, for example, [26—32] and

*This chapter has been submitted to the System & Control Letters for possible publication.
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the references therein), and therefore, T may not be readily assigned by a control designer. To provide
a remedy to this problem, several results focus on finding an upper bound on the finite-time convergence
(see, for example, [33-39] and references therein). Recently, there are also new results such as [40-54]
(and references therein) that have the ability to directly assign a user-defined convergence time 7 to the
finite-time algorithms utilized in time-critical applications. For example, the authors of [53] propose a class
of distributed control protocols to solve the consensus problem of linear multiagent systems within a pre-
specified time by reducing the sampling time as time progresses. As another example, the authors of [54]
propose a methodology for designing autonomous and non-autonomous pre-defined time systems; however,
their results still require some knowledge on initial conditions. The results of this paper are particularly
related to and generalize the recent studies in [40, 41] that utilize the time transformation approach.

In this paper, we study finite-time control of perturbed dynamical systems based on the time trans-
formation approach. For addressing time-critical applications, where the execution of a control algorithm
over a prescribed time interval [0, T) is necessary with T being a user-defined convergence time, we introduce
a new class of scalar, time-varying gain functions entitled as “generalized finite-time gain functions" that
have the capability to convert an original baseline control algorithm into a time-varying one. Based on these
generalized finite-time gain functions, in particular, the corresponding “generalized time transformation
functions" are obtained and used to transform a resulting algorithm over the prescribed time interval [0, 7)
to an equivalent algorithm over the stretched infinite-time interval [0, o) for stability analysis, where the
connection between the generalized finite-time gain functions and their corresponding generalized time
transformation functions are investigated in detail. Specifically, we show all the conditions on the proposed
generalized finite-time gain functions that guarantee the boundedness and convergence of the state and
control signals.

The organization of this paper is as follows. In Section 7.2, we state the necessary mathematical pre-
liminaries and a key lemma for our main results. The proposed generalized time transformation functions-
based finite-time control problem over the prescribed time interval [0, ) is introduced and analyzed in
Section 7.3. We also present an application of our theoretical findings to the distributed control of networked
multiagent systems problem over a prescribed time interval in Section 7.4. Finally, our concluding remarks
are summarized in Section 7.5. Note that a preliminary conference version of this paper is appeared in [131].
The present paper considerably expands on [131] by providing the detailed proofs of all the results together

with additional remarks and discussions.
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7.2 Mathematical Preliminaries

A standard mathematical notation is used in this paper. Specifically, R denotes the set of real
numbers, R” denotes the set of n X 1 real column vectors, R"*" denotes the set of n X m real matrices, R?"
(resp., ﬁixn) denotes the set of n X n positive-definite (resp., positive semi-definite) real matrices, 1,, denotes
the n x 1 vector of all ones, and I,, denotes the n x n identity matrix. In addition, we write ()T for transpose,
Amin(A) and A« (A) respectively for the minimum and maximum eigenvalue of a matrix A, A;(A) for the
i-th eigenvalue of A, where A is symmetric and the eigenvalues are ordered from least to greatest value,
diag(a) for the diagonal matrix with the vector a on its diagonal, [x]; for the entry of the vector x on the i-th
row, and A;; for the entry of the matrix A on the i-th row and j-th column.

We next summarize the basic graph-theoretical notions used in this paper (see, for example, [5] and
[92] for details). In particular, an undirected graph G is defined by a set £g C Vg x Vg of edges and a set
Vg ={1,...,N} of nodes. We utilize (i, j) € £ for cases when a pair of nodes i and j are neighbors, where
i ~ j indicates the neighboring relation. Furthermore, the degree of a node is determined by the number of
its neighbors. Denoting d; as the degree of node i, the degree matrix of a graph G, D(G) € RV*V is defined
by D(G) = diag(d), d = [d,...,dn]T. A path iyij ...ir is a finite sequence of nodes such that i | ~ i, k =
1,...,L, and a graph G is said to be connected when there is a path between any pair of distinct nodes. The
adjacency matrix of a graph G, A(G) € RV*N s defined by [A(G)];; = 1 when (i, j) € g and [A(G)];; =0
otherwise. The Laplacian matrix of a graph, £(G) € RfXN, is then defined by £(G) 2 D(G) — A(G).

Finally, the following key lemma from [119, Theorem 4.14] is necessary for the results in this paper.

Lemma 7.2.1. For a given dynamical system x(t) = f(x(t)) with f : R" — R" being continuously differ-
entiable over D = {||x||2 < r} and x(t) € R", let its origin be an exponentially stable equilibrium point.
Furthermore, let k, A, and ry be positive constants subject to ro < r/k such that ||x(t)||2 < k||x(0)||2e* for
all x(0) € Dy and t > 0, where Dy = {||x||2 < ro}. Then, there is a continuously differentiable function V (x)

satisfying the inequalities given by

cillx]3 <V (x) < eallxf3, (7.1)
v
— T () < —esllnll3, (1.2)
A%
152 ll2 < callxllz, (7.3)
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for all x € Dy with positive constants c1,ca,c3, and c4. If, in addition, f is continuously differentiable for
all x, globally Lipchitz, and the origin is globally exponentially stable, then V (x) is defined and satisfies the

aforementioned inequalities for all x € R".

7.3 Generalized Time Transformation Approach-Based Finite-Time Control

Consider the perturbed dynamical system given by

(1) = a(t)f(x(1)) +g(t,x(1), x(0)=xo, (7.4)

where x(¢) € R” is the state vector, o(t) € R, is a positive and time-varying scalar function entitled
as “generalized finite-time gain function” (details below), g(z,x(z)) € R”" is a bounded perturbation term
satisfying [|g(,x(¢))||> < g*, and f(x(r)) is a continuously differentiable and globally Lipschitz function.
In addition, let the origin of the nominal dynamical system (r) = f(x(¢)) be globally exponentially stable.
Note that the nominal dynamical system x(¢) = f(x(r)) can represent a controlled dynamics and it can
be also considered as the error dynamics resulting from an original baseline control algorithm, where the
perturbation is set to zero and a(t) is neglected as ¢ (z) = 1. To elucidate the latter point, we now provide

an example.

Example 7.3.1. Consider a simple-yet-illustrative baseline scalar command following control algorithm
given by 2(t) = u(t) with u(t) = — (z(t) — c(t)), where z(t) is the state, u(t) is the control, and c(t) is a time-
varying bounded command with bounded time rate of change. Defining the error as x(t) = z(t) — c(t), one
can write the corresponding error dynamics in the form given by %(t) = —x(t) — ¢(¢). If ¢(t) is constant (i.e.,
¢(t) = 0), then the error dynamics reduces to x(t) = —x(t), where this is the so-called nominal dynamical
system with f(x(t)) = —x(t) for this example. Here, if we choose the control as u(t) = —a/(t)(z(t) —
c(t)) through multiplying the right hand side of the baseline algorithm with the generalized finite-time
gain function &(t), we obtain its time-varying version as #(t) = a(t)( —z(t) + c(t)). In this case, the
resulting error dynamics can be written in the form given by (7.4); that is, x(t) = () ( — x(r)) — ¢(r) with

g(t,x(r)) = —¢(@).

The objective of this paper is to establish a class of generalized finite-time gain functions o(z) and

the corresponding conditions in order to guarantee that the solution x(z) of (7.4) converges to zero as t — T,
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where T € R, is a user-defined convergence time. Motivated by this standpoint, we first introduce the

following assumption.

Assumption 7.3.1. The generalized finite-time gain function o.(t) satisfies the following properties:
e «(t) is continuous differentiable on't € [0, 7).
o o(t) > mforallt €[0,7) and for some m > 0.
e lim; ,;(t) =co.

If one chooses a generalized finite-time gain function o(¢) according to Assumption 7.3.1, then its

corresponding generalized time transformation function ¢ = 0(s) can be obtained based on the next lemma.

Lemma 7.3.1. Consider a generalized finite-time gain function o(t) subject to Assumption 7.3.1 and the

following conditions:
i) § =900 = ool e, a(6(s))d(6(s)) = ds)
ii) 6(0)=0.
iii) lim_0 0(s) = 7.

If the generalized time transformation function 0(s) is obtained by solving the differential equation in i)

along with the conditions ii) and iii), then the following statements hold:
a) 0(s) is continuous differentiable and strictly increasing over s € [0, ).
b) Let h(s) = @. Then, h(s) is bounded and limy_,. h(s) = 0.

Proof. To show a), we need to show that d(6(s))/ds is well-defined and greater than O over s €
[0,00). We first note that the time transformation function 6 (s) is actually a change of time from the stretched
infinite-time interval s € [0, ) into the regular prescribed time interval ¢ € [0, 7); and vice versa. Therefore,

o(t) = a(6(s)). In addition, from i), we have

= - (7.5)
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Since o(r) > 0 and it is continuous differentiable over # € [0, 7), it is well-defined on ¢ € [0,7); hence,
d(6(s))/ds > 0 holds and also well-defined for all s € [0,00). As a result, 6(s) is continuous differentiable
and strictly increasing over s € [0, o0) (see, for example, [132]). Thus, the proof of a) is now complete.

To show b), by the definition of 4(s) and (7.5), we have

h(s) = S (7.6)

Since o(¢) is positive definite and lower bounded by m, h(s) is upper bounded by 4* = m~!. In addition, ii)

and iii) indicates that t — T as s — oo and recall that o/(¢) satisfies lim,_,; @(¢) = oo. Therefore, we have

. 1

yimh(s) = Jim o)

Note also that

/Om|h(r)|dr :/Owh(r)dr :/()Td(e(r)) :/Ofdt =T (7.8)

Thus, h(s) € £ on stretched infinite-time interval s € [0, ). Hence, the proof of 2) is also now complete.

Remark 7.3.1. Lemma 7.3.1 establishes the theoretical connection between the generalized finite-time gain
functions and their corresponding generalized time transformation functions. Therefore, in a reverse manner
to Lemma 7.3.1, one can also start with a time transformation function t = 0(s) that satisfies the conditions
ii) and iii) and the properties a) and b) of Lemma 7.3.1, and then solve the differential equation i) to obtain

the generalized finite-time gain function o.(t) subject to Assumption 7.3.1. As an example, the authors of

[40] and [41] choose O(s) = t(1 —e™*) and then obtain a(t) = 1/(T —1).

In order to elucidate Lemma 7.3.1, we next provide candidate generalized finite-time gain functions
o(1).

Example 7.3.2. A common finite-time gain function is o(t) = 1 /(T —t) with its corresponding time trans-

Sformation function 0(s) = 1(1 —e™*). We now consider a family of generalized finite-time gain functions

defined by o(t) = m where m € Ry and a € R.,. Here, a(t) satisfies the conditions in Assumption
(a+mt)s _

1. After solving the differential equation i) of Lemma 7.3.1, one can obtain 0(s) = %W that satisfies
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(a) a€[0.01,2, m=0.1,and T = 5. (b) a=0.1,m € [0.01,2] and T = 5.

Figure 7.1: Plots of the family of c¢(7) in Example 7.3.2 as a is increasing (left) and m is increasing (right),
where the arrow pointing in the increasing direction of @ and m. The dashed line represents
o(t) = 1/(t —1) for comparison purpose.

(a) a€[0.01,2],m=0.1,and T =5. (b) a=0.1,me [0.01,2],and T =5

Figure 7.2: Plots of the family of 6(s) in Example 7.3.2 as a is increasing (left) and m is increasing (right),
where the arrow pointing in the increasing direction of @ and m. The dashed line represents
0(s) = (1 —e™*) for comparison purpose.

the conditions ii) and iii). Figures 7.1 and 7.2 respectively show the plots of a.(t) and the corresponding
0(s), as a is increasing while m is fixed (Figures 7.1(a) and 7.2(a)) and as m is increasing while a is fixed
(Figures 7.1(b) and 7.2(b)). In these figures, the arrows point in the increasing direction of a and m. In
addition, the common finite-time gain function o(t) = 1/(t —1t) and its corresponding time transformation
function 6(s) = t(1 —e™*) are also plotted for reference (dashed lines). Note that parameter a affects the

initial gain of a/(t) and parameter m affects the time rate of change of a(t) during the transient stage. Note
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also that different generalized finite-time gain functions o.(t) lead to different transient behaviors of the

system, we refer to Section 7.4 for an illustrative numerical example.

Building on the result of Lemma 7.3.1, we now show the convergence of the solution of the

perturbed dynamical system given by (7.4) to zero over the prescribed regular time interval [0, T).

Theorem 7.3.1. Consider the perturbed dynamical system given by (7.4). If the generalized finite-time gain
function o(t) satisfies Assumption 7.3.1 and there exists a corresponding generalized time transformation

Sfunction 0(s) as stated in Lemma 7.3.1, then lim,_,; x(t) = 0.

Proof. Since x(¢) = x(0(s)), define (s) £ x(0(s)). Then, the perturbed dynamical system given by

(7.4) can be rewritten in the stretched infinite-time interval s € [0,0) as

oy (BN () +2(66).505))
_ 1 )
=f(x(s)) + a(e(s))g(e(s),x(s))
=£(x(s)) +h(5)g(8(s),%(s)), T(0) = xo, (7.9)

where h(s) = 1/a(6(s)) = 1/a(t) = d(6(s))/ds as shown in Lemma 7.3.1. Define now p(s,i(s)) =
h(s)g(0(s),x(s)) € R". Note that both A(s) and g(6(s),%(s)) are respectively bounded by #* and g*; hence,

p(s,%(s)) is also bounded; that is, || p(s,¥(s))||2 < p* = h*g*. Now, one can rewrite (7.9) as

% (s) = f(x(s)) + p(s,(s)), £(0)=ux0. (7.10)

Since the origin of the nominal dynamical system %(t) = f(x()) of (7.4) is globally exponentially stable,
the result of this theorem follows directly from Lemma 4.6 of [119]. Yet, we explicitly derive it here for
the further analysis later. Specifically, for the nominal dynamical system, there exists a continuous function
V(x) satisfying the inequalities (7.1), (7.2) and (7.3) by Lemma 7.2.1. Utilizing this Lyapunov function and

taking its derivative with respect to s € [0,0) along the trajectories of (7.10), we have
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V1) = 92 (£ (5(5)) + pls.5(5)

— aa‘;f(f(s)) + aa‘;p(&f(s))

< —c3 7 (s) 13 + call%(s) 2| (5, 5(5)) 2
< (1= 0)cs|5(5)[13 — Oc3[|%(s) I3 + callx(s) 2| p (5,5 (5) 12

<~ (1= 0)es ()13, ¥ () > NPT .1
3

where 6 € (0,1) and the third inequality comes from (7.2) and (7.3). By Theorem 4.19 of [119], the system
(7.10) is input-to-state stable. Note that input-to-state stability implies that when the input converges to zero
as s — oo, 80 does the state (see, for example, Exercise 4.58 in [119]). From Lemma 7.3.1, limy_,. 4(s) = 0;
hence, limy_,. p(s,%) = 0. As a result, ¥(s) — 0 as s — oo. Finally, since t — T as s — oo, lim;_,;x(¢) =0

follows. [ |

Remark 7.3.2. Although the dynamical system given by (7.4) is perturbed, Theorem 7.3.1 shows that its
state vector still converges to zero in a user-defined convergence time T owing to the generalized finite-time
gain function a(t). In addition, the perturbed dynamical system given by (7.4) often represents the error
dynamics as discussed in Example 7.3.1 (see also, for example, [40, 41, 49] and references therein). In
particular, the dynamics in, for example, [40, 41, 49] are linear; hence, the origins of their nominal systems
are globally exponentially stable and readily satisfy the conditions of the perturbed dynamical system given
by (7.4). Thus, for time-critical applications, if one designs a control algorithm for the dynamical system
such that its error dynamics can be put into the form given by (7.4), its finite-time convergence is then
guaranteed. To summarize, consistent with the discussion given in Example 7.3.1, the following three-step

procedure can be adopted for designing a control algorithm for time-critical applications:

e Design a baseline control algorithm to exponentially satisfy the given objectives of a considered applica-

tion over [0, 00).

e Find a generalized finite-time gain function o(t) that satisfies Assumption 7.3.1 and its corresponding

generalized time transformation function 0(s) along the lines stated in Lemma 7.3.1.

o Obtain then the finite-time control algorithm over [0, ) by multiplying the baseline control algorithm with

the generalized finite-time gain function (t).

114

www.manaraa.com



Remark 7.3.3. From the third line in (7.11), we have

V() =V EO) < —es [ I5lBdres [ IR0 o (5 5(0) o, a.12)

where V (%(e0)) £ limy_,. V (%(s)) = V(0) = 0 from the result of Theorem 7.3.1. In addition, the result of
Theorem 7.3.1 indicates that X(s) is bounded; hence, we can consider ||%(s)||2 < X*. Therefore, from (7.12),

one can write

[ I0lBar < (Vi) +ex [ () aar)
< (Vi) +ess” [ a0 8(6(0). 7)) aar)
<—( :

= I (7.13)

where the last equality results from (7.8). We note that the left hand side of (7.13) can be considered as an
energy of X(s), and therefore is of x(t), and the right hand side of (7.13) is a constant. Thus, X(s) has a finite
energy signal. The upper bound of this energy depends on V(x(0)) and the product of T with the bounds
of both the state and the perturbation term. In particular, if the user-defined convergence time 7 is selected
to be large, then the upper bound of this energy given by the right hand side of (7.13) also increases to
suppress the effect of the perturbation term. Yet, V(%(0)) is independent of T and can be interpreted as the
energy required to drive the system from Xo to 0. In other words, when the perturbations on the dynamics
are negligible, the system requires a fixed amount of energy to go from an initial value to zero equilibrium
point regardless of the chosen of T. One can also consider the limit of a dynamical system’s actuator when

choosing t. A workaround to prevent exceeding an actuator’s performance is discussed in the next remark.

Remark 7.3.4. A practical approach to overcome the problem of exceeding actuator’s performance is to
first drive the system to a point or a region, where we know that it is feasible to achieve the objective
in a user-defined convergence time T without exceeding actuator’s limit, and then activate the finite-time

algorithm. Consider now that a feasible region W is theoretically defined. The generalized finite-time gain
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function can then be redefined as

B(r) = 0, e (7.14)

o(t—1y), xeV¥,
where tq is the time when the system enters the region ¥ providing that the system is capable of keeping
track of execution time and detecting whether or not it is in W. Note that B(t) is a continuous function and
identical to a(t) when to = 0. By replacing o(t) by B(t) in (7.4), the total execution time of the system is
now ty+ 7. In particular, for the first ty seconds, the dynamics is time-invariant and is heading toward the

feasible region . Fort > ty, the dynamics becomes time-varying and meets the objective in T seconds. An

example of the feasible region is ¥ = {x(t) € R" : ||x||.c <x*} with x* € Ry being a known defined threshold.
Finally, the next theorem establishes the boundedness of x(¢) over ¢ € [0, 7)."

Theorem 7.3.2. Consider the perturbed dynamical system given by (7.4). Consider, in addition, the follow-
ing conditions:

i) o(;((tz)) is bounded on t € [0,7), and lim;_, ¢ %

=K < oo,

i) 7(s) = <df(§s)) + d(fige(g))hz(s)ln> 7(s) is globally exponentially stable, where r(t) = r(6(s)) and

(s) £ r(G(s)).
Then, x(t) is bounded for t € [0, 7).
Proof. From (7.4), if we show that r(t) £ a(r)f(x(¢)) is bounded over 7 € [0,7), then we can

directly conclude that x(r) is bounded over 7 € [0, 7) since g(¢,x(r)) is bounded over 7 € [0, 7). For this

purpose, we now write the time derivative of r(t) as

t
= (a(t)df(x(t» + a(t)ln> r(t)+ a(t)df(;)ft))g(t,x(t)), (7.15)

15Similar to the discussion in Example 7.3.1, if we consider the control signal as u(t) = o(¢) f (x(t)), then it is also bounded as
a result of the following theorem as well as from the boundedness of g(ux(z)).
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where the third equality comes from the definition of r(¢) and (7.4). Since r(r) = r(6(s)), define 7(s)
r(@(s)). Similar to the proof of Theorem 7.3.1, one can rewrite (7.15) in the stretched infinite-time interval
s € [0,00) as

df (%(s))
dx

g(6(s),x(s)), (7.16)

where h(s) = 1/a(6(s)). Since f(x(r)) is globally Lipschitz, the second term of (7.16) is bounded. In
addition, by conditions i) and ii), we conclude that 7(s) is a bounded solution to the dynamical system (7.16)
on the stretched infinite-time interval s € [0, 00). Therefore, r(¢) is bounded over ¢ € [0, ), where this implies

the boundedness of x(z) over ¢ € [0, 7). [

Remark 7.3.5. In the proof of Theorem 7.3.2, X(t) is bounded when r(t) = a(t) f(x(t)) is bounded. Note
that lim,_,; &t(t) = oo by Assumption 7.3.1 and lim,_,; f (x(t)) = 0 by Theorem 7.3.1. Therefore, intuitively,
r(t) is bounded when f(x(t)) decays to zero before a(t) approaches to . Indeed, assumptions i) and ii)
of Theorem 7.3.2 capture this phenomenon. Specifically, the term a(t)w in (7.15) represents the rate
of change of r(t) along f(x(t)) and the term %In in (7.15) is the rate of change of r(t) along a(t). When

transforming these terms into the stretched infinite-time interval s € [0,00), the assumption ii) apprehends

the above requirement. In addition, we note that

d(:lga(g)) - d‘zlft) — (1), (7.17)

while h*(s) = 1/0?(t); hence, d‘zgg(g))hz(s) = %. This induces assumption i). We refer to Remark 7.3.7

and Figure 7.3 for an illustration of this point.

Remark 7.3.6. The conditions i) and ii) of Theorem 7.3.2 are the generalized forms of the conditions in,
for example, [40, 41] and [42]. Specifically, in these papers, ot) = 1/(t —t) and &(t) = a?(t); hence,
the condition i) automatically holds. In addition, these papers consider linear systems; thus, df ()E(s)) /dx is
often depicted by a Hurwitz matrix such as df ()E(s)) /dx = yM with vy € R, being a design parameter. As a
consequence, assumption ii) simplifies to the requirement that the matrix (YM +1,,) is Hurwitz. In this case,
since M is Hurwitz, it is straightforward to show that by choosing v > —1/Amax (M), the matrix (YM +1,,)

is guaranteed to be Hurwitz.
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20

Figure 7.3: Plot of 41) over the regular prescribed time interval [0, T) (left) and plot of its identical version

0
%}S))hz(s) over the stretched infinite-time interval [0, o) (right) for o(¢) = m witha = 0.1,

m = 0.1, and T = 5. The dashed line represents the upper bound .

Remark 7.3.7. Note for the candidate family of generalized finite-time gain functions utilized in Example

7.3.2, a(t) = j» that a(t) = (2mt — mt +a)a®(t); hence, the condition i) of Theorem 7.3.2 is

|
(t—t)(mt+a
satisfied with kK = mT + a and this is also the upper bound of &(t)/0?(t) over t € [0,7). Note also that

limg_se0 dO(;g@(E;))hz(S) = K. To illustrate this point, Figure 7.3 shows the plot of a(1)

o (1)

over the regular
prescribed time interval [0,7] (left) and the plot of its identical version %&”h%s) over the stretched
infinite-time interval [O,oo) (right) with a = 0.1, m = 0.1, and T = 5, and the dashed line represents K.

In addition, similar to Remark 7.3.6, as applied to linear systems with df ()E(s)) /dx = yM being a Hurwitz
matrix, the assumption ii) is satisfied when the matrix (YM + k1)) is Hurwitz (Interested readers can refer to

Example 9.6, Corollary 9.1 and Lemma 9.5 of [119] for similar analysis). Once again, since M is Hurwitz,

when Y > —K/Anax (M), (YM + k1)) is guaranteed to be Hurwitz.

7.4 Finite-Time Distributed Control of Networked Multiagent Systems

During the last two decades, networked multiagent systems have started to become a relatively
mature research field addressing important problems through local interactions such as consensus, leader-
follower, flocking, formation control, containment control; to name but a few examples (see, for example,
[5, 76, 133, 134] and references therein). In this section, we present a theoretical application of our findings
in Section 7.3 to the distributed control of networked multiagent systems to illustrate their efficacy. In

particular, we consider the leader-follower problem with a networked multiagent system containing N agents
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subject to a connected and undirected graph G. To this end, let the baseline distributed control algorithm of

agents be (see, for example, [16])

Xi(l) = -7 <Z (x,-(t) *)Cj(l‘)) +k,-(xl~(t) C(l))) , x,-(O) = X0, (718)

i~j

where x;(r) € R is the state of agent i, i = 1,...,N, ¢(¢) € R is the bounded command with bounded time
rate of change, ¥ € R, is a scalar gain, k; = 1 if agent i is the leader, and k; = O otherwise.

Defining the error as %;(t) £ x;(t) — c(t), one can write
(1) = —y(Z (%i(r) — (1)) +k,~x,~(r)> —¢(t), %(0) = Zip. (7.19)
By defining %(¢) £ [%(¢),...,%v(t)]T, one can obtain the compact form of the error dynamics in (7.19) as
X(t) = —y(L(G)+K)X(t) — 1y¢(r), %(0) = Ko, (7.20)

where £(G) € R¥*V s the Laplacian matrix of the communication graph G and K = diag([k;, k2, ..., ky]|T).
Here, — (£(G) + K) is a Hurwitz matrix (see, for example, Lemma 3.3 of [16]).
Next, by multiplying the baseline algorithm in (7.18) with the generalized finite-time gain function

o (1), we obtain a time-varying distributed control algorithm for time-critical applications in the form

Xi(t) :ui(t), x,-(O) = X0, (7.21)
ui(t) = —ya(t) (Z (xi(t) = x;(1)) + ki (xi(r) — c(t))) . (7.22)
i~

In this case, the resulting error dynamics becomes

(1) = —ya(t) (L(G) + K)T(t) — 1yeé(t), 5(0) = %o, (7.23)

which clearly satisfies the form of the perturbed dynamical system given by (7.4) with
f(x(1)) = —v(£(G) +K)X(t) and g(t,x(r)) = —1n¢(r). The next corollary is now immediate.
Corollary 7.4.1. Consider the networked multiagent system with N agents given by (7.21) and (7.22), where

agents exchange information using their local measurements through an undirected and connected graph
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topology G. In addition, consider that the generalized finite-time gain function o/(t) satisfies Assumption
7.3.1, lim;_, ¢ % = K < oo, and there exists a corresponding generalized time transformation function 6 (s)
as stated in Lemma 7.3.1. By defining M = — (L(G) + K) and choosing Yy > — K/ Amax (M), then lim, . x(t) =

¢(7) holds and x(t) is bounded fort € [0, 7).

Proof. The results directly follows from Theorems 7.3.1 and 7.3.2 as well as Remark 7.3.7. |

We are now ready to present an example to illustrate the result in Corollary 7.4.1.

Example 7.4.1. In this example, we consider a multiagent system under the algorithm given by (7.21) and
(7.22) with 5 agents subject to a ring graph, where the first agent is the leader and the rest are followers.
Here, we choose the user-defined convergence time as T =5 seconds and the command as c(t) =5+
0.75sin(t). Along the lines of the discussion in Example 7.3.2 of Section 7.3, the family of generalized finite-

time gain functions defined by o(t) = =) 1

=) that satisfies Assumption 1 and there exists a corresponding

family of generalized time transformation functions 0(s) as stated in Lemma 7.3.1. In what follows, we
consider the two cases: We choose a=0.5 and m = 0.005 for the first case and choose a =0.1 and m = 0.085
for the second case. Based on Remark 7.3.7, note that M = — (L(G) + K) is Hurwitz and the upper bounded
of a(t)/o?(t) ont € [0,7) is kK = mT +a = 0.525 for both cases; hence, we obtain —K | Amax(M) = 3.7717.
By choosing 'y =4 for both cases, the assumptions of Theorem 7.3.2 are now satisfied; hence, x(t) is bounded
overt € [0,7). The same random initial conditions for agents are utilized for both cases.

Figure 7.4 shows the response of the networked multiagent system under the control algorithm

given by (7.22) with o(t) = (T_,)l

T mitay 4= 0.5, m =0.005, T =5 seconds, and 'y = 4, where the solid lines

are the states of agents (left) and their time derivative (right), and the dashed line shows the command.
Similarly, Figure 7.5 shows the response of the networked multiagent system under algorithm (7.22) with
at) = m a=0.1, m = 0.085, T =35 seconds, and y = 4, where the solid lines are the states of
agents (left) and their time derivative (right), and the dashed line shows the command. As expected from the
result of Corollary 7.4.1, the states of all agents approach to the command c¢(t) ast — T =5 seconds. Note
that when t =0, a(0) = 1/(ta); hence, the parameter a affects the initial value of o/(t). Moreover, from
discussion in Remark 7.3.7, &(t) = (2mt —mT +a)&(t); hence, m affects the time rate of change of a(t).
Since the second case has a smaller value for a, the initial value of a(t) in the second case is larger than

in the first case. This is depicted by the higher initial values of %(t) in the right plot of Figure 7.5 compared

to the one in Figure 7.4. Finally, as expected from Theorem 7.3.2, the right plots show that X;(t) remains
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Figure 7.4: Response of the networked multiagent system under algorithm (7.22) with a(z) £ MTM),

a=10.5,m=0.005, T =5 seconds, and v = 4, where the solid lines are the states of agents (left) and the
time derivative of agents (right), and the dashed line shows the tracking command.

2 ‘ ‘ ‘ ‘ -40

Figure 7.5: Response of the networked multiagent system under algorithm (7.22) with o(z) = m,

a=0.1,m=0.085, T =5 seconds, and y = 4, where the solid lines are the states of agents (left) and the
time derivative of agents (right), and the dashed line shows the tracking command.

bounded over t € [0,7). In general, different values of a and m in both cases lead to different transient

behaviors of the resulting networked multiagent system.

7.5 Conclusion

For contributing to the recent studies on finite-time control based on the time transformation ap-

proach, we investigated a new class of scalar, time-varying gain functions entitled as “generalized finite-
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time gain functions". We showed how these functions have the capability to convert an original baseline
control algorithm into a time-varying one to allow for its execution over a prescribed time interval. We also
rigorously showed all the stability conditions with regard to the proposed family of generalized finite-time
gain functions that guarantee the boundedness and convergence of the state and control signals when the
considered class of dynamical systems are subject to perturbations. Finally, we presented an application

of our theoretical findings to distributed control of networked multiagent systems over a prescribed time

interval.
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Chapter 8: Distributed Input and State Estimation Using

Local Information in Heterogeneous Sensor Networks*

A new distributed input and state estimation architecture is introduced and analyzed for hetero-
geneous sensor networks. Specifically, nodes of a given sensor network are allowed to have heterogeneous
information roles in the sense that a subset of nodes can be active (that is, subject to observations of a process
of interest) and the rest can be passive (that is, subject to no observation). Both fixed and varying active and
passive roles of sensor nodes in the network are investigated. In addition, these nodes are allowed to have
nonidentical sensor modalities under the common underlying assumption that they have complimentary
properties distributed over the sensor network to achieve collective observability. The key feature of our
framework is that it utilizes local information not only during the execution of the proposed distributed
input and state estimation architecture but also in its design in that global uniform ultimate boundedness
of error dynamics is guaranteed once each node satisfies given local stability conditions independent from
the graph topology and neighboring information of these nodes. As a special case (e.g., when all nodes are
active and a positive real condition is satisfied), the asymptotic stability can be achieved with our algorithm.
Several illustrative numerical examples are further provided to demonstrate the efficacy of the proposed

architecture.

8.1 Introduction

As technological advances have boosted the development of integrated microsystems that combine
sensing, computing, and communication on a single platform, we are rapidly moving toward a future
in which large numbers of integrated microsensors will have the capability to operate in both civilian
and military environments. Such large-scale sensor networks will support applications with dramatically
increasing levels of complexity including situational awareness, environment monitoring, scientific data

gathering, collaborative information processing, and search and rescue; to name but a few examples. One of

*This chapter is previously published in [1]. Permission is included in Appendix I.
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the important areas of research in sensor networks is the development of distributed estimation algorithms
for dynamic information fusion. Because, these algorithms are reliable to possible loss of a subset of nodes
and communication links and they are flexible in the sense that nodes can be added and removed by making
only local changes to the sensor network.

There are two common ways to do distributed dynamic information fusion. Specifically, one classi-
cal way include decentralized data fusion, for example, see [S5-57], where these methods have been shown
to work well in practice for many applications without formal stability guarantees. Unlike these methods,
system-theoretic dynamic information fusion involve equations of motion to describe time behavior of the
information fusion process and they also offer stability guarantees (e.g. [58—60]). The contribution of this
paper builds on system-theoretic dynamic information fusion approaches.

Although distributed estimation algorithms have had strong appeal owing to their reliability and
flexibility as outlined above, a critical roadblock to achieve correct dynamic information fusion with these
algorithms is heterogeneity. Heterogeneity in sensor networks is unavoidable in real-world applications. To
elucidate this fact, consider a target estimation problem as a motivating example. Specifically, nodes of a
given sensor network can have heterogeneous information roles in the target estimation problem such that
a subset of nodes can be subject to observations of this target (active nodes) and the rest can be subject to
no observation (passive nodes). Thus, only active nodes have to be taken into account during the dynamic
information fusion process. In addition, note that nodes of a sensor network can also have nonidentical
sensor modalities; for example, a subset of nodes can sense the target position and others can sense the
target velocity. This case also needs to be considered in the dynamic information fusion process.

Dealing with these classes of heterogeneity in sensor networks to achieve correct and reliable
dynamic information fusion is a challenging task using distributed estimation algorithms. Toward this end,
notable contributions in the literature include [2, 3, 58-75]. Specifically, the authors of [58—65] propose
dynamic consensus algorithms that are suitable for sensor networks with all nodes being active. However,
as discussed above, a subset of nodes in a sensor network can be passive in that they may not be able to
sense a process of interest and collect information. While the authors of [66—-68] present methods that cover
specific applications when a subset of nodes are passive (and the remaining nodes are active), their results
are in the context of static consensus, and hence, they are not suitable in their presented form for dynamic

data-driven applications.
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To address this challenge, the authors of [69-75] introduce the concept of sensor networks with
active and passive nodes in the context of dynamic consensus. However, nodes of the considered class
of sensor networks are implicitly assumed to have identical sensor modalities since each node is modeled
using single integrator dynamics. Finally, the authors of [3] and [2] consider dynamic information fusion for
sensor networks having nonidentical sensor modalities, where the former contribution requires each node to
be active via sensing some states of a process of interest. While this is implicitly not assumed in the latter
contribution, global information is required during the distributed algorithm design in terms of guaranteeing
global asymptotic stability (although the proposed algorithm can be executed by solely relying on local
information exchange between neighboring nodes).

The contribution of this paper is to introduce and analyze a new distributed input and state estimation
architecture for heterogeneous sensor networks. Specifically, nodes of a given sensor network are allowed
to have heterogeneous information roles in the sense that a subset of nodes can be active (that is, subject to
observations of a process of interest) and the rest can be passive (that is, subject to no observation). Both
fixed and varying active and passive roles of sensor nodes in the network are investigated. In addition, these
nodes are allowed to have nonidentical sensor modalities under the common underlying assumption that they
have complimentary properties distributed over the sensor network to achieve collective observability (see,
for example, [3] and [2], and references therein). The key feature of our framework is that it utilizes local
information not only during the execution of the proposed distributed input and state estimation architecture
but also in its design unlike the results in [2]; that is, global uniform ultimate boundedness of error dynamics
is guaranteed once each node satisfies given local stability conditions independent from the graph topology
and neighboring information of these nodes. Several illustrative numerical examples are further provided to

demonstrate the efficacy of the proposed architecture.

8.2 Notation and Mathematical Preliminaries

The notation used in this paper is fairly standard. Specifically, R denotes the set of real numbers,
R™ denotes the set of n x 1 real column vectors, R"*™ denotes the set of n x m real matrices, Sixn (resp.,
Sixn) denotes the set of n x n positive-definite (resp., positive-semidefinite) real matrices, 0, denotes the
n x 1 vector of all zeros, 1, denotes the n x 1 vector of all ones, and I,, denotes the n x n identity matrix.
In addition, we write (-)T for transpose, ()" for generalized inverse, Amin(A) and Amax(A) for the minimum

and maximum eigenvalue of the Hermitian matrix A, respectively, A;(A) for the i-th eigenvalue of A, where
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A is Hermitian and the eigenvalues are ordered from least to greatest value, diag(a) for the diagonal matrix
with the vector a on its diagonal, [x]; for the entry of the vector x on the i-th row, and [A];; for the entry of
the of the matrix A on the i-th row and j-th column. Note that, throughout the paper, we use A > 0 (resp.,
A >0) to indicate A € S7*" (resp., A € gixn).

We now recall some basic notions from graph theory and refer to textbooks [5] and [92] for details.
Specifically, graphs are broadly adopted in the sensor networks literature to encode interactions between
nodes. An undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set &g C Vg x Vg of edges.
If (i, j) € &g, then the nodes i and j are neighbors and the neighboring relation is indicated with i ~ j. The

degree of a node is given by the number of its neighbors. Letting d; be the degree of node i, then the degree

matrix of a graph G, D(G) € RV*V is given by

D(G) 2 diag(d), d=ldi,...,dy]". (8.1)

A path ipi; ...ir is a finite sequence of nodes such that iy ~ i, k=1,...,L, and a graph G is connected
if there is a path between any pair of distinct nodes. The adjacency matrix of a graph G, A(G) € RV*N s

given by

it ess,
@), 2 (i) e 52

0, otherwise.

The Laplacian matrix of a graph, £(G) € ngN, playing a central role in many graph-theoretic treatments

of sensor networks, is given by

L(G) & D(G)-A®G). (8.3)

The spectrum of the Laplacian of an undirected and connected graph can be ordered as

0 = A(L(9)) <(L(Q)) < - <AN(L(G)), (8.4)

with 1y as the eigenvector corresponding to the zero eigenvalue A;(£(G)) and £(G)1y = Oy and e“ @1y =
1y. Throughout this paper, we assume that the graph G of a given sensor network is undirected and
connected.

To develop the main results of this paper, the following lemmas are necessary.
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Lemma 8.2.1 (Proposition 8.1.2, [117].). Let A € R"" and B € R"*", IfA >0 and B > 0, then A+ B > 0.

Lemma 8.2.2 ((Proposition 8.2.4, [117]).). Let A € R™", B R™"™", C € R™", and

A B
X =

BT C
Then, the following statements are equivalent:
i) X>0.
ii) A>0, C—B'A'"B>0, (I-AA")B=0.
iii) C>0, A—BC'BT >0, (I-CC"BT=0.

Finally, CoQ is defined as a polytope or a bounded polyhedron, which is the intersection of a
finite number of half space and hyperplanes ([135]). For the following lemma, let P € R"*", A(t) € R"™*",
CoQ = Co{Ay,...,Ar}, and A(t) € Co{Ay,...,A} where Co denotes the convex hull and A; € R™ " are

the vertices of the polytope.
Lemma 8.2.3 (([136]).). If P > 0, ATP+ PA; < 0 holds, then AT(t)P+ PA(t) < 0 holds.

By letting P = I,, it follows from Lemma 8.2.3 that AT(#) + A(#) < 0 holds, when A +A; < 0 holds.

If, in addition, A(¢) is symmetric, then it further follows that A(#) < 0 holds, if A; <0

8.3 Distributed Input and State Estimation for Active-Passive Sensor Networks with Fixed Node

Roles

In this section, we introduce and analyze a distributed input and state estimation architecture for
heterogeneous sensor networks, where the active and passive role of each node is fixed. For this purpose,

consider a process of interest with the (open-loop or closed-loop) dynamics given by

x(t) =Ax(t) +Bw(t), x(0)=xo, (8.5)

where x(f) € R"” denotes an unmeasurable process state vector, w(t) € R? denotes an unknown bounded
input (e.g., command) to this process with a bounded time rate of change, A € R™*" denotes the Hurwitz

system matrix necessary for internal process stability, and B € R"*? denotes the system input matrix.
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Next, consider a sensor network with N nodes exchanging information among each other using their
local measurements according to an undirected and connected graph G. In the sense of [69-75], if a node i,

i=1,...,N, is subject to observations of the process (8.5) given by

yi(t) = Cix(t), (8.6)

where y;(t) € R™ and C; € R"™*" denote the measurable process output and the system output matrix for node
i,i=1,...,N, respectively, then we say that it is an active node. Similarly, if anode i, i =1,...,N, has no
observations, then we say that it is a passive node. Notice that the above formulation allows for nonidentical
sensor modalities since C; of active nodes can be different. Here, as standard in the literature, we assume that
each active node has complimentary properties distributed over the sensor network to guarantee collective
observability (see, for example, [3] and [2], and references therein), although the pairs (A,C;),i=1,...,N,
may not be locally observable. In mathematical sense, collective observability condition means the pair
(A,C) is observable, where C = [CT,CT,...,CT]T (e.g., see [2]).

Here, we are interested in the problem of distributively estimating the unmeasurable state x(¢) and
the unknown input w(z) of the process given by (8.5) using a sensor network, where active nodes are subject
to the observations given by (8.6). For this purpose, the rest of this section is divided into two parts, where
we first introduce the proposed distributed estimation architecture and then analyze its stability in detail

using tools and methods from system theory.

8.3.1 Proposed Distributed Estimation Architecture

Fornode i,i=1,...,N, consider the distributed estimation algorithm given by
(1) = (A—yP R() +Bwi(t) + giLi(yir) — C&i(r)) — P Y (Rir) = £(1)),
i~
£(0) = %o, (8.7)
wi(t) = giliyi(t) — Ci&i(1)) — (OiKi + YL,)Wi(t) — a0 Y (i(t) —w;(t)), wi(0) = Wi, (8.8)
i~

where £;(t) € R" is a local state estimate of x(¢) for node i, Ww; € R? is a local input estimate of w(z) for
node i, L; € R™™, J; € RP*™ and K; € & are design matrices of node i, and @, ¥, and o; € R are positive

design coefficients for node i. Here, g; = 1 for active nodes and otherwise g; = 0. In addition, P; > 0 is the
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consensus gain satisfying the linear matrix inequality given by

ATP.+PA; —PB+gClJT
R = <0, (8.9)
—B'P,+giJCi —20iK;

where

A,’ = A—gl’LiC,'. (810)

Remark 8.3.1. The local condition given by (8.9) for node i, i =1,...,N, plays a central role in the stability
analysis presented in the next section. Specifically, if the proposed input and state estimation architecture
given by (8.7) and (8.8) satisfies the local condition given by (8.9) for each node, then the global uniform
ultimate boundedness of error dynamics is guaranteed for the overall sensor network. In addition, note that
the local condition given by (8.9) is well-posed. To see this, for example, let P; satisfy the linear matrix
inequality given by AiTP,' +PA; <0, i=1,....N. Then, it can be readily shown that there can exist a
sufficiently large o;, i = 1,...,N, such that (8.9) holds. As a special case, if all nodes are active and a
well-known positive real condition P;,B = ClTJiT holds (see, for example, [137—141], and references therein),
then it can be easily seen that (8.9) holds even for small values of 6;, i = 1,...,N. From this standpoint, it
should be also mentioned that (8.9) relaxes this condition P.B = C}JT similar in spirit to how the authors of
[142—-146] and [147] relax similar conditions. Finally, once again, for the special case when all nodes are

active, if H(s) = J,Ci(s1—A;) "' B+ 6iK; is passive, i = 1,...,N, then (8.9) is feasible and vice versa [136].

8.3.2 Stability Analysis

Let %(¢) = x(¢) — %(t) and w;(t) £ W;(t) — w(t). Then, based on (8.7) and (8.8),

%) = Ax(r)+Bw(t) — (A= yPT)Ri(t) = Bi(r) — giLi(yi(r) — Citi(e)) + b1 ) (&i(r) — %(1))

= (A~ LG - Bie) + ek TG0 ~50) + 7850 h
= Aiilt) ~ Binlo) — P 'Y (5(0) ) 18 (5 1) 50) = 5o (8.11)
B0) = @) — o)+ wlt) — o Y (1) = 5(0)) — OB (1) (1)) — (o),
- W:(0) = Wy (8.12)
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Now, considering the aggregated vectors given by

() &[5 0,50,y 0] e R, (8.13)
w(t) £ W)W (0),.. o ()] e R, (8.14)
we can write the error dynamics as
Ar 0 0 B 0
0 A, 0 0 B 0
X(r)= x(r) — w(t)
0 0 Ay 0 0 B
,CHPfl £12Pf1 £1NPf1 Pfl 0 0 Pfl
Lo Py LopPy ! - LowPy ! o p' - 0 P!
—af P T 2olan | P RO+ | x0), 8.15)
_ﬁNlpﬁlﬁNzPﬁl "'»CNNPA?l_ i 0 o - PIGI_ _PIGI_
g/ 0 -~ 0 oki 0 --- 0 01K,
0 g2J2C2 s 0 0 (7). CRER 0 0 K>
w(t)= x(t)— w(t) — w(t)
0 0 s gNJNCN 0 o - GNKN GNKN
Liily Laoly -+ Lind I, 0 - 0 —yw(t) —w(t)
Lorl, Lol -+ Loyl oI5 --- 0 — t)—w(t
_p 'P ‘p I'Vp W) —y | fv . W(e) + '}’W() () (8.16)
_£N11p ['NZIp"'»CNNIp_ _0 o --- Ip_ _—’)/W(t) —W(I)_

where £;; € R is the entry in the i-th row and j-th column of the Laplacian matrix.

The error dynamics now can be written a compact form as

#(t) =A%(t) — (Iy @B)W(r) — P~H(F @1,)%(t) + yP~ (1y @ 1,)x(¢), (8.17)
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=i
=

Ww(t)=Mx(t) —

(

1)+ (An@1p)w(r)) — (F @L,)w(r) — YAy @ 1p)w(t) — (Iy @ L,)w(z), (8.18)

where

A £ diag([A},A,,...,ApN]), (8.19)
M £ diag([g1]iC1,8202Ca,. .., gnINCN]), (8.20)
K £ diag([01K1,02Ka,...,0nKN]), (8.21)
F £ al(G)+1y, (8.22)
P 2 diag([P,P,...,Py]), (8.23)

with £(G) being the Laplacian matrix. Note that P > 0 readily follows from P; > 0.

Theorem 8.3.1. Consider the process given by (8.5) and the distributed input and state estimation architec-
ture given by (8.7) and (8.8). Assume (8.9) holds and nodes exchange information using local measurements
subject to an undirected and connected graph G. Then, the error dynamics given by (8.17) and (8.18) are

uniformly ultimately bounded.

Proof. Consider the Lyapunov function candidate given by
V(W) = £ PT+ . (8.24)

Note that V(0,0) = 0 and V (%,w) > 0 for all (X,w) # (0,0). Taking time-derivative of V (¥,w) along the
trajectories of (8.17) and (8.18) yields

V() = () ATP+PA)E(r) — 25" (1)P(Iy @ B)w(r) — 25 (1) (F ®1,)x(r)
298 (1) (Iy @ Ly)x(t) + 2" (1) M (1) — 2" (1) Ko(t) — 20" (1) (F @ 1,)w(1)
=21 (1) (K + 7lvp) (In @1, )w(t) — 2" (1) (Ly @ L, )v(r)
= F(t)(ATP+PA)x(t) — 2w (1) Kw(t) — 2" (¢) (P(Iy ® B) — M " )w(t)
—280 (1) (F @1)i(1) = 20" (1) (F @ L, )Wo(r) + 29" (1) (Ly @ L) (1)

20 (1) (R + ¥lp) (U @ 1) w(t) — 287 (6) Ly @1, )i(1)
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ATP+PA  —P(y@B)+M"| | (1)
— [xT(t) WTt] <
~Uv@BhP+M 2R "
o —2(F®1,) 0 )
-|—|:xT(t) WT(t):| 0 —2(F®Ip) W(t)
’)/(1N®In)x(t)

—(K+YInp) An @1,)w(t) — (Iy @ L, ) (r)
= 2" (1)Raz(t) +2" (1)Rpz(r) + 22" (1)

= Z1(0)Rz(r) + 22" (1), (8.25)
where
d(r) £ (), w0, (8.26)
N ATP+PA —P(ly®B) +MT
Ry 2 , (8.27)
—(lyv@Bh)P+M —2K
—2(F®I 0
Ry 2 (FoL) : (8.28)
0 —2(F®1,)
R 2 Ry+Rp
ATP+PA-2(F®L,) —PIy®B)+M"
= , (8.29)
—(Iy@BYP+M  —2K—-2(F®I,)
1y ®1L,)x(t
¢ A ) 7( N n) ( ) (8.30)
—(K+7Inp) (AIy @Ip)w(t) — (Iy @1, ()
Note that (F ®1,) > 0 and (F ®1I,,) > 0 readily follow from F > 0, and hence, Rg < 0.
Next, since the linear matrix inequality given by (8.9) holds, it follows that
ATR+PA; < 0, (8.31)
Ni £ —26iK; — (~B' P+ giJiC;) (A] P, + PA) (-PB+gClJ}) < 0, (8.32)
Qi 2 (I, — (ATP,+ PA)(A] P+ PA)") (—PB+gClIT) = 0, (8.33)
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by applying Lemma 8.2.2 to (8.9). Note that
0
(8.34)

ATP+ PA =

as a consequence of (8.31), where A,- s AiTP,- +PA, fori=1,...,N. Furthermore, it follows from (8.32) that

—2K— (= (Iy®@B")P+M)(A"P+PA) (—P(Iy® B) + M")
(8.35)

N £

0 N, - 0
<0,

Ny

holds. Finally, (8.33) leads to
0 2 (Iya— (A"P+PA)(A"P+PA)")(—P(Iy®B) +M")
0, 0 - 0
(8.36)

0 0 0
-2 . :0‘

On |

Now, by Lemma 8.2.2, R4 < 0 as a direct consequence of (8.34), (8.35) and (8.36). Thus, by Lemma 8.2.1,

R=R4+Rp <O.

Note that since A is Hurwitz, and ||w(t)|2 < w, we have ||x(7)||» < X, where w and X are upper
bounds of the input and the state, respectively. With this and | (7)||2 < W, where W is the upper bound of

the time rate of change of input, we have ||¢ ||, < ¢ with
VPRI @ 1) B2+ K + 7w, 311w 0T, 35 + 1y 1, 32
(8.37)

<
(1>

\/Ny2x2 +||K + Ynp |ZNW? + Nyi2.
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Now, one can write
V() = z5(t)Rz(t) +2:7(1)¢
< Amax(R)[[2(1) 13+ 2[12(1) |26

< (1= 0)Amax(R)[|2(0) 3 + 0 Amax (R) |2(6) 13 + 2]12(2) |10, (8.38)

with Anax(R) < 0 and 6 € (0,1). Letting u; = mzf(m >0and Q1 = {z(¢) : ||z(t)||]2 < w1}, it follows that
V() < (1=0)Amax(R)||z(t) |5 < 0 outside the compact set Q;, and hence, the error dynamics given by (8.17)
and (8.18) are uniformly ultimately bounded by Theorem 4.18 of [119]. |

The following corollary to the above theorem is now immediate.

Corollary 8.3.1. Consider the process given by (8.5) and the distributed input and state estimation architec-
ture given by (8.7) and (8.8). Assume (8.9) holds and nodes exchange information using local measurements

subject to an undirected and connected graph G. Then, for all z(0) € RV (P there exists T =T (z(()),ul) >

0 such that
ax (P _ 5
IFOlR - < élé\/l,; ((P)) max { |z(0)||p !~V (AP iy} >0, (8.39)
W)l < &, Vi>0, (8.40)
where
P oo
P= , (8.41)
0 Iy,
and
axp
£ < w = ;:—Em)uu t>T, (8.42)
w2 < & 2\ Amax(P)t1, t>T. (8.43)

Proof. Note that

= 71 (t)Pz(r). (8.44)
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Let ¢; 2 Amin(P), €2 2 Amax(P) and ¢3 = —(1 — 0) Amax (R). From (8.44), we have
allz3 < V() < e2lz@)13- (8:45)

In addition, V(-) < —c3]|z(t)||3 for all ||z(¢)||2 > w1 . By Theorem 4.5 of [148], since the domain D =

RN(+P)  for every initial state z(0), the bound of the overall system is

o)l < /2 max {202 e} = &1, i > 0. (8.46)
1

Using the fact that ||%(¢)||2 < ||z(¢)]]2 and || W()||]2 < [|z(?)||2, (8.39) and (8.40) follow immediate.

In the proof of Theorem 8.3.1, we show that V(-) cannot grow outside the compact set Q;, thus
(8.42) follows from Amin(P)[|%(1)[|3 < V (£(1), (1)) < Amax(P)[|2(1) |3 < Amax(P)uf. Identically, (8.43)
follows from [ (r)||3 <V (£(2),W(t)) < Amax(P)|2(2)[3 < Amax(P)uf. The proof is now complete. [ |
Remark 8.3.2. While this paper shows the uniform ultimate boundedness of the error dynamics, the pro-
vided results (8.42) and (8.43) can be used to tune the design parameters to achieve acceptable performance
criteria. The uniform ultimate boundedness can be considered as a result of the considered complex problem

that we address here, which we can recap the main points as:

i) The proposed algorithm only utilizes local information for designing agent-wise dynamics to achieve

the stability, unlike existing results in [2].

ii) With regard to the considered problem in this paper, for the first time, we allow a subset of nodes to

be passive (that is, subject to no observation).
iii) The sensing capability of active nodes can be different among sensors.
iv) Not only the states of the process are unknown but also the inputs are unknown.

v) We do not assume a common positive real condition, e.g., P.B = CLJY, which in practice may not be

easy to satisfy.
vi) The inputs are not constant.

If we relax some of these conditions, the asymptotic stability can be obtained with a version of the proposed

algorithm (see Appendix A).
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To summarize, the nature of the distributed estimation problem subjected to i)-vi) is challenging. In
order to solve this problem using only local information and without the positive real condition, the condition
(8.9) is required by the nature of the problem. In addition, we need the assumption that A is Hurwitz to make
(8.9) feasible especially for passive nodes. Furthermore, when the input w(¢) is time-varying, adding leakage

terms is unavoidable to prove the stability (e.g, see [149]).

Remark 8.3.3. Since the ultimate bounds given by (8.42) and (8.43) depend on the design parameters of
the proposed distributed input and state estimation architecture, they can be used as design metrics such
that the design parameters can be judiciously selected to make (8.42) and (8.43) small. However, unlike
the stability of our framework that is guaranteed once each node satisfies the local condition given by (8.9),
such a performance characterization requires global information. However, one can further analyze the
effect of each specific design parameter to these ultimate bounds and make conclusions without possibly

requiring global information, which will be considered as a future research direction.

The following remarks discuss how to choose our design parameters while Appendix C summarizes

their effect for interested readers.

Remark 8.3.4. Note that the terms “—}/Pl-_l)?,-(t)” and “—(0;K; + y1,)Wi(t)” appearing respectively in
(8.7) and (8.8) are often referred as leakage terms. If the gains “}/Pl._l 7 and “0;K; + Y1,” respectively
multiplying these terms are not small, then they may result in poor overall system performance (see, for
example, [150, 151] and references therein), and hence, it is of common practice to choose these multiplier

gains 'y and ©; to be small. However, as noted in Remark 8.3.1, o; may not be chosen as small unless all

nodes are active and the condition B;B = C}JT holds. Therefore, we cast (8.9) as an optimization problem

given by
minimize o;, (8.47)
subject to (8.9), (8.48)
forall nodes i =1,...,N. In addition, it should be noted that since the matrix K appear in the numerator of

the ultimate bound, o; and K; should be chosen such that the norm ||0;K;||> is small.

Remark 8.3.5. To elucidate the effect of design parameters to the ultimate bound given by (8.42), we

consider, for example, a system with 4 sensors (1 and 3 are active nodes, and 2 and 4 are passive nodes)
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tracking a target with dynamics

x(r) = x(t)+ w(t), (8.49)

where w(t) = sin(0.25t). Node 1 is subject to C; = [1 0], and node 3 is subject to Cz = [() 1] . We design

o; by solving the linear matrix inequality (8.9). As a result, with J; = K; and K| = K; = Kz = K4 = 50, we

26.31 —2.67 1.54 0.08
have o1 = 0.03, 6o = 64 =0.05, and 63 = 0.03 with P, = ,Ph=P= , and
—2.67 4.01 0.08 1.62
4.60 4.02
P = . We then vary o and y to see the effect of these parameters to the ultimate bound
4.02 25.62

given by (8.42). Figure 8.1 shows the effect of the variation in o and y to (8.42). From the figure, we can

see that one can pick a small value for v and a large value for & to reduce the ultimate bound.

70 b
60
50
=

40

30\ -
T
L

20

0 0.2 0.4 0.6 0.8 ; 1.2 14 18 18 2

Figure 8.1: Effect of y € (0,2] and « € {0.25,1,2.5,5,10,50} to the ultimate bound y; in (8.42), where
the arrow indicate the direction ¢ is increased.

8.3.3 Illustrative Numerical Example

We now present several numerical examples to illustrate the results given earlier in this section. For

this purpose, consider a process composed of two decoupled systems with the dynamics given by (8.5),
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Figure 8.2: Communication graph of the sensor network in Example 1 with 4 active nodes and 8 passive
nodes (lines denote communication links, squares denote active nodes, and circles denote passive nodes).

where
0 1 0 0
—w? 2o, 0 0
A=| M 14 , (8.50)
0 0 0 1
i 0 0 —6032 _2%252_
0 0
®; 0
B = , (8.51)
0 0
0

Wy = 1.2, & =0.9, oy, = 0.5, and & = 0.6. This process, for example, can represent a linearized vehicle
model with the first and third states corresponding to the positions in the x and y directions, respectively,

while the second and fourth states corresponding to the velocities in the x and y directions, respectively. The

initial conditions are set to x; = [~3, 0.5, 2.5, 0.25]. In addition, we consider the input is given by
2.5sin(t)
1) = . (8.52)
4cos(1.2t)

To maintain the readability of the paper, the values of L;, 6;, P; in the following examples are put in Appendix
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8.3.3.1 Example 1

For the first example, we consider a sensor network with 12 nodes exchanging information over an
undirected and connected graph topology, where there are 4 active nodes and 8 passive nodes as shown in

Figure 8.2. Each node’s sensing capability is represented by (8.6) with the output matrices

1 0 0O
C, = , (8.53)
0O 01 O0
for the odd index nodes and
01 00
C;= ) (8.54)
0 0 01

for the even index nodes. In addition, all nodes are subject to zero initial conditions and we set J; = K; =
diag([100;100]), & = 50, and y = 0.1. For the observer gain L;, the odd index nodes are subject to (D.1)
while the even index nodes are subject to (D.2).

By solving the linear matrix inequality (8.9) for each node, ¢; and P; > 0 are obtained as 0] = Os,
0, = Og, O3 = O4 = 07 = Og = Oy = O)9 = O] = O] Where 07, 6, and o3 are subject to (D.3), (D.4) and
(D.5), respectively. In addition, P;, P> and Py, are subject to (D.6), (D.7), and (D.8), respectively. Note that
P =P, P,=Psand Ps = P, = P; = Py = Py = Pjp = P = Pj». Under the proposed distributed estimation
architecture (8.7) and (8.8), nodes are able to closely estimate the process states and inputs as shown in

Figure 8.3 and 8.4, respectively. A

8.3.3.2 Example 2

In this example, we increase the number of active nodes in the sensor network to 8 as depicted in
Figure 8.5. The sensing capability of each agent is the same as in Example 1. Note that, because of the
change in the number of active nodes, the design parameters are adjusted accordingly as 01 = 03 = 05 = 07,
0» = 04 = Og = Oy, Oy = 019 = O]] = Oy Where 07, 6, and 09 are subjected to (D.9), (D.10) and (D.11),
respectively. In addition, Py = s = Ps = Py, P, = Py = Ps = P, Py = Pjo = P11 = P13, where P, P> and Py
are the same as (D.6), (D.7), and (D.8), respectively. Other parameters and gains are also kept the same.

Figures 8.6 and 8.7 show the performance of the sensor network for the proposed distributed estimation
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t [sec

Figure 8.3: State estimates of the sensor network in Example 1 with 4 active nodes and 8 passive nodes
under the proposed architecture (8.7) and (8.8) (the dash lines denote the states of the actual process and
the solid lines denote the state estimates of nodes).

6 I | 1 |
0 5 0 flseq 15 20 25

Figure 8.4: Input estimates of the sensor network in Example 1 with 4 active nodes and 8 passive nodes
under the proposed architecture (8.7) and (8.8) (the dash lines denote the inputs of the actual process and
the solid lines denote the input estimates of nodes).

architecture. In addition, in order to compare the performance of Example 1 and Example 2, the state
and input error norms of both examples are plotted in Figures 8.8 and 8.9, respectively. The transient
responses are captured in the figures approximately during the first two or three seconds, and it can be seen
that Example 2 converges faster than Example 1 in state estimation, yet it encounters overshoot in input

estimation. In addition, we can roughly approximate the average of both state and input error norms are
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Figure 8.5: Communication graph of the sensor network in Example 2 and 3 with 8 active nodes and 4
passive nodes (lines denote communication links, squares denote active nodes, and circles denote passive
nodes).

reduced by a factor of 2 in Example 2 compared to Example 1. In general, Examples 1 and 2 show that the

steady state performance is improved by increasing the number of active nodes in the sensor network. A

8.3.3.3 Example 3

In this example, we consider a sensor network with 8 active nodes and 4 passive nodes as in Example

2 (Figure 8.5), but change the system output matrices for each node as follows

1000

C = : (8.55)
0000
0100

G = : (8.56)
000 1
0000

CG = : (8.57)
0010

where C; = C5 =Cy, Cy = C4 = Cg = Cg = C19 = C12 and C3 = C7 = Cq;. Note that for the odd index nodes,
the pair (A, C;) is not observable. We also choose J; = K; = diag([100;100]), &« = 50, and y = 0.1.

Here, the observer gain L; is chosen such that L} = Ls = L9, L) = Ly = Lg = Lg = Ljg = L13 and
L3 = L7 = Ly| where L, Ly and L3 are subject to (D.12), (D.13) and (D.14), respectively. By solving the
linear matrix inequality (8.9) for each node, o; and P, > O are obtained as 0; = 05, 0> = O4 = Og = Og,
03 = 07, 09 = 019 = O1] = O2 Where 01, 0, 03 and Oy are subject to (D.15), (D.16), (D.17) and (D.18),
respectively. In addition, Py = Ps, » = Py = Ps = B3, Ps = P;, and Py = P9 = P| = P where P;, P», P;

and P, are subject to (D.19), (D.7), (D.20) and (D.8), respectively. Figure 8.10 and 8.11 show that under
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Figure 8.6: State estimates of the sensor network in Example 2 with 8 active nodes and 4 passive nodes
under the proposed architecture (8.7) and (8.8) (the dash lines denote the states of the actual process and
the solid lines denote the state estimates of nodes).

the proposed distributed estimation architecture, nodes are able to closely estimate the process states and

inputs, although some active nodes are not able to fully observe the process. A

t [sec]

Figure 8.7: Input estimates of the sensor network in Example 2 with 8 active nodes and 4 passive nodes
under the proposed architecture (8.7) and (8.8) (the dash lines denote the inputs of the actual process and
the solid lines denote the input estimates of nodes).
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Figure 8.8: State error norms of the sensor networks in Example 1 and Example 2.
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Figure 8.9: Input error norms of the sensor networks in Example 1 and Example 2.

8.4 Distributed Input and State Estimation for Active-Passive Sensor Networks with Varying Node

Roles

We now generalize the results of the previous section to the case when the active and passive role of
each sensor node is varying over time. For this purpose, once again, we consider a process given by (8.5). In
addition, if a node in the sensor network is active for some time instant, then it is subject to the observations

of the process given by (8.6) on that time instant, otherwise it is a passive node and has no observation. Note
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xz(t) X, t) X 4(t)

Figure 8.10: State estimates of the sensor network in Example 3 with 12 active nodes under the proposed
architecture (8.7) and (8.8) (the dash lines denote the states of the actual process and the solid lines denote
the state estimates of nodes).

T
wt  wt)

t [sec]

Figure 8.11: Input estimates of the sensor network in Example 3 with 12 active nodes under the proposed
architecture (8.7) and (8.8) (the dash lines denote the inputs of the actual process and the solid lines denote
the input estimates of nodes).

that a node is assumed to be smoothly changed back and forth between active and passive mode (i.e. g;(t)
is a smooth function on the interval [0, 1]). The proposed algorithm is discussed in Section 8.4.1, followed

by the stability analysis (Section 8.4.2), and a numerical example is presented to illustrate the efficacy of the

methods (Section 8.4.3).
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8.4.1 Proposed Distributed Estimation Architecture

Fornode i,i =1,...,N, consider the distributed estimation algorithm given by

£i(1)=(A—yP )%i(t) + BWi(t) + gi(t)Li (yi(t) — Ciki(r)) — P Y (&i(r) — £5(2)),

i~j

£(0) = £, (8.58)

Wwi(t) = gi(0) i (vi(t) — Cikir)) — (0:Ki 4 YL, )Wi (1) — e Y (Wi(t) —w;(1)), Wi(0) = v, (8.59)

i~

where £;(t) € R" is a local state estimate of x(¢) for node i, w; € R? is a local input estimate of w(z) for
node i, L; € R™" J, € RP*™ and K; € Sﬁxﬁ are design matrices of node i, and ¢, ¥, and o; € R are positive
design coefficients for node i. Note that the parameter g;(¢) in this section is time-varying and g;(¢) € [0, 1].

In addition, P, > 0 is the consensus gain satisfying the two linear matrix inequalities given by

ATP.+PA —PB

Ry = <0, (8.60)
—-B™P. —20iK;
. |A—LC)"P+P(A-LC) —PB+ClJ!
Rp = , i=1,...,N (8.61)
—BTP +JC; —20K;

8.4.2 Stability Analysis
Let (1) £ x(t) — %;(t) and Ww;(t) = W;(t) — w(t). Then, similar to (8.11) and (8.12), one can write
)LC,'(t) = Ai(l).fi(l) —BWi(t) — OCP;1 Z(.fl(l) —fj(l)) — ’)/P;I ()Zi(l) —X(I)), fl(O) = X0, (8.62)
Wilt) = gi()CEi(t) — oiKi(Wi(e) +w(r)) — & Y (Wi(t) — (1)) — y(Wi(t) +w(t)) —i(e),

Wwi(0) = Wi, (8.63)

where

Ai(r) = A-g()LC;. (8.64)

Therefore, similar to Section 8.3.2, the compact form of the error dynamics are given by
(1) =A%) — (y@B)Ww(t) — P~ (F@1L,)%(t) + yP~' (Iy @ 1,)x(t), (8.65)
w(r) =M (t)%(t) — K(W(t) +(Iy® Ip)w(t)) —(FI)w(t) —y(Ay1,)w(t) — (In @I, (t), (8.66)
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where

A(t) = diag([Ai(1),Ax(t),...,AN(1)]), (8.67)

<
=
SN—

(1>

diag([g1(t)J1C1,82(t)2Ca, - . ., gn (t)INCn]), (8.68)

and K, F and P are the same as (8.21), (8.22), and (8.23), respectively.

Theorem 8.4.1. Consider the process given by (8.5) and the distributed input and state estimation architec-
ture given by (8.58) and (8.59). Assume (8.60) and (8.61) hold and nodes exchange information using local
measurements subject to an undirected and connected graph G. Then, the error dynamics given by (8.65)

and (8.66) are uniformly ultimately bounded.

Proof. Consider the Lyapunov function candidate given by (8.24). Following the steps from the

proof of Theorem 8.3.1, differentiating (8.24) along the trajectories of (8.65) and (8.66) yields

V() = 2 (ORa()2(r) +2" (NRs2(r) +227(1)9, (8.69)

where z(t), Rp, and ¢ are defined in (8.26), (8.28), and (8.30), respectively. In addition,

1T 1 o T
Ra(t) 2 A(t)"' P+ PA(t) P(IN®B)+M" (1) | 870)
—(In®BY)P+M(t) —2K

Note that for this varying case of active and passive node roles, R; in (8.9) becomes

i T
Ri(1) (A—gi(t)LiC;) P,+P,(A—gi(t)LiC;) —PB+gi(1)CJ!
l' pr—
—BTP,' +gi(t)J,-C,- —ZGiKi
A"P+PA —PB (~LC)"P+R(-LC;) CLIT
= +gi(t) (8.71)
—BTP. —20K; JiC; 0

Since g;(¢) € [0, 1], R;; in (8.60) and R, in (8.61) corresponds to g;(t) = 0 and g;(¢) = 1 in (8.71), respec-
tively. Therefore, R;; and R;j; are the vertices of the polytope. By Lemma 8.2.3, when the linear matrix

inequalities (8.60) and (8.61) hold, R;(z) < 0 for all g;(¢) € [0, 1]. Consequently, using the same argument as
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in the proof of Theorem 8.3.1, we have R4 (¢) < 0. Hence, (8.69) becomes

V() = ZN(ORa(0)z(r) + 2T (1)Rpz(t) +22 (1) ¢
Amax (RB)[|2(1)]15 +2[1(2) 120

< (1= 0)Amax (Re)[12(1) 12 + 8 Amax (Rp) [|12(1) |13 +21|2(1) |12, (8.72)

IN

with Amax(Rg) < 0 and 6 € (0,1). Letting up = Wi?&e) > 0and Q, £ {z(t) : ||z(t)|]2 < w2}, it follows
that V(+) < (1 —0)Amax(R)||z(1)]|3 < 0 outside the compact set Q,, and hence, the error dynamics given by

(8.62) and (8.63) are uniformly ultimately bounded from Theorem 4.18 in [119]. |

Corollary 8.4.1. Consider the process given by (8.5) and the distributed input and state estimation archi-
tecture given by (8.58) and (8.59). Assume (8.60) and (8.61) hold and nodes exchange information using
local measurements subject to an undirected and connected graph G. Then, for all z(0) € RN ("+P) | there

exists T =T (2(0), 12) > O such that

~ Afm X P — p
D)l < &= amf‘—((l.;))max{l!z(O)Hz (=0 ) 2 P)r ) >0, (8.73)
1n
W)l < &, Ve>0, (8.74)
where
_ P 0
pP= ; (8.75)
0 Iy,
and
- Amax (P
WOl < vty 12T, 8.76)
1n
()2 < &=\ Amx(P)ua, t>T. (8.77)
Proof. Same theoretical steps follow from the proof of Corollary 8.3.1, and hence, the proof is
omitted here. |
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(—2,2) (042) (2,2) (4,2)

Figure 8.12: Communication graph of the active-passive sensor network in Example 4 with 12 nodes (lines
denote communication links, circles denote nodes).

8.4.3 Illustrative Numerical Example

In this section, we present numerical examples to illustrate the results discussed in Section 8.4.1
and 8.4.2. For this purpose, we consider a process as the vehicle model depicted in Section 8.3.3 with the
dynamics given by (8.5), where A and B are defined in (8.50) and (8.51), respectively. To maintain the

readability of the paper, the values of L;, 0;, P; in the following examples are put in Appendix B.

8.4.3.1 Example 4

For this example, the initial conditions of the process are set to xg =[-3, 0.5, 2.5, 0.25]. In
addition, we consider the input is given by
2.5sin(t)
w(t) = . (8.78)
3.5cos(1.2r)

We now consider an active-passive sensor network with 12 nodes exchanging information over an
undirected and connected graph topology as presented in Figure 8.12, where the active and passive role
of each node is varying overtime. Specifically, the sensors are distributed over an area, and each sensor
position is shown in Figure 8.12. Suppose that each sensor sensing range is a circle with the radius r = 3.

Recall that the first and third states of the process (or the vehicle) correspond to the positions in the x-axis
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and y-axis directions, respectively. If the vehicle’s position is within a sensor sensing range, then that sensor
becomes smoothly active. On the other hand, if the vehicle’s position is out of the sensor sensing range, then
it becomes smoothly passive. Note that, for the transition of g;(r), we use the function g;(¢) = ¢ A’ when
node i is switching from 1 to 0, and g;(r) = 1 — e " when node i is switching from 0 to 1, where f3 is a
positive constant. We adapt this transition from Figure 2(d) of [152]. The network has two types of sensors,

and each node’s sensing capability is represented by (8.6) with the output matrices

1 000
Ci= , (8.79)
0010
for the odd index nodes and
0100
Ci= . (8.80)
0 0 0 1
for the even index nodes. Note that the pair (A,C;) is observable for all i = 1,...,12 in this example,

and therefore, the collective observability assumption is satisfied. All nodes are subjected to zero initial
conditions and we set J; = K; = diag([100;100]), a = 50, and y = 0.1. For the observer gain L;, the odd
index nodes are subject to (D.21) while the even index nodes are subject to (D.22).

By solving the linear matrix inequalities (8.60) and (8.61) simultaneously for each node, o; and
P, > 0 are obtained as 6 = 03 = 65 = 07 = 0y = Oy, O» = O4 = Og = Og = Oj9 = 012 Where o7 and
0> are subject to (D.23) and (D.24), respectively. In addition, P; and P, are subject to (D.25) and (D.26),
respectively. Note that Py =Py =Ps =P; =Py =Py and P, = Py = Py = Py = Pjp = Pi».

Under the proposed distributed estimation architecture (8.58) and (8.59), nodes are able to closely
estimate the process states as shown in Figure 8.13. Specifically, Figure 8.14 illustrates that the sensor
network is able to estimate the trajectory of the vehicle (the first and third state of the process), while the
input estimated in Figure 8.15 is not as good as the case for fixed node roles presented in Section 8.3.3, this
can be explained by the conservatism of the solution of the linear matrix inequalities (8.60) and (8.61). That
is, if we had the flexibility to make the o; values small such that 6; = 03 = 05 = 67 = 09 = 01; =0.001, 0, =
04 = Og = 03 = G109 = 012 = 0.001, while keeping P; and other parameters the same, the performance of the

input and state estimate would become better as shown in Figure 8.16 and 8.17, respectively. However, with
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0 5 10 15 20 25
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Figure 8.13: State estimates of the active-passive sensor network in Example 4 with 12 nodes under the
proposed architecture (8.58) and (8.59) and satisfying the linear matrix inequalities (8.60) and (8.61) (the
dash lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

these small values of o;, the linear matrix inequalities (8.60) and (8.61) are no longer satisfied. Numerical
methods to reduce such conservatism in linear matrix inequality computations for (8.60) and (8.61) and/or
relax the linear matrix inequality condition will be investigated as a future research.

3 T T T T T

t=15s (8AN)

- t = 5s (7AN)
t = 25s (6AN) t = 10s (6AN)
t =20s (7AN)
2 . : 4 I ‘ ‘
3 2 A 0 L = : )

T

Figure 8.14: Position estimates (first and third states of the process) of the active-passive sensor network in

Example 4 with 12 nodes under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix

inequalities (8.60) and (8.61) (the dash line denote the trajectory of the actual process (i.e. the combination

of the first and third state) and the solid lines denote the state estimates of nodes). Here, AN stands for the
the active nodes.
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20
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Figure 8.15: Input estimates of the active-passive sensor network in in Example 4 with 12 nodes under the
proposed architecture (8.58) and (8.59) and satisfying the linear matrix inequalities (8.60) and (8.61) (the
dash lines denote the inputs of the actual process and the solid lines denote the input estimates of nodes).

3 T

0 ()

X,(t) x,(t)

t [sec]

25

Figure 8.16: State estimates of the active-passive sensor network in Example 4 with 12 nodes under the
proposed architecture (8.58) and (8.59) with the decrease in 0;,i = 1,...,12 (the dash lines denote the
states of the actual process and the solid lines denote the state estimates of nodes).

8.4.3.2 Example 5

For this example, the initial conditions of the process are set to xg =[-2, 0.5, 2.5, 0.25]. In

addition, we consider the input is given by

1.5sin(0.5¢)
3cos(0.6¢)

(8.81)
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0 5 10 t [sec] 15 20 25

Figure 8.17: Input estimates of the active-passive sensor network in Example 4 with 12 nodes under the
proposed architecture (8.58) and (8.59) with the decrease in 0;, i = 1,...,12 (the dash lines denote the
inputs of the actual process and the solid lines denote the input estimates of nodes).

Figure 8.18: Communication graph of the active-passive sensor network in Example 5 with 13 nodes (lines
denote communication links, circles denote normal nodes, and diamond denote overlapped nodes).

We now consider an active-passive sensor network with 13 nodes labeled respectively as 1a, 1b, 2a,
2b, 3a, 3b, 4a, 4b, 5, 6, 7, 8 and 9, exchanging information over an undirected and connected graph topology
as presented in Figure 8.18, where the active and passive role of each node is varying overtime. Specifically,
the sensors are distributed over an area with each pair of nodes Xa and Xb (where X = 1, 2, 3, 4 and denoted
as diamond in Figure 8.18) is grouped at the same location such that when Xa is active (or passive), so is Xb

and vice versa; Xa and Xb are neighbors of each other and have the same set of neighbors.
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Suppose that each sensor sensing range is a circle with the radius r = 3.5. Note that, for the transition
of gi(t), we use the same functions as Example 4. The network has six types of sensors, and each node’s

sensing capability is represented by (8.6) with the output matrices

1000

Cia = : (8.82)
0000
0000

Cip = : (8.83)
0010
0000

Coyp = , (8.84)
00 0 1
0100

Csa = , (8.85)
0000
1000

Cs = : (8.86)
0010
0100

Co = . (8.87)
000 1

In addition, Ci, = Caq, C1p = Cap, Cop = Cyp, C3q = Caq, Cs = C; = Cy and C¢ = Cg. Note that the pairs
(A,Cx,) and (A,Cxp) where X = 1, 2, 3, 4, are not observable, but with the setup of the problem (nodes
Xa and Xb are either both active or both passive simultaneously), the collective observability condition is
guaranteed. All nodes are subjected to zero initial conditions and we set J; = K; = diag([25;25]), o =75,
and 7Y = 0.01. The observer gains L; are set to L1, = L4, L1 = L3p, Lop = Lap, L3g = Lag, Ls = L7 = Lo and
Le¢ = Lg where the gains L4, L1p,Lop,L34,Ls and Lg are subject to (D.27), (D.28), (D.29), (D.30), (D.31),
and (D.32), respectively.

By solving the linear matrix inequalities (8.60) and (8.61) simultaneously for each node, o; and
P, > 0 are obtained as 61, = 04, O1p = O3p, Opp = O4p, 03¢ = O4q, O5 = O7 = Oy and Oy = Oy where
Ola, O1p, O2p, 034, 05 and Og are subject to (D.33), (D.34), (D.35), (D.36), (D.37), and (D.38), respectively.
In addition, Py,, Pip, Pap, P3q, Ps and Pg are subject to (D.39), (D.40), (D.41), (D.42), (D.43), and (D.44),

respectively. Note that P, = P>y, Pip = Psp, Pop = Pyp, P3y = Pyy, Ps = Py = Py and Py = .
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Figure 8.19: State estimates of the active-passive sensor network in Example 5 with 13 nodes under the
proposed architecture (8.58) and (8.59) and satisfying the linear matrix inequalities (8.60) and (8.61) (the
dash lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

Under the proposed distributed estimation architecture (8.58) and (8.59), nodes are able to closely
estimate the process states as shown in Figure 8.19. Specifically, Figure 8.20 illustrates that the sensor
network is able to estimate the trajectory of the vehicle (the first and third state of the process), while the
input estimated in Figure 8.21 is still not as good as the case for fixed node roles presented in Section 8.3.3.
Again, this can be explained by the conservatism of the solution of the linear matrix inequalities (8.60) and
(8.61). If we had the flexibility to reduce o; to small values, for example, o; = 0.001, while keeping other
parameters the same, the performance of the input and state estimate would become much better as shown
in Figure 8.22 and 8.23, respectively. Note that with the choice of 6; = 0.001 for this example, the linear
matrix inequalities (8.60) and (8.61) are no longer satisfied. Once again, numerical methods to reduce such
conservatism in linear matrix inequality computations for (8.60) and (8.61) and/or relax the linear matrix

inequality condition will be investigated as a future research.

8.5 Conclusion

A distributed input and state estimation architecture was investigated for heterogeneous sensor
networks having nodes with both fixed and varying active and passive information processing roles and
nonidentical sensor modalities. It was shown that the proposed framework utilizes local information not
only during the execution of the proposed estimation algorithm but also in its design; that is, global uniform

ultimate boundedness of error dynamics is guaranteed once each node satisfies given local stability condi-
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Figure 8.20: Position estimates (first and third states of the process) of the active-passive sensor network in

Example 5 with 13 nodes under the proposed architecture (8.58) and (8.59) and satisfying the linear matrix

inequalities (8.60) and (8.61) (the dash line denote the trajectory of the actual process (i.e. the combination

of the first and third state) and the solid lines denote the state estimates of nodes). Here, AN stands for the
the active nodes.

'8 | 1 | |

0 5 10 15 20 25
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Figure 8.21: Input estimates of the active-passive sensor network in in Example 5 with 13 nodes under the
proposed architecture (8.58) and (8.59) and satisfying the linear matrix inequalities (8.60) and (8.61) (the
dash lines denote the inputs of the actual process and the solid lines denote the input estimates of nodes).

tions independent from the graph topology and neighboring information of these nodes. Several numerical
examples illustrated the efficacy of the proposed architectures. Future research will include applications of
the proposed framework to dynamic data-driven sensor network scenarios to guide and control autonomous

vehicles and we will also consider extensions to time-varying graph topologies. It should be also mentioned
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Figure 8.22: State estimates of the active-passive sensor network in Example 5 with 13 nodes under the
proposed architecture (8.58) and (8.59) with the decrease in 6;, i = 1,...,12 (the dash lines denote the
states of the actual process and the solid lines denote the state estimates of nodes).

0 5 10 15 20 25

t [sec]
Figure 8.23: Input estimates of the active-passive sensor network in Example 5 with 13 nodes under the

proposed architecture (8.58) and (8.59) with the decrease in 0;, i = 1,...,12 (the dash lines denote the
inputs of the actual process and the solid lines denote the input estimates of nodes).

especially for the results in Section 8.4 that structural sensor network construction to always guarantee
collective observability is another interesting future research direction that will be considered by the authors.
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Chapter 9: Distributed Coestimation in Heterogeneous Sensor Networks*

The contribution of this paper is a new system-theoretical dynamic information fusion framework
for heterogeneous sensor networks, where a sensor network with both nonidentical node information roles
and nonidentical node modalities is considered. Specifically, nonidentical node information roles allow
nodes to be either active or passive in the sense that active nodes receive observations from a process of
interest whereas passive nodes do not receive any information. In addition, active and passive roles of nodes
can be fixed or varying with respect to time. Furthermore, nonidentical node modalities allow active nodes
to receive different classes of measurements from the process. For this class of sensor networks, we propose
a distributed input and state coestimation architecture, where the time evolution of input and state updates
of each node both depend on the local input and state information exchanges. Using tools and methods from
Lyapunov theory and linear matrix inequalities, we establish stability and performance guarantees of the
overall heterogeneous sensor network executing the proposed distributed coestimation architecture under
local sufficient conditions for each node. We also consider stochastic extensions that capture the practical

aspect when the process and the node observations both include noise.

9.1 Introduction

9.1.1 Literature Review

Dynamic information fusion in sensor networks supports a wide array of scientific, civilian, and
military data-driven applications, which range from reconnaissance and surveillance to command and con-
trol of vehicle swarms. Two common categories of dynamic information fusion are the Bayesian data
fusion and the system-theoretical data fusion. While Bayesian methods regulate and fuse data according to
probabilistic models (see, for example, [55-57] and references therein), system-theoretical methods (see,

for example, [58—60] and references therein) focus on utilizing dynamic motions of given processes and

*This chapter has been submitted to the International Journal of Control for possible publication.
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data exchange rules for controlling information fusion. This paper belongs to the latter category owing
to attractive properties of system-theoretical data fusion in obtaining overall sensor network stability for
real-world control, planning, and coordination applications.

Among several classes of heterogeneity in sensor networks, nonidentical node information roles and
nonidentical node modalities are particularly important for numerous applications, which are considered
in this paper. First, sensor networks are often associated with nonidentical node information roles. To
elucidate this point, consider a representative application scenario shown in Figure 9.1. Here, the sensor
network involves active and passive nodes in the sense that active nodes receive observations from the
process whereas passive nodes do not receive any information. Note that the active and passive node roles
also vary with respect to time in Figure 9.1; that is, active nodes can take passive roles during different
time intervals and vice versa. Next, active nodes at any given time can practically have nonidentical node
modalities in the sense that different measurements from the process can be observed.

There have been several papers in the literature that address heterogeneity in sensor networks, where
the notable results can be listed as [1-3, 58—68, 70, 71, 73, 75, 153—-156]. In particular, the authors of [58—
65, 153] concentrate on dynamic consensus algorithms relevant to sensor networks; however, they assumed
that all nodes are being active at all times. The authors of [66, 67] allow a subset of nodes being passive;
however, these results are in the context of static consensus (that is, they are not suitable for dynamic data-

driven applications). The authors of [68, 70, 71, 73,75, 154, 155] focus on time-invariant (that is, fixed) and

H—0
0
H—0
@ romvorose (@) passvo o

Figure 9.1: A dynamic information fusion scenario in a sensor network with time-varying active and
passive node roles (lines and circles respectively denote communication links and nodes).

Time
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time-varying active and passive node roles; however, their results only consider nodes that are modeled as
scalar integrator dynamics.

To address nonidentical node modalities in sensor networks, the authors of [1-3, 156] concentrate
on nonidentical node modalities with their proposed distributed information fusion algorithms. However, it
should be noted that [3] does not take into account the possibility of having passive nodes (that is, it requires
all nodes are being active at all times). While fixed active and passive node roles are implicitly studied by
the authors of [2], the contribution documented in this work requires a global sufficient stability condition,
which may not be suitable for practical sensor networks composed of a (sufficiently) large set of nodes. More
recently, nodes with nonidentical modalities are considered by the authors of [1] for both fixed and time-
varying active and passive node roles under local sufficient stability conditions (we also refer to [157] for a
preliminary version of the results in [1]). However, as discussed in Section 4.3 of [1], tuning the resulting
distributed algorithm for satisfactory performance can be a challenge especially for the case when the active
and passive node roles vary with respect to time. It should be also noted that the architecture proposed in
[156] requires the measurements to be passed through local observers to extract more information before

sending over the network for fusion.

9.1.2 Contribution

As discussed above, existing methods [1-3, 66—68, 70, 71, 73,75, 154—157] do not provide a general
system-theoretical dynamic information fusion architecture for addressing heterogeneity in sensor networks
due to nonidentical node information roles and nonidentical node modalities. Motivated by this standpoint,
this paper’s contribution is a new, general system-theoretical dynamic information fusion framework for
heterogeneous sensor networks, where a sensor network with both nonidentical node information roles and
nonidentical node modalities is considered. For this class of sensor networks, we propose a distributed
input and state “coestimation” architecture, where the time evolution of input and state updates of each
node both depend on the local input and state information exchanges. Using tools and methods from
Lyapunov theory and linear matrix inequalities, we establish stability and performance guarantees of the
overall heterogeneous sensor network executing the proposed distributed coestimation architecture under
local sufficient conditions for each node. We also consider stochastic extensions that capture the practical
aspect when the process and the node observations both include noise. Finally, we present two numerical

examples to demonstrate the efficacy of our theoretical contributions. As compared with the distributed input

160

www.manaraa.com



and state “estimation” architecture in [1] discussed above, where the time evolution of input (respectively,
state) update of each node only depends the local input (respectively, state) unlike the distributed input and
state “coestimation” architecture of this paper, one of these examples further shows a substantially improved
dynamic input and state fusion performance. Note that preliminary conference versions of this paper are
appeared in [158] and [159]. The present paper considerably expands on [158] and [159] by providing
the proofs of the results in [158] and [159]; additional theoretical results including a generalization in a
stochastic setting; and additional informative discussions.

The remainder of this paper is organized as follows. The proposed distributed input and state coes-
timation architecture for fixed active and passive node roles subject to nonidentical active node modalities
is presented in Section 9.2 with its system-theoretical stability analysis, where generalizations to the case
of time-varying active and passive node roles is given in Section 9.3. For addressing practical situations
when the process and the node observations both include noise, a stochastic extension is also presented in
Section 9.4. Furthermore, the aforementioned illustrative numerical examples are given in Section 9.5 and
concluding remarks are summarized in Section 9.6. Finally, for the notation used in this paper, we refer to

the appendix.

9.2 Distributed Coestimation: Fixed Active and Passive Node Roles

9.2.1 Problem Setup and Proposed Algorithm

Consider a process'6 with the dynamics given by

x(t) = Ax(t) +Bw(t), x(0) = xo, 9.1

where x(7) € R" is a process internal state vector and w(r) € R” is an input to this process. Here, we consider
that x(¢) is not measurable. We also consider that w(z) is an unknown but bounded signal with a bounded
time rate of change. In addition, A € R"*" is a Hurwitz system matrix and B € R"*? is a system input matrix.

In this paper, a sensor network with N nodes is considered, where nodes exchange local measure-
ments with their neighbors under an undirected and connected graph G. Following the terminology from

[70, 71, 73, 75], anode i, i = 1,...,N, is called an active node when it is subject to the observation of the

16We follow here the problem setup introduced in [157].
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process (9.1) given by
yi(t) = Cix(t). 9.2)

Here, y;(t) € R™ and C; € R™*" respectively stand for a measurable process output and the system output
matrix for an active node i, i = 1,...,N. Moreover, anode i, i = 1,...,N, is called a passive node when
it has no observation from the process given by (9.1). For the results of this section, the active and
passive roles of each node are considered to be fixed. Yet, recall from (9.2) that each active node can have
nonidentical sensing modalities. We also practically consider for the well-posedness that each active node
has complementary properties distributed over the sensor network to guarantee collective observability!’
while the pairs (A,C;), i =1,...,N, may not be locally observable.

Based on the setup given above, we propose a distributed coestimation algorithm for sensor net-
works to estimate the unmeasurable state x(¢) and the unknown input w(t) of the process (9.1). Here, we
note that A is assumed to be Hurwitz to allow the employment of the passive nodes in the sensor network
and this assumption does not result from the distributed coestimation approach proposed below.

Consider now a new input and state coestimation architecture for each node i, i =1,...,N, given by

N
)é,'(t) = Aﬁi(t)—FBvT/[(t)—Fg,-L,-(y,-(t)—C,-)?,-(t))—OcM,-Zal-j()ﬁ,-(t)—)Ej(t))

j=1

N
+as; Y aij(Wit) =, (1)), £(0) = %o, (9.3)
=1
. N
wi(t) = gili(yi(t) — C:%i(t)) — oiKwi(1) + aT; Z a;j (£:(t) — %(1))
j=1
N
—al; Y aij (Wi(t) = (1)), Wi(0) =i, 9.4)
i=1

where £;(r) € R” is the local estimate of x(r) and w;(r) € R? is the local input estimate of w(z). In addition,
L; e R J, € RP*™ and K; € RP*P are the design gain matrices and o € R, and o; € R, are the design
coefficients. Finally, M; € R*™", §; € R™*P, T; € RP*", and N; € RP*? are also the additional design gain
matrices. Here, g; = 1 when the node i is active and g; = 0 when the node i is passive. Since the local state

and input information exchange terms (i.e., the coupling terms “£;(r) — £;(¢)” and “W;(¢t) — Ww;(r)”") appear

17Collective observability is defined as the pair (A,C) is observable, where C = [CT,C],...,CE]T (see, for example, [1-3]).
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both in the state and input updates given by (9.3) and (9.4), the word “coestimation” is used to indicate the

proposed distributed algorithm.

9.2.2  Analysis of Proposed Algorithm

For the main result of this section, first define

5l & x(t)—%(t) €RY,
Wwi(t) & wi(t) —w(t) €R?

Now, the time derivative of (9.5) can be written as

)é,'(l‘) = Ax(t) —|—BW(t) —Afi(t) —Bw,-(t) —giL; (y,-(t) — C,-)?i(t))
N N
-I—OCMi;aij()?i(t)—)?j(t))—aSigaij(W,-(t)—Wj(l‘))
N N
= (A—g,'LiCi))Ei(l‘)—Bwi(l‘)—(XMiZ’lﬁijfj(l‘)—(XSiziﬁijo(I).
Jj= Jj=

9.5)

(9.6)

9.7

In (9.7), L;; is the entry of the Laplacian matrix on the i-th row and j-th column. In addition, the time

derivative of (9.6) can be written as

N
wit) = giCiEi(t) — oK (Wi(t) +w(t)) —v(t) — oT; Zla,-,- (%i(1) = %;(1))
=

—aN; Z ajj (Wi(t) _Wj(t))

j=1

N N
= giCixi(t) — o;Kpwi(t) — oT; Z L;%(t) — aN; Z Liiw;(t) — oiKiw(t) —(t).
=1 =1

J =

Next, let z; = [£ (¢), W] (t)]T € R"™"P. Now, (9.7) and (9.8) can be compactly written as

A—-gLC; —-B N M; S

Z,'(l‘) = Zi(l‘)—aZﬁij Zj(t)+
giJiC; —0;K; J=1 T, N; —G,‘Kl'w(t) — W(I)
A H, o)
_ N
= Aizi(t) — o Z LijH;z;(t) + ¢i(1).
=1

9.9)

9.9)
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Here, we note that the local design terms L;, J;, K;, and o; can be always chosen to ensure A; being Hurwitz'8.
Therefore, A; is implicitly considered to be Hurwitz for the following analysis (this is the local sufficient
stability condition). We also note that for any given positive-definite matrix Q; € R("+7)*("+7) there exists

a unique positive-definite matrix P, € RO"t7)*("+7) gatisfying

ATP.4+PA;+Q;=0. (9.10)

Now, let the aggregated vector be given by z() £ [z] (),23(t),...,z4(t)]T € RPN To this end,

(9.9) can be further written as

A 0 H, 0| [Lilnyp Liolprp - Livhigp o1(1)
) = (1) —a 20+
0 Ay 0 Hy| (Lviliyp Lnolpyp oo Lunloyp On(t)
—_——
A H (L(g)®ln+p) q)(t)
= Az(t) — aH(L(G) @ L, ,)z(t) + ¢(1). 9.11)

In (9.11), £(G) is the Laplacian matrix. The following theorem presents the main result of this section.

Theorem 9.2.1. Consider the process given by (9.1) and the distributed input and state estimation archi-

tecture given by (9.3) and (9.4). If the matrix H; is selected as H; = P! and nodes exchange information

1

using local measurements subject to an undirected and connected graph G, then the error dynamics given

by (9.11) is uniformly bounded.
Proof. Consider the Lyapunov-like function candidate given by

V(z) =7"Pz 9.12)

where P = diag([Py, Ps, ..., Py]) is a positive-definite matrix. Note that V(0) =0, and V(z) > 0 for all z # 0.
Taking time-derivative of V (z) along the trajectory of (9.11) yields
V(z(t)) = 2 ()(ATP+PA)z(t) — 202" (t)PH(L(G) @1y p)2(t) + 22 (1)PY(1)

= —21(1)Qz(1) —20z" (t)PH(L(G) ® Lup)z(t) + 22 (1)PY (1), (9.13)

18 A5 mentioned earlier, A is considered to be Hurwitz because of the existence of passive nodes in the sensor network. Hence,
this argument follows from the upper diagonal structure of A; when, for example, L; = Oyxm, Ji = Opxm, and K; is any positive
definite matrix with o; > 0. For a desirable performance, however, different values for L;, J; and K; should be judiciously selected
such that A; is Hurwitz (see Remark 9.2.2).
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where Q = diag([Q1,Q»,...,0n]) is also a positive-definite matrix. Since we choose M;,S;, T; and N; such

that H; = T = Pi_1 holds, we have H =P~ ! (ie., PH =Ty ® L4 »). Hence, (9.13) can be rewritten
1. N;
as

V() = —2'(0)(Q+2a(L(G) @Lusp))2(r) +22" (1)PY(t)
= —21(1)0z(r) +22" (1)PY (1), (9.14)

where 0 £ Q+2a(L(G) ®1,1,). Since Q is a positive-definite matrix and the Laplacian matrix £(G) is
a positive-semidefinite matrix, then Q is a positive-definite matrix (Proposition 8.1.2, [117]). In addition,

since ||w(t)||2 < W and | (t)]]2 <, then ¢;(¢) is bounded, i.e., ||9;(¢)||> < ¢; with
0; = o;w||Ki||2 + W 9.15)

As aresult, ||¢(¢)]]2 < ¢ holds with

§L\J0R 03 +...+ 0} 9.16)

From (9.14), we can now write

V(1) < ~Anin(@)l2(0)]3 +22(0)]2[IPl|2

2(6)[|2 (2[|P[120 — Amin(Q)||2(2)]2)- (9.17)

Finally, by letting y = QA‘LPHZ‘]) and Q = {z(1) : [|z(r) |2 < u}, it follows that V (z()) < 0 outside the compact

set Q. Therefore, the error dynamics given by (9.11) is uniformly bounded [115]. |

The following corollary is now immediate with regard to the performance of the proposed estimation

approach.

Corollary 9.2.1. Consider the process given by (9.1) and the distributed input and state estimation archi-

tecture given by (9.3) and (9.4). If the matrix H; is selected as H; = P! and nodes exchange information

1
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using local measurement subject to an undirected and connected graph G, then the bound

Amax (P)

=)l <\ 32

(9.18)

holds fort > T.

Proof. In the proof of Theorem 1, we show that V(z(t)) cannot grow outside the compact set €2.
Thus, from Amin (P))[|2(1)[13 < V (2(t)) < Amax(P))[12(1) 13, we have Awin(P))|2(r)[13 < Amax(P))1?; hence the

bound given by (9.18) is immediate. |

Remark 9.2.1. We now compare the new distributed input and state coestimation architecture given by (9.3)

and (9.4) with its counterpart in [1]. For this purpose, recall the distributed input and state estimation law

of [1]

%) = (A—yP &) +Bwi(t) + giLi(yi(t) — Cii(r)) — oY (Hi( ), %(0) = %,(9.19)

le

wit) = gli(vi(t) — Cixi(t)) — (0:Ki + Y1,)W aZ Wit ), wi(0) =W, (9.20)
i~

where P; € RUP)x(1+p) g g positive-definite gain matrix satisfying the linear matrix inequality

ATP+PA;  —PB+gClK!
R = <0, 9.21)
—B'P; + giJiC; —20;K;

with A; £ A — g;L;C;. As discussed in [1], the terms “—yPi_l)E,-(t) " and “—(0;K; + Y1,)W;(t)” appearing
respectively in (9.19) and (9.20) are referred as leakage terms. In particular, if “}/Pl._l " and “0;K; +y1,”
in these terms are not small, they can lead to an unsatisfactory performance. Furthermore, “0;K;” also
appears in the linear matrix inequality given by (9.21). However, we may not be able to select this term
as small while simultaneously satisfying (9.21), either due to the magnitude of the term “—P,B+ g,'Cl-TK,- 7
being not small or a computational conservatism. To summarize, (9.19) and (9.20) of [1] may not always

yield to an acceptable performance (see also Remark 9.3.1).

In contrast to (9.19) and (9.20) of [1] (Remark 9.2.1), the new input and state coestimation archi-
tecture given by (9.3) and (9.4) has only one leakage term “—0;K;(z)” that appears in the input update

(9.4). Additionally, as discussed in the next remark, “c;K;” can be made judiciously small, and hence, the
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proposed approach in this section has the potential to achieve a better overall estimation performance as

compared with the results in [1].

Remark 9.2.2. The ultimate bound given by (9.18) can be used as a design metric in the sense that design

parameters can be chosen to make (9.18) small. For instance, small values for o; and K; can be selected

such that (9.15) and (9.16) are small, where they appear on the ultimate bound (9.18) through the term L.

9.3 Distributed Coestimation: Time-varying Active and Passive Node Roles

9.3.1 Problem Setup and Proposed Algorithm

In this section, we generalize the result of Section 9.2 to the case when the active and passive

roles of each node vary in time. For this purpose, we again consider the process of interest given by (9.1).

We also have a sensor network with N nodes exchanging information among each other using their local

measurements according to an undirected and connected graph G. In addition, a node is called active for

some time instant when it is subject to the observation of the process given by (9.2) at that time instant.

Likewise, a node is called passive when it has no observation at that time instant. Motivated by the case

in (Figure 2d, [152]) and without loss of much practical generality, a node is considered to have ability to

smoothly change back and forth between active and passive node roles, where the role change is captured

by the smooth function g;(¢) € [0, 1]. Once again, we consider collective observability for well-posedness.

In what follows, we first present the proposed distributed input and state coestimation algorithm below and

then its analysis in Section 9.3.2.

In particular, consider now the proposed input and state coestimation architecture for each node i,

i=1,...,N, given by

(1)

ARi(t) + BWi(t) + i (0)Li(yi(t) — Cisi(t)) — aMiJg:laij (&) —£;(1))

+0¢Sij_§:1a,~j (Wi(r) =w;(r)), £(0) = %o, (9.22)
8100 010) = () ks 0)-+ T L (30) )

—aNl-:Zlai F(Wi(t) —w;(1)), Wi(0) =i, (9.23)
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where £;(1) € R" is the local estimate of x(7), and w;(¢) € R? is the local input estimate of w(¢). In addition,
L; € R™P_J; € RP*™ and K; € RP*P are design gain matrices and o € R and o; € R, are the design
coefficients. Finally, M; € R™" §; € R™P T; € RP*" and N; € RP*P are also the additional design gain
matrices'®. As discussed above, the smooth function g;(¢) € [0,1], i = 1,...,N indicates whether a node is

active or passive at time ¢.

9.3.2 Analysis of Proposed Algorithm

For the main result of this section, first define (9.5) and (9.6). Now, the time derivative of (9.5) can

be written as

N
f,‘(l) = AX(I)—I—BW(Z‘)—A)ei(l‘)—BW,‘(I)—gi(t)Li(yi(l)—Cifi(l))+(1Mi;aij(fi(l)—ﬁj(t))
. J
—OCSiZ,laij(Wi(t)—Wj(f))
' N N
= (A*gi(l)LiCi)fi(I)*BW,’(Z)*(XM,‘Z,C,'J‘)?J'(I)*OCSL'Z,CUWJ'(Z‘). (924)
j=1 j=1

In (9.24), L;; is the entry of the Laplacian matrix on the i-th row and j-th column. In addition, the time
derivative of (9.6) can be written as

N

W(l‘) = gi(t)JiC,-(xi(t)—fi(t))—G,Ki(wi(t)—i-w(t))—i—a?}_z:laij(x(t)—ii(t)—x(t)—i—)?j(t))
j=
N
—(xNiZla,-j(wi(t)—i-w(t)—wj(t)—w(t))—w(t)
j=
= gi(l’)J[C[.fi(l‘) — G[K,'W,‘(l) — (ZT,' i ,Cl'j.fj(l) — (Z]V,' i ,C,'jo(l’) — G,'K,'W(l) — W(l). (925)
j=1 =1

Next, let z;(¢) = [£F(¢),w! (t)]T € R"™"P. Now, (9.24) and (9.25) can be compactly written as

_ o C.  — N ..
() = A-alLG B a(t)—a Y Ly Mi S 20+ 0
gi(t)JiCi —0;K; J=1 T, N; —G,'Kiw(t) — W(t)
~~ — ~~
Ai (gi(f)) Hi ¢i(1)
N
= Ai(gi(t)zi(t) —a Y LijHizj(t) + ¢i(t). (9.26)
j=1

19We refer to the steps i) and ii) given later in Section 9.3.2 on the selection of design gain matrices.
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Here, the matrix A;(g;(r)) can be rewritten in the form

_ A —B —LC; 0
Ai(gi(t)) = +gi(t) ,
0 —0;K; J,'Ci 0
Ao A
= Aio+sgi()A;,

9.27)

where g;(r) € [0,1]. Note that A;o and A;; are the matrices corresponding to A;(gi(r)) at gi(t) = 0 and

gi(t) = 1, respectively. Hence, A = Ai_l —A,"o. The following lemma is needed for the stability analysis

(Theorem 9.3.1) of the proposed distributed input and state coestimation algorithm.

Lemma 9.3.1. If there exists a common positive-definite matrix P; € RUP)X(4P) for node i, i = 1,... N,

satisfying
Azopi +PA;g < —€lsp,

A_}:lPi +PA;1 < —€lysp,

then the inequality given by

Ai(gi(t)) P+ PA (gi(1)) < —€lsp,

holds for all g;(t) € [0,1], where € € R,

Proof. First, note that the inequality given by (9.30) implies

S 2 ET[Ai(gi() P+ PAi(8i(1)) + €Ly € <0,

for any arbitrary nonzero vector &. Next, using (9.28) and (9.29), one can write
~ T - ~
S = & [(Aio+gi(1)A;) P+ P(Aip+gi(1)A;) + €l p| €
- _ _ _ T _ _ _
i0+8i(1)(Ain —Ai,o)> P +P (Ai,o +gi(1)(Ai1 —Aio)

(
(
= & ((1-gi0)
(
(

—&lyip) +8i(1)(— €luip) + EIW] :

Thus, the proof is now complete.

(9.28)

(9.29)

(9.30)

(9.31)

) +81n+p]€
0 +gi(t)Ai,l)TPi +Pi((1 —gi(1))Aip +gi(t)Ai,l> + 81n+p} ¢

)
: 1—gi(1)) [AloP:+ PAio] +gi(t) [AL P+ PA; ] +81n+p}§
(

(9.32)
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Now, let the aggregated vector be given by z(t) £ [z] (t),23 (t), ..., zy(t)]T € RPN To this end,

(9.26) can be written as

Ai(g1(1)) 0 H, O | [Lilgp Li2luyp - Linligp 01(1)
(1) = (1) -« : : Co |z +
0 AN (gN (Z)) 0 HN LNIIrH»p LN21n+p v ENNIner ¢N (t)
—_——
A_A(g(t)) H (E(g)®ln+ll) o(t)
= A(g(t))z(t) — aH (L(G) @ Tnsp)z(t) + (1) (9.33)

In (9.33), where £(G) is the Laplacian matrix and g(¢) = [g1(¢),...,gn(t)]T. In what follows, for each node

Lhi=1,...,N, we:

i) Solve the linear matrix inequalities given by (9.28) and (9.29) for a common positive-definite matrix

P, (these are the local sufficient stability conditions).

ii) Obtain the design gain matrices M;, S;, T;, and N; from the matrix equality given by

o M; S; o
H; = —pl (9.34)
T, N;

Notice from (9.34) that H = P~ (i.e., PH = Iy ® 1,1 = Ly(y4p)), Where P £ diag([Py, Py, ..., Py]). We are

now ready to state the main result of this section.

Theorem 9.3.1. Consider the process given by (9.1) and the distributed input and state coestimation
architecture given by (9.22) and (9.23). If there exists a common positive-definite matrix F; for each node i,
i=1,...,N, satisfying (9.28) and (9.29), one selects H; according to (9.34), and nodes exchange information
according to an undirected and connected graph G, then the error dynamics given by (9.33) is uniformly

bounded.

Proof. Consider the Lyapunov-like function candidate given by (9.12), where
P =diag([P}, P, ...,Py]) is a positive-definite matrix with each P; obtained through solving the linear matrix

inequalities given by (9.28) and (9.29). Note that V(0) =0, and V(z) > 0 for all z # 0. Taking time-derivative
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of V(z) along the trajectory of (9.33) and using Lemma 9.3.1 yields

V(zt)) = 2 (r) (AT (g(t))P+PA(g(1)))z(r) — 207" (t)PH(L(G) @14 p)z(t) + 22" (1) PO (¢)
< —e7 (1)z(t) =202 (1) (L(G) @ Ly p)2(1) + 227 (1) PO (1)

= () 0:0) + 2 (1)Po (1), (9.35)

where O = €ly (i p) +20(L(G) @ 1,4)). Since €ly(,4,) is a positive-definite matrix and the Laplacian
matrix £(G) is a positive-semidefinite matrix, Q is a positive-definite matrix. In addition, ||¢|, < ¢ with

¢ defined by (9.16). Therefore, an upper bound to (9.35) can be found as V (z(¢)) < —Amin(0)||2(2)[3 +

2[lz() 1211Pll20 = [12(1)l12 (21IPll20 — Amin (Q)l|2(r)||2) Letting u < % and Q £ {z(r) : [|z(r) [l < p}. it
follows that V(z(t)) < 0 outside the compact set €, and therefore, the error dynamics given by (9.33) is

uniformly bounded [115]. |

Note that Theorem 9.3.1 establishes the stability of the proposed distributed input and state co-
estimation architecture given by (9.22) and (9.23) in terms of uniform boundedness under local sufficient
stability conditions (9.28) and (9.29) for each node. The following corollary is now immediate on the

performance of the proposed architecture.

Corollary 9.3.1. Consider the process given by (9.1) and the distributed input and state coestimation
architecture given by (9.22) and (9.23). If there exists a common positive-definite matrix P; for each node i,
i=1,...,N, satisfying (9.28) and (9.29), one selects H; according to (9.34), and nodes exchange information

according to an undirected and connected graph G, then the bound (9.18) holds fort > T.

Proof. The result follows from the proof of Corollary 9.2.1. |

Note that the discussion given in Remark 9.2.2 also holds for the results of this section. That is,
since the ultimate bound in Corollary 9.3.1 depends on the design parameters of (9.22) and (9.23), this
bound can be used as design metric in the sense that the design parameters can be judiciously selected to

make (9.18) small.

Remark 9.3.1. Once again, we compare the proposed distributed input and state coestimation architecture

of this section given by (9.22) and (9.23) with its counterpart in [1]. In particular, the related distributed
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estimation law of [1] that allows time-varying active and passive roles have the form

Xi(t) = (A—yPD&(1) + Bwi(t) + gi(t)Li (vi(t) — Citi(t)) — aP VY (%:(2) — £5(2)),  £:(0) = %o, (9.36)

o~
wilt) = gi(t)i(i(t) — Ciki(1)) — (0iK; + Y1, )Wi(t) — Y (Wi(r) —w(t)),  Wi(0) = io, (9.37)
i~
with P; € RUP)X(40) s g positive-definite gain matrix satisfying
ATR+PA  —PB
Ry = <0, (9.38)
-B'P,  —-20K;
s |A-LC)'P+P(A-LC) —PB+ClJ}
Ry, 2 (9.39)
—B"P+JiCi —20K;

Similar to discussion in Remark 9.2.1, (9.36) and (9.37) respectively contain the leakage terms “—(0;K; +

YI,)Wi(t)” in input and state updates. In particular, if the gains “)/Pl-_1 7

and “0;K;+Yl,” are not small, then
they can result in poor performance. In contrast, the distributed coestimation architecture with time-varying
active and passive node roles proposed this section has only one leakage term “—o;K;w;(t)” appearing
in the input update (9.23). Moreover, the proposed architecture of this section adds the coupling terms
“%i(t) —X;(¢)” and “W;(t) —Ww;(t)” to both input and state updates. Finally, the structure of the linear matrix
inequalities given by (9.28) and (9.29) is simpler than the ones in (9.38) and (9.39). For these reasons, the
proposed coestimation architecture here can be easily (i.e., better) tuned for an overall performance as

opposed to the approach in [1] (see also (Section 4.3, [1]) for further details on the tuning challenges with

regard to (9.36) and (9.37)).

Remark 9.3.2. The purpose of solving the linear matrix inequalities given by (9.28) and (9.29) is to find a
common positive-definite solution P; in order to select H; = Pl-_l according to (9.34). Note that the existence
of such a common solution depends on many factors such as the characteristics of the system matrix A as
well as the design gain matrices K;, L;, and J;. To this end, the results in [160-164] (also see references
therein) can be utilized on the existence of a common positive-definite solution to linear matrix inequalities.

Following the results in [161 ], we can consider the matrix A,-yl in (9.27) as a perturbation matrix and search

for stability region, then design gain matrices accordingly and use convex programming tools to test the
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feasibility. In some special cases, where we can design A; o and A; | as commuting matrices or in companion

form, the results of [162] and [163], respectively, can be useful.

9.4 Distributed Coestimation in a Stochastic Setting

9.4.1 Problem Setup and Proposed Algorithm

In this section, we consider a stochastic case and generalize the results in Section 9.2. Note that this
is without loss of generality as the theoretical content of this section can be similarly applied to the results

in Section 9.3. Specifically, consider a process of interest with the dynamics given by

dx = (Ax(t) + Bw(t))dt +v(t)dv(r), x(0) = xo, (9.40)

where x(¢) € R" is a process internal state vector and w(z) € R” is an input to this process. Here, we consider
that x(7) is not measurable. We also consider that w(¢) is unknown but a bounded signal with a bounded

time rate of change. In addition, v(¢) € R" is a bounded external noise intensity function (i.e.,

v(£)[l2 <v7)
and v(r) is a one dimensional Brownian motion defined on the probability space (€, F,P) with expectation
E{dv(r)} =0 and variance D{dv(¢)} = 1. Furthermore, A € R"*" is a Hurwitz system matrix and B € R"*”
is the system input matrix.

Consider a sensor network with N nodes exchanging information among each other using their local
measurements through an undirected and connected graph G. Following the terminology from previous
sections, anode i, i = 1,...,N, is called an active node when it is subject to the observation of the process
(9.40) given by

dsi(t)

yi(l‘) :C,-x(t)Jrhi(t) ar

9.41)

Here, y;(t) € R™ and C; € R™*" respectively stand for a measurable process output and the system output
matrix for an active node i, i = 1,...,N. In addition, /;(t) € R™ is a bounded external noise intensity
function (i.e., ||h;(7)||2 < k"), 5;(¢) is a one dimensional Brownian motion (independent of the process noise
v(t) and its neighbors s;(¢)) defined on the probability space (2, F,P) with expectation E{ds;(¢)} =0 and
variance D{ds;(r)} = 1. Moreover, a node i is called a passive node when it has no observation from the

process (9.40). Recall from (9.41) that each node can have nonidentical sensing modalities. We, once again,
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consider collective observability for well-posedness. Finally, we utilize here the distributed input and state

architecture given by (9.3) and (9.4).

9.4.2  Analysis of Proposed Algorithm

To present our main results, we first define (9.5) and (9.6). Now, the stochastic differential of (9.5)

is given by
N
dii(t) = <Ax(t) —I—BW(Z‘) —A)?,’(l‘) —Bwi(l‘) —gl'L,'(y,'(l‘) —C,'XAL'(Z‘)) + oM; Z aij ()2,(1‘) —fj(t))
=1
N
—osS; Z aij (W,'([) — v%(l‘))) dr +V(l)dV(l)
=1
N N
= ((A —giLiCi)fi(l) —BW,'(I) —aM; Z ﬁ,‘jfj(l‘) —as; Z [,ijo(l‘)) dr
=1 =1
+v(t)dv(t) — giLihi(¢)ds;(t). (9.42)
In addition, the stochastic differential of (9.6) is given by
N N
dW(t) = (giJ,-C,-)Zi(t) — GiKiWi(l> —aoT; Z Eijfj(ﬁ — aN; Z E,-jvvj(t) — Gl'Kl'W(l) — W(l))dt
=1 =1
+gi.],‘h,‘(t)dsi(l). (9.43)

Next, let z;(¢) £ [£] (), W} (¢)]T € R"*P. Now, (9.42) and (9.43) can be written in a compact form as

]

A— g,'L,'C,' —B N M,' Sl' 0
dZi([) = Zi(l) *Otzjzlﬁij Zj(f)+ dr
giJiCi —0;K; T, N; —(F,'Kiw(t) —W(I)
—_——
A H; ()
vt —g;L;h;(t
YO vy | O g
0 gijihi(t)
v ri(t)
_ N
= (A,-z,-(t) —a Y LijHiz(t)+ ¢,»(t)) dt +v(t)dv(t) + ri(z)ds;(t). (9.44)
j=1

Similar to the discussion in Section 9.2.2, one can always choose the local design terms L;, J;, K;, and o; such
that A; is Hurwitz for each agent, and hence, there exists a unique positive-definite matrix P; € R(*+7)x(n+p)

such that (9.10) holds for a given positive-definite matrix Q; € R(*+7)x(n+p),
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Now, let the aggregated vector be given by z(¢) £ [z] (¢),25 (1), ..., z%(t)]T € RPN, To this end,

(9.44) can be further written as

A 0 H; 0 Lilp Libiyp oo Livhigp
dz(t) = 2(t) —o : : : : () + () | dr
0 Ay 0 Hy Lniliyp Ly2layp oo Lanhigp
—_—
A H (ﬁ(g)®ln+p)

+(Iy ®@9(2))dv(t) + R(r)(ds(r) ® 1)

= (Az(t) — aH(L(G) @Lnsp)z(t) + ¢(2))di + (Iy @ 5(2))dv (1) + R(r) (ds(r) @ 1), (9.45)

where ¢ (1) £ [¢] (1), ¢%T (t),..., 08 (0)]T € RPN R(r) 2 diag([r] (¢) ... ry(¢)]T) = diag(r(t)), and ds(r) £

dsi(¢) ... dsy(¢)| - The following proposition presents the main result of this section.

Proposition 9.4.1. Consider the process given by (9.40) and the distributed input and state estimation ar-
chitecture given by (9.3) and (9.4). If the matrix H; is selected as H; = Pfl and nodes exchange information

using local measurements subject to an undirected and connected graph G, then z(t) evolving according to

the dynamics given by (9.45) satisfies the bound
E{zTPz} <e T (0)Pz(0)+ Kk 'n, V>0, (9.46)

A
where K =

min ) 2_2 —
sy and 1 & 25 P+ Ao (P) 97

Proof. Applying Ito formula (see, for example, [165]) to the Lyapunov-like function candidate

V(z) = XN, zf Pz, one can write
N
dV =Lvdr+2Y 7 P(vdv (1) + rids;(1)), (9.47)
i=1
where L is a linear differential operator associated with (9.44)
v = x¥, (z,T<P,-Ai +PAT)zi— 20z BYY | LijHizj +2z] Pigit-5 tr (2P0 + 2Pir,-r,T)>
= % ( — 2] Qizi = 20z] YU Lijzj+ 22 Pigi +VT R+ roPirz)

= YV Qm—20 Y Lijzl 22X P+ N W (L@ Py, (9.48)
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where y; £ [77, 1|7 € R2**P), In addition, (9.48) can be written in a compact form as

LV = —7'0z—20z"(L(G)®1,.,)z+2:"Po + v Py

= —7'0z+2'Po+y' Py, ©.49)

where y 2 [yl yd, ... yd|T € R2HPIN: p 2 diag ([P, Ps, ..., Py]) € RNHP)N0EP) P2 diag([L,2 Py, ®
Ps,....I, @ Py]) € RN(+p)>2N(4p) and Q £ diag([Q1,Qs,. .., Qn]) € RN#HP)XN(42) are positive-definite
matrices; and Q £ Q+20(L(G) ®1,4,). Since Q is a positive-definite matrix and the Laplacian matrix
L(G) is a positive-semidefinite matrix, Q is a positive-definite matrix (Proposition 8.1.2, [117]). In addition,
|0l < ¢ with ¢ defined in (9.16). Furthermore, since ||v||» < v* and ||A;]|» < h*, ¥ and r; are bounded (i.e.,

[7i]l2 < 7 and ||ri|l2 < r*). As aresult, y; is bounded (i.e., ||y;||» < @) with @; £ \/(7)2 4+ (r*)2, i=

1,...,N. Therefore, we have ||yl < ¥ with § = \/1//12 +y3 +...+ y%. By Young’s inequality, one can

. 72
now write 2[|" [2[|P9||2 < pl|zll3 + & 1POII3 < pellzll3 + | P13 Now, (9.49) becomes

2
LV < —(Amin(Q) —u)llz\l%+;HPH%MMX(PWZ- (9.50)

From V(z) = L, 2T Piz; = 2"Pz, we also note that Amin (P)|[2]3 <V (2) < Amax (P)|2[3. Thus, 7295 <[22

Using this fact and choosing pt = J (Amin(Q), we now have

)Lmin (Q) 2(]52

LV < — V+ —|P|3 + Amax (P) W
Zaqnax(P) A'mm(Q)H HZ max( )II/
———
K n
= —xV+4n. 9.51)
From Dynkin’s formula (see, for example, [166, 167]), (9.46) is now immediate. |

Remark 9.4.1. Proposition 9.4.1 also holds for the distributed input and state coestimation architecture
given by (9.22) and (9.23), where the active and passive node roles are varying over time and the corre-

sponding parameters are chosen as outlined in Section 9.3.

Remark 9.4.2. Considering (9.46), one can write lim, ,. E{V (z(¢))} = k~'n. Now, using the definitions

of k and 1 given in (9.51) along with the fact Amin(P)E{||z||3} < E{V (2(t))}, this expression implies

3 }'max P 22'mux P j2 = 2P )
i <] 2l < B (2 + i), o2 Y08, 052
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When we compare (9.52) with the deterministic (worst-case) bound given by (9.18), it can be seen that the
only additional term “2Amax (P)W?/ (lmin (P)lmin(Q)) " in (9.52) results from the bound of the external noise

intensity functions of the process and sensors’ measurements .

Remark 9.4.3. The error expression given by (9.45) can be rewritten as
dz(t) = (Sz(r)+¢(r))dt+ (v @5(r))dv(r) + R(r)(ds(t) @ 1sp), (9.53)

where S £ A — 0H(L(G) ®1,4,). Referring now to the steps taken in the proof of Theorem 9.2.1, one can

write

S™P+PS = (A—aH(L(G)®1,y,)) P+P(A—aH(L(G)®1,,,))

= ATP+PA-2a(L(G) R, )
-0
= —(Q+20(L(G) ®nip)) £ -0 (9.54)

Hence, S is Hurwitz since both Q and P are positive-definite (Corollary 11.9.1, [117]). We note that a
white noise process is the derivative of a Wiener process and its derivative is a generalized function (see, for
example, (Observation 1.2.11, [165]) and [168]). Recall that v(t) and s;(t) are Brownian motion processes

or normalized Wiener processes; thus, we can define the zero mean white noise processes {(t) = % eR

and &(t) = % € RNUP) | As a result, (9.53) can be rewritten as

1) = Szt)+ )+ (v () §(r) +R(1)E(), (9.55)
and its solution is given by
(1) = eS’z(0)+/Ote3(’_s ds+/ =) (1y @ (s ds+/ (=R (5)E (s)ds. (9.56)

Note that the error covariance of the system is given by J(z(t)) = E{z(t)z"(t)} and its differential equation

is

J(t) =E { dzd(;)zT(t)} +E {z(t) dz;(t) } . 9.57)
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The first term of (9.57) can be distributed as

E{ci(f)f(ﬂ} = E{(Sz(t)+ () +(An@¥(1))E()+RE)E())Z (1)}
= SE{Z(Z)ZT(I)}+E{¢(I)ZT(I)}+E{(1N®‘7(I))C(Z)ZT(I)}+E{R(t)§(z)ZT(t)}_(9_58)

We note here that (1y @ (1)) (t) represents the process noise, R(t)& (t) represents the measurement noise,
O (t) represents the leakage term containing the process input and its time rate of change, and z(0) is
the initial error of state and input estimation. Since these terms are unrelated, one can assume that
they are mutually orthogonal. Using the solution given by (9.56) with the above assumption, one can
calculate the cross-correlation matrices™ R, (1,1) = E{(1y ® (1)) { (1)" (1)} = J(Av@() (Ive ﬁ(t))T.

By substituting these matrices into (9.58), one can obtain

{00} — si0+o0EE 01+ ne0) (1w i0)"

=\ 1 T
dr +5R(1)R™(1). (9.59)

Notice that the second term of (9.57) is just the transpose of the first term; hence, from (9.59), (9.57) is

equivalent to
Jt) = SI@t)+J()ST+ (q)(t)E{zT(t)} +]E{z(t)}¢T(t)) + (ly@9(1)) (y @ 9(1)) "+ R(1)R™ (£Y9.60)

From a practical standpoint, the overall coestimation performance gets better as the error covariance J(t)
gets smaller. Note that J(t) can be obtained by solving (9.60) with the initial condition J(0) = Jo, where Jy is
the covariance of z(0) or the uncertainty of the initial coestimate. However, solving (9.60) and determining
the optimal design parameters would require global information. Here, we can observe from the last three
terms on the right hand side of (9.60) that the error covariance J(t) depends on the input of the process,
its time rate of change, o; and K;, i = 1,...,N, via §(t), the intensity of the process noise via v(t), and
the intensity of the sensors’ measurement noises as well as L; and J;, i = 1,...,N, via R(t). In addition, a
necessary condition for S to be Hurwitz is that A or A;, i = 1,... N, is Hurwitz. Therefore, we can influence
the coestimation performance without utilizing global information by choosing o;, K;, L;, J; such that A; is

Hurwitz for each agent as mentioned in Section 9.2.2 and the bound (9.52) is small, simultaneously.

20We refer to (Chapter 9.4, [169]) for a similar analysis.
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Figure 9.2: Communication graph of the time-varying heterogeneous sensor network with 12 nodes (lines
denote communication links and circles denote nodes).

9.5 Illustrative Numerical Examples

We now present two numerical examples to illustrate the proposed distributed input and state
coestimation methodology. Specifically, the first example shows the behavior of the sensor network in the
absence of noise, while the second example shows the behavior of the sensor network when the dynamics

of the process of interest is a stochastic process and sensors contain noise.

9.5.1 Example 1

From [1, 157, 158], a process representing a linear target motion satisfying the dynamics given by

(9.1) is considered here with

0 1 0 0 0o o
—0% 2o, 0 0 0% 0

A=]| M 1é: = | , 9.61)
0 0 0 1 0 0
0 0 —0} —20m& 0 op

where @, = 1.2,&; = 0.9,0,, = 1.3, and & = 0.5. This process composes of two decoupled systems
in which the first and third states represent the target’s positions in x and y directions, while the second
and fourth states represent the target’s velocities in x and y directions. The input of the process and the

initial conditions of the states are respectively set to w(t) = [2.5sin(0.3¢) + 1.5, 1.5c0s(0.5¢)]T and xo =

[-2.5, 0.5, 2.5, 0.25]T.
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A sensor network with 12 nodes exchanging information according to an undirected and connected
graph is utilized and arranged spatially as shown in Figure 9.2 for this example. Here, we consider the
active and passive node roles are varying over time. Particularly, a sensor’s sensing range is defined as
a circle with radius r = 2.5 centered at each node. When the target (position) enters a sensor’s sensing
range, the sensor (smoothly) becomes active. Conversely, when the target leaves a sensor’s sensing range, it
(smoothly) becomes passive. Once again, the transition for g;(¢) is adopted from (Figure 2(d), [152]) with
gi(t) = e B when node i is switching from 1 to 0, and g;(r) = 1 — e P" when node i is switching from 0 to

1, where B € R..

0 5 10 15 20 25 30 35 40 45 50

Figure 9.3: The time evolution of £;(¢), i = 1,..., N, of the considered time-varying heterogeneous sensor
network under the proposed distributed “coestimation” architecture given by (9.22) and (9.23) (the dashed
lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

0 5 10 15 20 25 30 35 40 45 50
t [sec]

Figure 9.4: The time evolution of w;(¢), i = 1,...,N, of the considered time-varying heterogeneous sensor
network under the proposed distributed “coestimation” architecture given by (9.22) and (9.23) (the dashed
lines denote the inputs of the actual process and the solid lines denote the input estimates of nodes).
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Figure 9.5: Position estimates (first and third states of the process) of the considered time-varying
heterogeneous sensor network under the proposed distributed “coestimation’ architecture given by (9.22)
and (9.23) (the dashed line denotes the trajectory of the actual process (i.e. the combination of the first and
third state) and the solid lines denote the state estimates of nodes). Here, AN stands for the the active nodes.

1 000
The sensing capability of each node is given by (9.2) with C; = for the odd index
0010
01 00
nodes and C; = for the even index nodes. Similarly, o; is respectively set to 0.01 and 0.001
00 01
for odd and even index nodes. The pair (A,C;) is observable for all i = 1,...,12 in this example; hence,

collective observability holds. Furthermore, all nodes’ estimations are set to zero initial conditions and

gain matrices are chosen such that J; = diag([20;20]), K; = diag([10;10]) for i = 1,...,N. The odd index

T
) 20.13 1.33 0.00 0.00 ) . )
nodes are subject to L; = , while the even index nodes are subject to L; =
0.00 0.00 20.32 3.19
T

—40.17 57.54 453 —6.45 - )
. For all nodes, we set a = 25. In addition, we obtain the common P,

414 —5.88 —40.20 60.42
by solving the linear matrix inequalities (9.28) and (9.29) with € = 0.000001 for the odd nodes that results

in

0.937 0.211 0.000 0.000 0.907 0.000
0.211 0.333 0.000 0.000 0.191 0.000
0.000 0.000 0.928 0.184 0.000 0.905
P = , (9.62)
0.000 0.000 0.184 0.361 0.000 0.184

0.907 0.191 0.000 0.000 0.986 0.000

0.000 0.000 0.905 0.184 0.000 1.010
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Figure 9.6: The time evolution of £;(¢), i = 1,...,N, of the considered time-varying heterogeneous sensor

network under the recent distributed “estimation” architecture in [1] given by (9.36) and (9.37) (the dashed
lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

and € = 0.0001 for the even nodes that results in

1.907 1.744 —0.034 0.011 1.895 —0.035

1.744 2.118 —-0.031 0.044 1.773 —-0.033
—0.034 —-0.031 0.862 0.649 —-0.036 0.856
P = : (9.63)
0.011 0.044 0.649 1.106 0.009 0.680

1.895 1.773 —0.036 0.009 2.018 —0.052

—0.035 —-0.033 0.856 0.680 —0.052 0.980

Thatis, A =P3s=Ps=P =Py=Py and P, = P, = P; = Py = P,o = P;». Based on the matrix P, i =
1,2,...,12, we obtain H; from (9.34) and the matrices M;, S;, T;, and N; are selected accordingly.

For the proposed distributed input and state “coestimation” architecture given by (9.22) and (9.23),
the process states and inputs are closely estimated as shown in Figures 9.3 and 9.4. Specifically, it is
illustrated in Figure 9.5 that the sensor network is able to estimate the trajectory of the target (the first
and third states of the process). We note that the lag of the input estimate in Figure 9.4 can be reduced
by increasing J;. However, J; may not be trivially selected as large while satisfying the linear matrix
inequalities (9.28) and (9.29) simultaneously. In addition, the numerical results in Figures 9.6, 9.7 and
9.8 utilizing the architecture in [1] (i.e, utilizing the distributed input and state “estimation” law given
by (9.36) and (9.37)) are included here for comparison purposes. These results are generated under the

same scenario outlined above including the dynamics of the process, communication graph of nodes, and
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t [sec]
Figure 9.7: The time evolution of w;(¢), i = 1,...,N, of the considered time-varying heterogeneous sensor
network under the recent distributed “estimation” architecture in [1] given by (9.36) and (9.37) (the dashed
lines denote the inputs of the actual process and the solid lines denote the input estimates of nodes).

"""""""""""""" t= 50 (4AN)
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ak J
2 . . 4
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Figure 9.8: Position estimates (first and third states of the process) of the considered time-varying
heterogeneous sensor network under the recent distributed “estimation” architecture in [1] given by (9.36)
and (9.37) (the dashed line denotes the trajectory of the actual process (i.e. the combination of the first and
third state) and the solid lines denote the state estimates of nodes). Here, AN stands for the the active nodes.

sensors’ modalities. Figures 9.3, 9.4 and 9.5 clearly highlight the substantially improved dynamic input and
state fusion performance of the proposed distributed “coestimation” architecture of this paper over the the

distributed “estimation” approach in [1], which is depicted by Figures 9.6, 9.7 and 9.8. A

9.5.2 Example 2

In this example, we consider the same setup presented in Example 1 with the process subject to
the stochastic dynamics given by (9.40), where the noise intensity function v(z) is a constant vector with

elements assigned randomly within the range (0,0.2). In addition, the observation of each sensor is given
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by (9.41) and the noise intensity function A;(¢) is considered as a constant vector with elements assigned
randomly within the range (0,0.5). All other design parameters are chosen as in Example 1.

The simulations are run repeatedly five times to investigate the effect of the noises on the process
and the performance of the sensor network under the proposed algorithm. For the proposed distributed
input and state “‘coestimation” architecture given by (9.22) and (9.23) (see Remark 9.4.1), sensor network
nodes are able to closely estimate the process states and inputs as shown in Figures 9.9, 9.10 and 9.11,
respectively. Specifically, Figure 9.9 shows the estimates of the first and third states of the process, while
Figure 9.10 shows the estimates of the second and fourth ones with the shaded areas being the boundaries of
the process when the simulation repeated five times. Since estimates of the second and fourth states directly
influenced by the input estimates, the noise intensities in these signals are greater comparing to estimates of

the first and third states. A

9.6 Conclusion

Considering an important practical class of heterogeneous sensor networks with both nonidentical
node information roles and nonidentical node modalities, a new dynamic information fusion framework was
documented in this paper. The proposed framework involved a distributed input and state coestimation algo-

rithm for each node such that the time evolution of input and state updates both depend on the local input and

T
x,()

/ pe

i ]
0 5 10 15 20 25 30 35 40 4 50
t [sec]

I(t)
\\
R

Figure 9.9: The time evolution of the first and third states of £;(¢), i = 1,...,N, of the considered
time-varying heterogeneous sensor network under the proposed distributed “coestimation” architecture
given by (9.22) and (9.23) (the dashed lines denote the states of the actual process, the shaded areas denote
the boundary of the process’ states when repeatedly run five times, and the solid lines denote the state
estimates of nodes).
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2(t)
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Figure 9.10: The time evolution of the second and the fourth states of £;(r), i = 1,...,N, of the considered
time-varying heterogeneous sensor network under the proposed distributed “coestimation” architecture
given by (9.22) and (9.23) (the dashed lines denote the states of the actual process, the shaded areas denote
the boundary of the process’ states when repeatedly run five times, and of the actual process and the solid
lines denote the state estimates of nodes).

|
0 5 10 15 20 2 30 35 40 45 50
t [sec]

Figure 9.11: The time evolution of w;(¢), i = 1,...,N, of the considered time-varying heterogeneous
sensor network under the proposed distributed “coestimation” architecture given by (9.22) and (9.23) (the
dashed lines denote the inputs of the actual process and the solid lines denote the input estimates of nodes).

state information exchanges. We first considered fixed active and passive node roles subject to nonidentical
active node modalities (Section 9.2) and then provided generalizations to the case of time-varying active
and passive node roles (Section 9.3) as well as to the stochastic case involving noise in the process and the
node observations (Section 9.4). Furthermore, we analytically proved all the presented results using tools
and methods from Lyapunov theory and linear matrix inequalities, where local sufficient conditions were

also given for each node. Finally, illustrative numerical examples demonstrated that nodes executing the
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proposed coestimation architecture can closely estimate both states and inputs of the considered process of
interest.

The results presented in this paper can be useful for several future research directions for dynamic
data-driven applications including but not limited to: a) From a practical standpoint, the system matrix and
the input matrix for the considered process in this paper can be extended to the case when they are both
subject to system uncertainties. b) From another practical standpoint, one can consider processes involving
nonlinear functions for further generalizing the presented results of this paper. ¢) Tools and methods from
recent event-triggered control theory developments can be utilized in order to reduce the communication
cost between sensor nodes. d) For capturing cases when the process of interest leaves the sensing field of
the network for certain time periods, tools and methods from filtering and estimation theories can be utilized
with the presented results of this paper. e) The presented setup can be extended to involve mobile sensor
nodes. f) The presented results can be applied to real-world sensor networks through experiments in order

to bridge the gap between theory and practice.
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Chapter 10: Dynamic Information Fusion with the Integration of Local Observers, Value of

Information, and Active-Passive Consensus Filters*

This paper proposes a dynamic information fusion framework for sensor networks with the inte-
gration of local observers, value of information, and active-passive consensus filters as well as a layer to
monitor the validity of information. Specifically, we consider a process of interest consisting of multiple
subprocesses (for example, multiple targets to be monitored). The heterogeneity in the sensor networks is
considered and handled in many aspects such as nodes are allowed to have different sensing capabilities,
different information node roles (active and/or passive; that is, a node can be subject to observations of the
process or to no observation), and different weights on information (value of information). In addition, the
information validity monitor layer allows operators to evaluate the reliability of the fused information based
on the local feedbacks received from the sensor network. Several illustrative numerical examples are also
presented to illustrate the efficacy and discuss the practical aspects of the proposed dynamic information

fusion framework.

10.1 Introduction

With the remarkable technological developments in the past two decades, advanced devices such as
autonomous mobile robots, and sensors have become affordable to deploy in a large quantities. This also
leads to a need in the development of advanced algorithms to gather and integrate information as well as
to control such multiagent systems. In particular, dynamic information fusion in sensor networks plays an
important roles in a wide array of applications for both scientific, civilian and military purposes. One of
the main challenges in dynamic information fusion is the heterogeneity of sensor networks. The sources

of this heterogeneity include the differences in sensor modalities, the quality of sensing information (value

*This chapter is previously published in [156]. Permission is included in Appendix 1.
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of information), and the information roles of nodes (active and passive; that is, a node can be subject to
observations of the process or to no observation), to name but a few examples.

While information roles of nodes and active-passive consensus filter are recently investigated in
[68, 73, 154, 170, 171] and references therein, these results often consider scalar integrator dynamics and/or
lack a complete structure to process the local information before the fusion such as utilizing local observers
to extract more information and assigning weights on information. Although the distributed algorithms in [3]
and [2] consider the differences in sensor modalities, the information roles of nodes in these results are not
explicitly discussed. Several works such as [67, 71, 172] consider the value of information, yet information
roles of nodes and/or heterogeneous modalities are not considered. Nonetheless, the aforementioned works
do not have a direct architecture to quantify and evaluate the quality of fused information of sensor networks
in real-time.

The contribution of this paper is to propose a dynamic information fusion framework for sensor
networks with the integration of local observers, value of information, and active-passive consensus filters
as well as a layer to monitor the validity of information; see Figure 10.1. Specifically, we consider a process
of interest consists of multiple subprocesses (e.g, multiple targets to be monitored). The heterogeneity
in the sensor networks is considered and handled in many aspects such as nodes are allowed to have
different sensing capabilities, different information node roles (active and passive), and different weights
on information (value of information). In addition, the information validity monitor layer allows operators
to evaluate the reliability of the fused information based on the local feedbacks received from the sensor
network. Several illustrative numerical examples are also presented to illustrate the efficacy and discuss the
practical aspects of the proposed dynamic information fusion framework.

The organization of this paper is as follows. In Section 10.2, we present the setup of the process, the
sensor network, the structure of the local observers, and the value of information. In Section 10.3, the active-
passive consensus filter with fixed information node roles is introduced and analyzed, as an intermediate
result. The main result of this paper is then presented in Section 10.4, which is a practical extension of
the result of Section 10.3 to the time-varying case. The information validity monitor layer is presented in
Section 10.5 and illustrative numerical examples together with some discussions are provided in Section
10.6. Finally, concluding remarks are summarized in Section 10.7. For readers, we refer to Appendix G for

the notations, mathematical preliminaries, and necessary lemmas for the results of this paper.
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Figure 10.1: The dynamic information fusion framework of an individual node with the integration of a
local observer, value of information, active-passive consensus filter, and information validity monitor layer.

10.2 Problem Setup

10.2.1 Considered Process and the Sensor Network

Consider a large-scale process of interest with the dynamics given by

z=Az(1), z(0) = 2o, (10.1)

where z(¢) € R" denotes the unmeasurable process state vector,

A = block-diag(A1,As, ..., An) € R, (10.2)
i=1.2

is the system matrix with A, € R"*™ for h = 1,2,...,m and n, < n,Y ;" n, = n. While (10.1) adopts a
simple structure in order to allow us to directly focus on the overarching contribution of this paper (i.e., a
new dynamic information fusion framework), it can represent linear or linearized, controlled or uncontrolled
process dynamics. Note that the contribution of this paper can be readily extended to the cases, where (10.1)
include measurement noise and/or uncertainties resulting from modeling efforts. Furthermore, the block-
diagonal structure of the system matrix A indicates that the process can be decomposed into m subprocesses.
An example of such a process is independent multiple targets that need to be monitored on an observation

field, which presents the overarching application focus of this paper.
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Next, consider a sensor network with N nodes exchanging information among each other using their
local measurements through a connected, undirected graph G. If anode i, i = 1,..., N has no observations,
then we say that it is a “passive node”. On the other hand, if anode i, i = 1,...,N is subject to observations

of process (10.1) given by

yi(t) =8Ciz(t), (10.3)

where y;(t) € R? denotes the measurable process output for node i, i = 1,...,N, and 8C; € RP*" denotes
the system output matrix with g is the sensor’s category defined below, then we say that node i is an “active

node”.

Remark 10.2.1. Here, we consider that the sensors can have different sensing capabilities and can be
categorized into multiple categories. We define a Category I sensor as 'Ci = |0 ... iC; ... 0 such
that /C; € RP*" and the pair (Aj,j(:’,-) is detectable, where j € Zy denotes the corresponding subpro-
cess that node i can sense, and j € [1,m] (e.g., a Category I sensor can observe a specific subprocess).
Next, we define a Category Il sensor as a combination of two or more Category I sensors, for example,
e, =10 . i¢; ... k¢, ... 0| suchthat IC; e RP*Mi, kC; € RP*™ and the pairs (Aj,ja), (Ax,*C))
are detectable, where j,k € Z. and j,k € [1,m] (e.g., a Category Il sensor can simultaneously observe
several subprocesses). We also define a Category Il sensor as a generalized sensor that does not possess
a detectable pair (or an observable pair), for example, ''C; = |0 ... ie; ... k¢ ... 0|, where
ieiké; € R, j,k € Zy and j,k € [1,n] (e.g, a Category III sensor can observe a state of a subprocess or
several states of several subprocesses). A sensor’s category is not necessarily limited to the ones that we

introduce above but can be extended to the mixtures of those categories as well.

10.2.2 Local Observers and the Value of Information Matrix

We first introduce here the construction of local observers based on the local measurements y;(7).
Depending on the sensor’s category, the value of information matrix is then constructed. Because of the
diagonal structure of the system matrix A, we can construct the local observer vector z;(t) € R" for the

process based on the type and capability of each active node i. Specifically, if the sensor is in either Category
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I or II, a subprocess state can be estimated by the local (Luenberger) observer given by
S (l) = Ahs,-(t) + hLi(yi(l) — hC,'S,'(I)), Si(O) = S0, (10.4)

where / is an index of a corresponding subprocess of A that node i can observe, s; € R is the local state
estimate of a subprocess Ay, "C; is the output matrix corresponding to states observed by node i on the
subprocess Ay, and "L; € R"™*? is the corresponding local observer gain for node i. From this point, the

T
local observer of node i, z;(t) € R”" can be constructed, for example z;(r) 210 ... s.T(t) ... 0| ,where

i
the position of s;(¢) is corresponding to the state of the subprocess A in z(¢). If the sensor is in Category
111, there is no theoretical need for ? local observer. Therefore, z;(r) can be constructed directly from y;(r)
aszi(t) = |0 ... yi(t)T ... 0| ,where the position of yi(t) elements are corresponding to the substate
of z(¢) that node i can sense.

Based on the sensor’s type and capability, in addition, the value of information matrix has a natural

diagonal structure in the form given by

M; = diag(m;) € R, (10.5)

T
where m; £ my mp ... my| €R"fori=1,2,... N and m; are nonnegative scalar weights with
r=1,2,...,n. A substate of z;(¢) is called “valid” when its weight is positive. Conversely, a substate of

zi(¢) is called “invalid” when its weight is 0. Under certain circumstances (e.g., see Ref. [71] and references
therein), a sensor can be subject to some observations, yet the information may not be reliable (and so its
substates are set to be invalid). We also assume that z;(r) and ;(¢) are bounded. Considering the multivehicle
application focus of this paper as the process to be monitored, this assumption generally holds, because the
vehicles’ properties such as positions and velocities are bounded, on the observation field. After z;(¢) and
the value of information matrix M; are constructed, they are then passed to the active-passive consensus filter
for information fusion and to the information validity monitor layer for evaluation of the quality of fused
information as illustrated in Figure 10.1.

For the purpose of establishing an intermediate result, Section 10.3 next presents the active-passive
consensus filter for the case where the active-passive roles of nodes are fixed for each node and assume the

local estimation z;(¢) is constant. We then introduce the main result of this paper by extending the result
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of Section 10.3 to the actual practical case, where both the active-passive role of each node and z;(¢) are

time-varying in Section 10.4.

10.3 Active-Passive Consensus Filters with Fixed Information Node Roles

10.3.1 Proposed Architecture

The active-passive consensus filter aims to drive substates of each node to the average of all valid
active corresponding substates (i.e, an agent needs to be active and its corresponding substates need to have
positive weights) of the vectors of the local observers z;(¢), i = 1,2,...,N. Specifically, in this section, we
assume that the active-passive role of each node is fixed and the vectors of the local observers z;(¢) = z;,
i=1,2,...,N, are constants for the sake of establishing an intermediate result for the following sections of

this paper. Mathematically speaking, we consider the proposed active-passive consensus filter given by

6(t) = —a) () —xi(0) +a ) (&) — &) — akiMi(xi(t) — zi), x:(0) = x0,  (10.6)

i~ by
&) = —YZ_(xi(l)—xj(f))v5:‘(0):5:'0, (10.7)

where x;(1) € R", §(t) € R", z; € R" denote the state, the integral action, and the local observer vector of
node i, i=1,...,N, respectively. Here, M; is the value of information matrix defined in (10.5) and «¢,y € R+
are constant gains. Under the assumption that the information node roles are fixed, k; = 1 for active nodes

and k; = O for passive nodes.

Remark 10.3.1. We introduce a similar active-passive consensus filter in Ref. [71]; however, our previous
result documented in that paper only considered scalar integrator dynamics. We next present the stability
properties of (10.6) and (10.7) having x;(t) € R" and §;(t) € R". In addition, we note that the stability results
documented in Ref. [71] can also be applied to each scalar element of (10.6) and (10.7) in parallel. Yet, the
presented stability properties of the next subsection is compact in the sense that we do not focus on scalar
elements of (10.6) and (10.7) but to their compact form, hence, from our standpoint, it is worth to include

the following content to this paper for completeness.
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10.3.2 Stability Analysis
T

T
Letx(t)é[x{(t) 8) .. x;(t)] ,5(t>é[éf(t) & () ... &(r)| »and
T

- [ﬁ ... Zﬂ . The proposed algorithm (10.6) and (10.7) can be rewritten in the compact form
given by
(1) = —a(L(G)@L)x(1) +Y(L(G) ®1,)¢ (1) — aMx(t) + aM{
= —oFx(t)+Y7(LG)®L,)E(E)+aME, x(0)=x, (10.8)
§1) = —vL(G) ®L)x(r), §(0)=4&, (10.9)
where
M £ block-diag(k\My,kyMs,. .. ,knMy) € RN7N, (10.10)
i=1,2

and F £ (L(G) ®1, + M) € RVNn_ Since M; for all i = 1,2,...,N are diagonal matrices, M is then a
diagonal matrix. Furthermore, since (£(G) ® I,) and M are nonnegative definite, F is either nonnegative
definite or positive definite.

Note that a substate of z; is said to be valid if its weight in M; is positive. In addition, z; is active
when k; = 1. Since we are interested in driving substates of x;(¢) of each node to the average of all valid

active corresponding substates of local observer vectors z; , i = 1,2,...,N in the network, define

S &2 (1} eL)M(y®]1,) € R

= kM +koMs+ ...+ kyMy, (10.11)

as the diagonal matrix with the total weight of valid active substates of z; on the diagonal. We now let

e2 5Tl o1,) ML e R” (10.12)
be the average of all valid active substates of local observer vectors z;, i = 1,2,...,N in the network. Note
that since z;, i = 1,2,...,N are constant, { and € are also constant in this case.
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Remark 10.3.2. In this section, we do not assume collective observability (see, for example, [I, 2]).
Collective observability can imply that at any moment there exists at least one node that is active and
has valid information for each substate of z;; hence, the matrix S has full rank and is invertible. Recall
that S is a diagonal matrix with each element on the diagonal is the total weight of the corresponding
valid active substate of local observer vectors z;. In addition, a substate of x;(t) and z;(t) are said to
be completely passive if there is no node in the network can observe or has a valid observation on that
corresponding substate. In other words, if the substate r is completely passive (that is, kim; = 0 for all
nodesi=1,...,N where mj, is the r-th element on the diagonal of the matrix M;), then S has a row of zeros
(the r-th row). A nice property of the pseudo-inverse of a diagonal matrix is that each positive diagonal

element is inversed, except zero diagonal elements are still zeros. For example, if S = diag ( {a b 0} )

then ST = diag ( [al b1 ()} ) for a,b € R,. In the case if a substate of z; is completely passive, the
corresponding substate of x;(t) converges to average consensus and this happens only when an element on

the diagonal of S is 0. This is shown and discussed later in Remark 10.3.4 of Section 10.3.3.
We now define the error §(r) £ (x(r) — (1y ® €)) € RV and taking its time derivative to obtain
§5(t) = —aF(5(t)+(Av®e)) +Y(LG)DL)E () + aME
= —aF§(t)—aM(ly@e)+y(L(G) ®1,)E (1) + aM(

= —aF8(1)+Y(L(G)RL)E() — aMm, 8(0) = &, (10.13)

where the third equality comes from the facts that F = (£(G) ® 1, + M) and £(G)1y = Oy, and © £
(v ®€) — &) € RV Next, define e(r) = (£(1) — (LT (9)® 1) M) € RN and take its time derivative

er) = —v(LG)®L)(8()+ (v ®e))

= —y(L(G)®]1,)6(1), e(0) = eo. (10.14)

From (10.13), Lemma G.0.1, and the definition of e(¢), one can write
5() = —aF8(1)+y(L(G)®L,) (e(t) n %(ﬁ(g) ®In)/\/la)) —aMo
= —aF8(t)+Y(L(G)®1,)e(t) + o ((z:(g)ﬁ(g) D1,) — IN,,)Ma)

= —aF§(t)+Y(LG)®L)e(t) + (((IN — il er,) - INn>/\/lw
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= —aF8() +Y(L(G)®L,)e(r) + o ((INn —(tpalyer,) - INn)Mco

— —aF§(1)+y(L(G)®1)e(r) — %(m ®L)(1fL)Mo, §0)=8&.  (10.15)
To further write (10.15) in a simpler form, we now introduce the following lemma.
Lemma 10.3.1. Let € be defined by (10.12), M be defined by (10.10), and ® = ((1y @ €) — ). Then,
1y ®1,) Mo =0. (10.16)
Proof. See the Appendix H.

Remark 10.3.3. Although, owing to the assumptions of this subsection, k;, {, and € are constant, the result

of Lemma 10.3.1 is still valid for the case when k;(t), {(t), and (t) are time-varying.

Under the result of Lemma 10.3.1, (10.15) can now be simplified as
S(t) = —aFoé(t)+y(L(G)®1,)e(r), 6(0) = &. (10.17)
The closed-loop error dynamics of the system given by (10.6) and (10.7) are

8(t) = —aFd8(t)+y(L(G)@L)e(r), §(0)=&. (10.18)
t) = —y(LG)®L)S(1), e(0) = ep. (10.19)
We are now ready to state the following result.

Theorem 10.3.1. Consider a sensor network with N nodes given by (10.6) and (10.7), where nodes exchange
information using local measurements under a connected, undirected graph G. Then, the closed loop error

dynamics (10.18) and (10.19) are Lyapunov stable and O(t) converges to the null space of F.

Proof. Consider the Lyapunov function candidate given by

V(8,e) = %5T5+%6Te. (10.20)
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Note that V(0,0) =0 and V(68,e) > 0 for all (8,e) # 0. The time derivative of (10.20) along the trajectories
of (10.18) and (10.19) is given by

V(8(t),e(r)) = —ad ()F8(r)+y8" (1)(L(G) @Ln)e(r) —ve' (1)(L(G) @1,)8(r)

— —asT()FS(1) <0 (1021)

Therefore, the closed-loop error dynamics (10.18) and (10.19) are Lyapunov stable. Because V (8(t),e(t))
is also bounded for all ¢ > 0, it follows from Barbalat’s lemma (see Ref. [115]) that lim, ..V (5(),e(t)) =

lim; e (— a6T(t)F6(t)) = 0. Therefore, as r — oo,

§T(1)F8(1) = 8T (1)F' P F'28(r) = (F'/28(1)) (F'28(1)) = || (F'/28 (1)) || — O. (10.22)

Note that (10.22) indicates that §(¢) converges to the null space of F /2 Since F is a symmetric matrix, it
is always diagonalizable by an orthogonal matrix U € R¥"N" such that F = UAUT, where A € RNV jg
the diagonal matrix with eigenvalues of F on the diagonal. As a result, F1/2 = UAY2UT since F!/2F'/2 =
UANPUTUA'?UT = UAUT = F. Therefore, (F'/2)T = (UAV2UT)T = (UT)TAY2UT = UA'2UT = F1/2,
thus F'/2 is also a symmetric matrix. Utilize the result of Lemma G.0.4 for F'/2, we have N'(F'/?) = N'(F).
Hence, 6(¢) converges to the null space of F. [ |

We now investigate the null space of F' = (L(g )1, + /\/l) in the next subsection owing to the fact

that the above theorem shows that d(z) converges to the null space of F.

10.3.3 Convergence Analysis

We first decompose the structure of F as
F = LG)L+M

L, Lpl, ... Ly, k1M, 0 0

_ Lo, LI, ... Loyl N 0 koM - 0
_£N11n Lo, ... ,CNNI,,_ i 0 0 s kNMN_
L1, + kM, L1121, Ly,
L1, Lol +koMy ... Loyl
- ' ' ' , (10.23)
| Lnila Lno1, -oo Ll +knMy |
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where £;; denotes the corresponding element at i-th row and j-th column of the Laplacian matrix £(G).

can be rewritten as

Recall that M; = diag(m;) is the value of information matrix of node i for i = 1,2,...,N, where m; 4
T
miyp mp . mm] € R”" and m;, are nonnegative scalar weights with »r = 1,2,... n. Therefore, M

T
M:diag<|:k1m11 eoe kim0 kamyr o ... knmNn})

(10.24)
Next, there is a permutation matrix J € RN"*N" that allows us to reorder §(¢) as
611 (t) 511 (t)
: : Substate 1
O1n(1) on1 (1) )
sny=Js|  |=]| : (10.25)
Oy (1) O1a(1)
: : Substate n
_5Nn(t)_ _5Nn(t)_ )
where 6;,(¢) indicates the error of substate r, r = 1,2,...,nof node i, i = 1,2,...,N. Therefore,
JFIT = J(LG) L) +IMJIT
kymiy
L(G) knmyy
= +
L(9) kimy,

knmpy
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Ly +kmyy - Lin
Lyt < Ly +hkympy
Ly +kmy, - Lin
Ly o LN+ knmyg | |
F
= , (10.26)
Fy
Ly +kimy, - Lin

where F, £ : : for r =1,2,...,n. Note that, from, for example, Lemma 2

Ly o Lyn A+ kymy,

in Ref. [102] or Lemma 3.3 in Ref. [16], if there exists at least one node i fori =1,2,..., N such that k;m;, is
positive, F, is positive definite and NV'(F,) = 0. On the other hand, if a substate r is completely passive, then
kim;, = 0 for all i as discussed in Remark 10.3.2. In this case, F, = £(G), and hence, N (F,) = N (L(G)) =
span(1y).

Let f(r) for r=1,2,...,n be a function such that

0 if there exists at least one node i in the network
flr) £ such that k;m;, is positive, (10.27)

1 otherwise.

‘We now can write

N(F,) = span(f(r)ly). (10.28)
Therefore,
Sy
N(JFJT) = span : = span(v) = av, (10.29)
f(n)ly
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where a € R. Note that if each specific substate r has at least one positive scalar weight m;, for for some
i € Vg, then v is a zero vector. In all other cases, v € RN is a non-zero vector.

Since J is invertible, rank(JFJT) = rank(JF) = rank(F). In addition, rank(JFJT) + def(JFJT) =
rank(JF) + def(JF) = rank(F) + def(F) = Nn. Therefore, def(JFJ') = def(JF) = def(F). As a result,
(JF)JT(av) = 0 also indicates that JT(av) is the null space of JF. It should be also noted that the
permutation matrix J satisfies JJT = JTJ = Iy,; hence, JTJFJT (av) = (J'))F (JT(av)) = F(JT(av)) = 0.

Consequently, JT(av) is the null space of F and we can rewrite J' (av) as

f(1)
Node 1
f(n) f(1)
n&sfav)=| 1 | : —a|lye| : 2 a(ly® f). (10.30)
f(1) f(n)
Node N
| f(n) ]

Note that since F' is a constant matrix, f € R" is also a constant vector in this case. In addition, Theorem 1

indicates that §(¢) converges to a(1y ® f). Recall that by definition §(¢) = x(¢) — (1y ® €), and thus

lim (x()—(Iy®e)—a(ly® f)) = 0, (10.31)
or equivalently,
}Lrg(x(t)—(lN®(£+af)) = 0. (10.32)

In general, (10.32) shows that under the proposed active-passive consensus filter given by (10.6) and (10.7)

in subsection 10.3.1, all nodes reach the consensus in substate-wise.

Remark 10.3.4. If a substate r, r = 1,2, ... nis completely passive, the corresponding substate of € takes a
zero value owing to a corresponding zero row in the matrix S as discussed in Remark 10.3.2, and f(r) =1 by
(10.27). As a result, (10.30) and (10.32) indicate that a completely passive substate r is under the average

consensus and finally converge to a consensus value. On the other hand, if there is at least one node i in
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the network that is active and has valid information on a substate r, r = 1,2,...,n (i.e., there is at least one
positive kim;, fori=1,2,...,N), then f(r) =0 and (10.30) and (10.32) suggest the substate converge to the

average of all valid active corresponding substates in the network.

10.4 Active-Passive Consensus Filters with Time-varying Information Node Roles

10.4.1 Proposed Architecture

In this section, we extend the intermediate result in Section 10.3 to the actual practical case, where
both the active-passive role of each node and the local observer vectors z;(¢), i = 1,2, ..., N are time-varying.
However, owing to the properties of the overall time-varying system, we now consider that at any time
moment ¢, for each substate of the process, there is at least one node that is active and has a valid information
on that substate (that is, there is no completely passive substate at any time moment) as in Ref. [71]. For

this purpose, we consider the proposed active-passive consensus filter given by

5(t) = —a) (u(r) —x;(0) +a Y (&) — &(r) — otki(t)Mi(xi(r) — zi(t)), xi(0) = xio, (10.33)

i~j i~j
&) = —V(x(xi(t)—xj(t))+6§i(t)>,&(0):&0, (10.34)
i~j

where x;(t) € R", &(r) € R", z;(r) € R" denote the state, the integral action and the local estimate of node ,
i=1,...,N respectively. M; is the value of information matrix defined in (10.5). Moreover, ¢,y € R, are
constant consensus gains. Note that k;(¢) in this section is time-varying and k;(r) € [0, 1]. We further assume
that each node can smoothly change back and forth between active and passive role (i.e., k;(¢) is a smooth

function on the interval [0, 1]). We also note again the discussion in Remark 10.3.1 here.

10.4.2 Stability Analysis

T T
Letx(r) £ [ 1) L) ... x?vu)] &2 [éf(x) ) ... &) ~and
T
403) £ [ZlT(l) Zg([) Z;{/(l):| . Similar to (10.8) and (10.9), the proposed algorithm (10.33) and
(10.34) can be rewritten in the compact form as
X(1) = —aF(@)x(t)+v(L(G) @) () +aM(t){(t), x(0)=xo, (10.35)
§1) = —vLG)®L)x(r) —yo&(1), £(0)= &, (10.36)

200

www.manaraa.com



where M (1) £ block-diag,_; 5 (ki (1)M1,ka(1)Ms, ... .kn(t)My) € RNV and F (1) £ (L(G) @1+ M (1)) €
RNNn - Since M; for all i = 1,2,..., N are diagonal matrices, M (t) is a diagonal matrix for any ¢ > 0.

Similar to (10.11), we define

Sy & (1L L)M()(Ay®1,) € R

= kl(l‘)Ml—|—k2(l‘)M2—|—...—|—kN(l‘)MN, (10.37)

as a diagonal matrix that contains the total weight of all valid active substates of local observer vectors z;(¢)
on its diagonal. Note that since we assume at any time moment #, for each substate of the process, there is
at least one node that is active and has a valid information on that substate, S(z) is full rank as discussed in

Remark 10.3.2; hence, it is invertible. We now let
et) £SO 2L, M) () € R (10.38)
be the dynamic average of all valid active substates of local observer vectors z;(¢), i = 1,2,...,N in the

network.

Next, we define the error as

8(t) & x(t)—(Ay®e(r)) e RN, (10.39)
o(r) 2 g(z)—%(ﬁ(g)@In)M(z)w(oe]RN", (10.40)

where (1) £ ((Iy®€(r)) — £()) € RM. Similar to (10.15) and (10.14), by taking the time derivative of
(10.39) and (10.40), we obtain

8(1)=—aF (1)8(r) + Y(L(G) @Tn)e(r) — - (Iy @ L) (A} @ L) Mo (1) - (Iy @ (1)), 8(0) = &,

o
N
(10.41)

&(t) = —1(L(G) ®1,)8(r) — yoe(r) — oa(L(G) " @ L) M(1)(r)

—%(L(g)*®In)(M(z)w(r)+M(z)a>(z)), e(0)=eo.  (10.42)

By Lemma 10.3.1 and Remark 10.3.3, we can further reduce (10.41) to

5() = —aF@)8(t)+y(L(G)®T)e(t) — (Ly@£(t)), 8(0) = &. (10.43)
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Next, define

(1>

q1(1) —(Iy®£(1)), (10.44)

(1) —oaw(g)*@mwr)w(z)—%(z@)*@ln)w(r)w(r)+M<r>w<r>>. (10.45)

Since k;(t) is a smooth function on the interval [0, 1], M(t), S(¢), ST(¢) and M(t) are bounded. In addition,
since z;() and z;(¢) are bounded by assumption, {(z) and £(r) are bounded. Consequently, £(z), o(1), &(t),
and @(t) are bounded. Therefore, ¢ () and g»(¢) are bounded such as ||q;(7)|]2 < ¢} and ||g2(¢)]]2 < ¢5.

(10.43) and (10.42) are now can be rewritten as

8() = —aF(@O)8()+7(L@)@L)e(t) +a1(1), 8(0) = &. (10.46)

é(t) = —y(L(G)®1,)8(t) —yoe(t)+qa(t), e(0) = ep. (10.47)

Theorem 10.4.1. Consider a sensor network with N nodes given by (10.33) and (10.34), where nodes
exchange information using local measurements under a connected, undirected graph G. Then, the closed-

loop error dynamics (10.46) and (10.47) are uniformly ultimately bounded.

Proof. Consider the Lyapunov function candidate given by (10.20). By taking time derivative of

(10.20) along the trajectories of (10.46) and (10.47), we obtain

V(8(t),e(t) = —ad (NF(1)8(t)+v8 (1) (L(G) @Ln)e(r) +8(1) qi(r) — ve' (1)(L(G) @14)8(r)
—yoe! (1)e(r) +e' (1)qa(r)
= —ad' ()F(1)8(r) —yoe (1)e(r) + 8" (1)q1(t) +e' (1)ga(r)
< —ad (F(0)8() +8"(1)q1(r) — yolle(n)|3 + le(r) 243

< —a8T()F (1)8(1)+ 8" (1)qi (1) — yo le(®) 2 (|le(?) |2 — @), (10.48)
where ¢, L0 . Let

yo

HE —adT(1)F(1)5(t) + 8T (t)q: (1), (10.49)
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and

sun] [suo] |
v ()
S1n(1) ovi(1)| vi(7)
y()2I18@)=J|  |=| + [ =| 1 [, (10.50)
)| o] ) o
A0
5] [Swl0)] |

where J is the same permutation matrix discussed in subsection 10.3.3 and &;;(¢) indicates the error of

substate j, j=1,2,...,nofnodei,i=1,2,...,N. Note that

v () (JFIDyw(t) =8 ()T (JFIN)JIS (1) = 8T (1)F8(r). (10.51)

Utilize (10.51) and (10.44), (10.49) can be rewritten as

H=—ay () (JFI)y(t) - y(e)J (Iy 2 &(r)). (10.52)

Note also that

£(1) 1y& (1)
JAy@e@)=J| 1 | = I (10.53)

(1) 1n€,(1)
where &;(t) for j =1,2,...,nis the j-th substate of £(¢). By assuming that at any time moment #, for each

substate of the process, there is at least one node that is active and has a valid information on that substate,

the structure of JF (t)JT in (10.26) shows us that for all r = 1,2,...,n, F,(t) can be rewritten as

Lo +ki(t)my - Lin
Fi(t) = : : =L(G) + K (1) (10.54)

Lyt coo LN+ (t)my,
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A

T
where K, (t) = diag( [kl (Omy, ... kN(f)mNr] ) with at least one of the element on the diagonal f; =
ki(t)m;, € R, for some i € Vg. Thus, we can write K, (1) = K,0 + K1 (t) where
T
Ko = diag( [() .. 0 B 0 .. ()] ), and K;1 = K,(t) — K, is also a diagonal matrix with nonnegative

elements on the diagonal. As a result, we have
Fr(t):ﬁ(g)‘i‘Krﬂ"‘Krl(t):Fr0+Krl(t)a (1055)

where F,g = L(G) + K, is a positive definite matrix by, for example, Lemma 2 in Ref. [102] or Lemma 3.3

in Ref. [16]. We now can write
JE()JT = Fy+ Mo(1), (10.56)

where Fy £ block-diag;_ 172(F10,F20, ..., Fy) is a positive definite matrix and
Mo(t) £ block-diag;_; »(K11(t),K21(t), ..., Ku (r)) is a diagonal matrix with nonnegative elements on the

diagonal. From (10.56), (10.52) now becomes

Ho= —ay'(1)(Fo+Mo(n)y(r) — w(t) (ly@&(1))

< —ay" (R () — () 1y 2 (1))

IN

— 0 umin (Fo) [[W (1) I3+ W (1) 241
— 0 min (FO) [[W (D) 12 ([ w (#) |2 = 95), (10.57)

IN

where @5 = #E(Fo) with [|[J(1y ®&(1)) |l = |(In ®&(1))||2 < ¢}. We note here again that y(¢) £ J5(t); that
is, y(t) is a permutation of 6(¢), and since a vector norm is preserved under permutation, |y (z)|> = ||6(¢)||».
Therefore, H < 0 outside the compact set Q5 = {(8(t),e(r)) : [|w(t)]l2 < 95} = {(8(t),e(r)) : |6(2)[|]2 <

¢5}. By combining the result of (10.48) and (10.57), we have V(8(t),e(t)) < 0 outside the compact set

given by
Q = {(8(1),e(t) : 16(t)ll2 < 953N {(8(r),e(r)) : le(t)ll2 < e} (10.58)
Consequently, the closed-loop error dynamics given by (10.46) and (10.47) are uniformly bounded. |
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The following corollary to the above theorem is immediate.

Corollary 10.4.1. Consider a sensor network with N nodes given by (10.33) and (10.34), where nodes ex-
change information using local measurements under a connected, undirected graph G. Then, the ultimately

bound of §(t) fort > T is given by

= (o) | P07 (1059

where g} and g5 are the upper bounds of ||q1(t)||3 and ||q2(t)||3 defined in (10.44) and (10.45).

Proof. From the proof of Theorem 10.4.1, we have V(8(t),e(t)) < 0 outside the compact set Q

given by (10.58). Therefore, the evolution of V(8(z),e(t)) is upper bounded by

_ Ly o
V(B0 < | max V(3(0).e0) = 3(03+02) (1050)
Note that $8T(¢)8(t) <V (8(t),e(t)), thus (10.59) is immediate [ |

Remark 10.4.1. It should be noted that by definition of q(t) in (10.45), the upper bound g5 can be rewritten

as g5 = 0ugz. As a result, Corollary 10.4.1 indicates if the gains @Y, and G are chosen properly such that

1

el and YS‘—; are small, then the ultimate bound (10.59) of 8(t) is small whent > T; and hence, the overall

performance of the sensor network can be improved.

10.5 Information Validity Monitor Layer

In this section, we present a dynamic average consensus that is parallel to the active-passive con-
sensus filter in order to monitor the validity of the information (see Figure 10.1). For this purpose, consider

the dynamics given by

Gi(t) = —BY. (9:(t)—q;(®)) +BY (ri(t) —rj(6)) = B(qi(t) = hi(1)), 4i(0) =gio,  (10.61)

i~j i~j
A1) = —wY (qi(t) = q;(1)), ri(0) =ro, (10.62)
i~j

where ¢;(t) € R" denotes the information validity vector for node i, i = 1,2,...,N, hi(t) £ k;(t)m; € R" with

m; is the diagonal of the value of information matrix M;, and 8, u € R, denote the gains.
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Note that the structure of (10.61) and (10.62) is a special case of (10.6) and (10.7), where it becomes
a dynamic average consensus, for which a proof can be found in, for example [170] and [61] and references
therein. Therefore, g;(t) is tracking the neighborhood of the dynamic average h(t) = %h(t) € R" with
h(t) = | (t) Kl(r) h (1) T. Since h(t) is the dynamic average of the k;(¢)m; foralli=1,2,...,N,
qi(t) provides us the information on the average of active weights of the whole network at each time moment
for each substate of z;(¢), i = 1,2,...,N. Therefore, g;(¢) can be considered as a confidence factor to check
the reliability of the information. For example, the value of a substate of ¢;() increases as the number of
valid active corresponding substates of z;(¢) forall i = 1,2,...,N in the whole network increases; that is, the

higher the value of ¢;(¢) is, the more reliable the information is. This point would become more apparent as

illustrated in examples of Section 10.6.

10.6 Discussion and Examples

In this section, we present several numerical examples to illustrate the results given in previous
section. For this purpose, consider a process composed of two subprocesses with the dynamics given by

(10.1), where

0.0150

0 0 0

0 —0.0250 0 0
A = block-diag (A1,4;) = (10.63)

=12 0 0 —0.0005 0.1000
0 0 —0.2500 0
) . |0.0150 0 . |—0.0005 0.1000 ) )
with A1 = and A, = . We consider a sensor network with 4
0 —0.0250 —0.2500 0

nodes exchange information among each other using their local measurements according to a connected,

undirected ring graph. Each node’s sensing capability is represented by (10.3) with the output matrices

'cy=11 0 0 o, (10.64)
Mey,=10 1 0 o, (10.65)
‘cs=10 0 1 o, (10.66)
’C4—[0 0 0 1}, (10.67)
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and hence, for the local observers 'C; = [1 0], 'C, = [0 1] corresponding to A; and >C3 = [1 0], 2C4 = [0 1]
corresponding to A,. Note that sensors 1, 3, and 4 are Category I sensors since the pair (Aj, e ) is detectable,
and the pairs (A2,2C;) and (A,,>Cy) are observable. On the other hand, the pair (A;,'C;) is unobservable,
so sensor 2 is a Category III sensor. As a result, the observer structure (10.4) is only applied to sensors 1, 3,

and 4. For example,

$1(t) = Ars1(t) +'Li(y1 — 'Cis1 (1)), (10.68)
2.0302
where 51 (1) € R? and 'L; = . Similarly, for sensors 3 and 4, s3(t),s4(¢) € R? and we choose
0
) 5.3737
Ly = ) (10.69)
3.9039
) ~1.8052
L — _ (10.70)
2.4094

As discussed in Section 10.2.2, after using the local observers to estimate the states of the subprocesses, we

are now able to construct z;(¢) € R* such that

r T

a) = |sT@) 0 o] , (10.71)
- T

2() = [0 y(r) 0 o} : (10.72)
- T

z(t) = |00 sg(z)] , (10.73)
- T

() = |00 SI(I)] : (10.74)

Next, we define the value of information matrix for each node. Since the pair (Aj, 1C_‘l) is detectable,
sensor 1 can observe the first substate of the process, yet the estimation of second substate of the process

is not so well. Thus, we can choose M| =diag( |2 0.5 0 O ) In the same manner, we choose

wr-an(o 5 0 d)n-sn(( 0 = o) si-an(fo o 1 3
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In addition, all nodes are subject to random initial conditions and we set &¢ = 15, y =10, 6 = 0.1,
B =10 and u = 5. Furthermore, for the transition of k;(t), we use the function k;(t) = e~% when node
i is switching from 1 to 0, and k;(¢) = 1 — e~ % when node i is switching from 0 to 1, where 8 = 5. The
simulations are run for 100 second. All below examples share the same setup but are different in node roles

over time.

10.6.1 Example 1

In this example, the role of each node are fixed over time. Specifically, nodes 1, 2, and 3 are
active (i.e, k1 (1) = ka(t) = k3(¢) = 1) while node 4 is passive (i.e, k4(t) = 0). Note that this information
node role setup satisfies the assumption in Section 10.4 that for each process’s substate, there is at least
one node that is active and has a valid information on that substate. Figure 10.2 shows the performance of
the sensor networks under the proposed active-passive consensus filter given by (10.33) and (10.34), where
nodes quickly converge to consensus and are able to closely estimate the process states. In addition, Figure
10.3 shows the result of the information validity monitor layer given by (10.61) and (10.62). Since the
information node role setup in this example is fixed, the information validity vectors converge to constants.
As can be seen, for example, in the bottom plot of Figure 10.3, the information validity vector of the process’
fourth substate converges to a low value due to the fact that node 4, which can directly senses this substate,

is passive and the information in this substate is obtained only from the local observer of node 3.

10.6.2 Example 2

In this example, the role of each node varies over time. For the first 25 seconds, nodes 1 and 4
are active (i.e, ki (t) = ka(t) = 1 and ka(t) = k3(¢t) = 0); for 7 € (25,50], nodes 1 and 3 are active; for
t € (50,75], all 4 nodes are active; for € (75,100], nodes 1, 2 and 3 are active. This information node
role configuration satisfies the assumption in Section 10.4 that for each process’s substate, there is at least
one node that is active and has a valid information on that substate. Figure 10.4 shows the performance
of the sensor networks under the proposed active-passive consensus filter given by (10.33) and (10.34),
where nodes quickly converge to consensus and are able to closely estimate the process states. In addition,
Figure 10.5 shows the result of the information validity monitor layer given by (10.61) and (10.62). Since
the information node roles change with respect to time in this example, the information validity vectors

converge to different values over time. For example, for the first 50 seconds, the value of the information
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t (sec)

Figure 10.2: State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 1 under the proposed active-passive consensus filter architecture (10.33) and (10.34) (the dash
lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

A

I I I I I I I I I
0 10 20 30 40 50 60 70 80 920 100

| | | | | I | | I
0 10 20 30 40 50 60 70 80 920 100

t (sec)

Figure 10.3: The evolution of information validity vector of the sensor network with four nodes in a
connected, undirected ring graph in Example 1 under the monitor layer given by (10.61) and (10.62).

validity vectors g;»(7) on the second substate of the process is small since the information on this substate is
obtained from the local observer of node 1, which has the weight of 0.5 only. For the last 50 seconds, the

value of g () has increased since node 2 becomes active and adds more validity on the information.
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Figure 10.4: State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 2 under the proposed active-passive consensus filter architecture (10.33) and (10.34) (the dash
lines denote the states of the actual process and the solid lines denote the state estimates of nodes).

t (sec)

Figure 10.5: The evolution of information validity vector of the sensor network with four nodes in a
connected, undirected ring graph in Example 2 under the monitor layer given by (10.61) and (10.62).

10.6.3 Example 3

In this example, the role of each node varies over time such that for the first 25 second, nodes 2

and 4 are active (i.e, kp(t) = ka(t) = 1 and k; (t) = k3(¢) = 0); for ¢t € (25,50], nodes 3 and 4 are active; for

t € (50,75], all 4 nodes are active; for ¢ € (75,100], nodes 1 and 2 are active. This information node role
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configuration indeed violates the assumption in Section 10.4 that for each process’s substate, there is at least
one node that is active and has a valid information on that substate. In fact, this configuration allows some
substates becomes completely passive at some time instants, and it can be another important practical case.
For example, if the process of interest represents multiple targets with each subprocess corresponding to a
target, then at any time instant, a target can or can not be observed by the sensor network.

Figure 10.6 shows the performance of the sensor networks under the proposed active-passive con-
sensus filter given by (10.33) and (10.34), where nodes quickly converge to consensus and are able to closely
estimate the actual value if that particular process substate can be observed by at least one node (i.e., at least
one node is active and has valid information on that substate). By utilizing the information validity monitor
layer given by (10.61) and (10.62), one can monitor if the information of a substate is valid or not (that is,
if g;j() = 0, then the substate j is completely passive, and thus the information is invalid and not reliable)
as shown in Figure 10.7. It can be seen that, for example, during the first 50 seconds the first substate of
the process is not observable (i.e., completely passive), and hence the information from the sensors on this
substate is not valid. Another example is that during the last 25 seconds, the third and fourth substates of the
process are completely passive (see Figure 10.7) and the corresponding substates obtained from the sensor
network are constants during this time period as seen in Figure 10.6. As discussed in Remark 10.3.4 of
Section 10.3, completely passive substates still result in nodes reaching consensus, yet the information is
invalid. Note that at time ¢ = 75 seconds, the nodes’ estimates already reached the consensus, thus when
these substates becomes completely passive, the sensors retains the last values they sense from the process
until at least one of the sensor becomes active and has valid information on these substates.

Intuitively, from the analysis in Section 10.3, we expect that when extending the architecture (10.6)
and (10.7) to the time-varying case, that is, the proposed active-passive consensus filter in Section 10.4
given by (10.33) and (10.34), the sensor networks can converge to the null space of F(¢). However, without
the assumption in Section 10.4 (that is, for each process’s substate, there is at least one node that is active
and has a valid information on that substate), at each time instant F(¢) can be either positive definite or
nonnegative definite, and hence, the null space of F(¢) is time-varying as well. Utilizing Lyapunov analysis

in this case is a good and challenging future research direction to the authors.
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Figure 10.6: State estimates of the sensor network with four nodes in a connected, undirected ring graph in
Example 3 under the proposed active-passive consensus filter architecture (10.33) and (10.34) (the dash
lines denote the states of the actual process and the solid lines denote the state estimates of nodes).
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Figure 10.7: The evolution of information validity vector of the sensor network with four nodes in a
connected, undirected ring graph in Example 3 under the monitor layer given by (10.61) and (10.62).

10.7 Conclusion

This paper contributed to the previous studies in heterogeneous sensor networks through proposing
a dynamic information fusion framework for sensor networks with the integration of local observers, value
of information, active-passive consensus filters, and a layer to monitor the validity of information. The

proposed framework considered a process of interest with multiple subprocesses and the sensor network
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that allows nodes with heterogeneous modalities, heterogeneous information node roles, and heterogeneous
quality of information. Furthermore, the extra layer allows operators to evaluate the reliability of the fused
information based on the local feedbacks received from the sensor network. In addition to the presented
theoretical algorithms, illustrative examples had shown the efficacy of the proposed structure and prompted
a discussion on the practical aspects when relaxing some certain assumptions. Recommended future studies
of the algorithm presented in this paper may include extensions to agents with switching graph topologies

as well as experimental verification.
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Chapter 11: Concluding Remarks and Future Research

11.1 Concluding Remarks

This dissertation’s purpose has been to introduce novel tools and methods for allowing spatiotem-
poral control of multiagent systems as well as dynamic information fusion in heterogeneous sensor net-
works. Specifically, the proposed distributed control architectures allow spatial and temporal properties
of multiagent systems to be changed in both real-time and a decentralized manner. In addition, the pro-
posed distributed estimation architectures allow for improved performance in dynamic information fusion
of sensor networks, where heterogeneities coming from differences in sensor modalities, quality of sensing
information (i.e., the value of information) and information roles of nodes (i.e., active and passive) were all
taken into account.

To address the challenge of changing the spatial and temporal properties of multiagent systems,
Chapter 2 proposed a distributed control architecture predicated on multiplex information networks and
focused on the application in formation control with scalar integrator dynamics. The key feature of this
distributed control architecture is that the desired parameters (e.g., the desired scaling factors, rotation angle)
are distributedly spread over the network in a decentralized manner through updates in the secondary layer
and the updates on these parameters directly influence the main layer leading to the change in spatial and
temporal properties of the multiagent systems. In addition, numerical examples as well as experiments on
ground mobile robots (Qbots) to justify the efficacy of the proposed structure are also presented. The mul-
tiplex information-based architecture was then generalized to higher-order dynamics in Chapter 3. Chapter
4 showed that the bandwidth of multiagent systems can be also manipulated through multiplex information
networks.

The new Laplacian matrix was introduced in Chapter 5, which allows the user to assign a desired
nullspace for the network. This new Laplacian matrix was defined and showed that it inherits the funda-

mental properties of the standard Laplacian matrix. In addition, the structure of this new matrix not only
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explains the interactions between agents in the network better but also allows more complex cooperative
behaviors in multiagent systems.

New time-critical control structures were proposed in Chapters 6 and 7. Concretely, Chapter 6
considered networks as systems. Finite-time algorithms were proposed and analyzed based on the separation
principle and time transformation method. The practical considerations were also discussed and experiments
were presented to justify the proposed algorithms. Chapter 7 then introduced a new class of scalar, time-
varying gain function to convert a baseline control algorithm into a time-varying one for time-critical
applications. The time transformation was then used to simplify the stability analysis of the system. The
key feature of the structures proposed in these two chapters is that the convergence time can be assigned
arbitrarily by the users.

Finally, the dynamic information fusion architectures for heterogeneous sensor networks were stud-
ied and analyzed in Chapters 8, 9 and 10. Specifically, Chapter 8 introduced a preliminary structure for
dynamic information fusion in heterogeneous sensor networks. Chapter 9 then provided some extensions
for improving the performance and simplifies the tunning procedure of the structure proposed in Chapter 8.
Chapter 10 proposes another dynamic information fusion framework with the integration of local observers,
value of information, and active-passive consensus filter as well as a layer to monitor the validity of the
information. The key feature of these structures is that they only utilize local information at both execution
and design stages. In addition, the stability of these proposed architectures was theoretically analyzed, then

justified through numerical examples.

11.2 Future Research

There are many future research directions for the proposed tools and methods in this dissertation.
Specifically, regarding the multiplex information-based architecture, we can further investigate theoretical
developments and applications for controlling the spatial and temporal properties of a group of the hetero-
geneous ground and aerial robots with exogenous disturbances, system uncertainties, and communication
constraints. Next, algorithms predicated on the new Laplacian matrix can be investigated toward composing
complex cooperative behaviors in multiagent systems through nullspace assignment and control. For our
current finite-time control framework, we assume the system will stop after the convergence at the user-
assigned time 7. Further investigation on algorithms for keeping the system at the equilibrium point after 7

can be considered. Finally, the dynamic information fusion frameworks presented in this dissertation can be
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useful for several future research directions for dynamic data-driven applications including but not limited
to: 1) Consider the uncertainty and disturbances in the process of interest; ii) nonlinear process; iii) tools
and methods from recent event-triggered control theory developments can be utilized in order to reduce the
communication cost between sensor nodes; iv) for capturing cases when the process of interest leaves the
sensing field of the network for certain time periods, tools and methods from filtering and estimation theories
can be utilized with the presented results of this paper; v) the presented setup can be extended to involve
mobile sensor nodes; and vi) the presented results can be applied to real-world sensor networks through

experiments in order to bridge the gap between theory and practice.
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Appendix A: Proof of (3.25)

We first state the following lemma:

Lemma A.0.1 ([117]). Let A} € R™", Ay € R™", A3 € R™" and Ay € R™™. If A} and Ay —A3A1_1A2

are nonsingular, then

A1 A2 M1 M2
Az A4 Mz My
where
My = —A['Ay(As—AsA['Ax)7 (A.1)
Let
q(t) & (1), (1),y ()" e RVPHD, (A2)
pe(t) & [c'(0), 7y ()] eRPH (A.3)

Since ¢(r) and y*(¢) are both constants, then p.(t) = p.. Note that (3.21), (3.23), and (3.24) can be rewritten

in a compact form as

q(t) = AqQ(t) +qu6‘) (A.4)
where
Iy® (A—BKl) —Iy ® BK; 0
A, £ F®C 0 —(FRL)y| (A.5)
0 0 —aF
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B, £ |-G&l, 0 |- (A.6)

Note from Assumption 3.3.1 that

Iy ® (A — BK; —Iy ® BK;
( ) ) (A7)

FeC 0

is Hurwitz (see, for example, [173]). In addition, note from Lemma 3.2.2 that —aF is Hurwitz since o > 0.
Then, it follows from the upper triangular structure in (A.5) that A, is Hurwitz.

Since A, is Hurwitz, then there exists a unique positive-definite matrix P, such that

0 = AJP,+PA,+R,, (A.8)

holds for a positive-definite matrix R,. Now, consider the Lyapunov function candidate given by

V(g+A;'Bype) = (a+A,'Bype) " Py(q+A, 'Bype). (A9)

Note that A, is invertible (since it has a nonzero determinant), V(0) =0, V(g +A,;qupc) > 0 for all ¢+

A;qu pe #0,and V(g +Angq pc) is radially unbounded. The time derivative of (A.9) along the trajectory

of (A.4) is given by
V() = (qt)+A;"'Bype) (AP + PyAg) (q(t) + A, ' Bype)
= —(q(t) + A, ' Bype(1))"Ry(q(1) +A, ' Bype(t)) <0, (A.10)
and hence,
lim q(t) = —A;'Bype.. (A.11)

Next, since (A.11) implies A,q(t) +Byp. — 0 as t — oo, we investigate the steady-state behavior

when

0 = Ayq+Bype (A.12)
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From the last row in (A.12), we have
—aFy+aGy: = 0, (A.13)
or, equivalently,
y=F'Gy". (A.14)
Since

Fly = (£(9)+diag(G))1y

= diag(G)ly
= G, (A.15)
then it follows from (A.14) that
Y=Y, (A.16)
and hence,
lim &(1) = &'y". (A.17)

t—yo0

From the first two rows of (A.12), we have

Iv®(A—BK,) —Iy®BKy| |x 0 0 c
= , (A.18)
FC 0 z GoI, F®I,| |&
or, equivalently,
Ay = By, (A.19)
where Ay, By, %, and ¢ in (A.19) correspond to the terms in (A.18), and hence,
£ = A/'Byg, (A.20)
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Now, let
E 2 [IN®C 0] : (A21)
then it follows from (A.20) that
y=EA;'B,é. (A.22)

Finally, since Assumption 3.3.2 holds, Ay_ I exists. Let

| M, M,
A, = . (A.23)
M; M,
Note from Lemma A.0.1 that
My, =F '@A 'B(cA™'B)". (A.24)
Now, it follows from (A.22) that
I 1 |\My M, 0 0 c
Y=|Iy®C 0
L 4 \Ms My GRIp F®IP é
1 |meen) mFer)]| |
=|Iy®C 0
L - M4(G®IP) M4( Ip) £

= -(IN®C)M2(G®IP) (@ C)My(F ®1,) :
— (Iy©C)My (G 1p)c+ (Iy @ C) My (F @1,)&
=(F'G®CA'B(CA™'B) e+ (F'F®CA'B(CA'B) )&

=(lv@l)c+(Iv®L)E. (A.25)

Hence, it follows from (A.17) and (A.25) that limy_..y;(t) = c+ &y, i=1,...,N. [ ]
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Appendix B: Proof of (3.28)

In the case when the position of the target and the scaling factor for the density of the resulting

formation are time-varying, note that (A.4) becomes

q(t) = Agq(t) +Bypc(t). (B.1)

Following the arguments from the proof of 3.25 in Appendix A, the time derivative of (A.9) along the

trajectory of (B.1) can be computed by

V() = —G"(0)Req(t)+23" (1)P,A, 'Bype(t)
< minR)NGE) 5+ 211401211 PA, "Byl £ B
= —AminR)IG(O)12([1G() 12— 9), (B.2)
where
qt) £ q(t)+A,'Byp.(t), (B.3)
¢ = 2||Pququ||F(ﬁl+/32)/;{'nﬂn(Rq)~ (B.4)

Therefore, V() < 0 outside the compact set

Q £ {4(n):1lgn]2 < 9}, (B.5)

which proves the ultimate boundedness of the solution g(t) +A;IBq pe(t) [115], and hence, the result is

immediate. [ ]
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Appendix C: Further Discussion on the Stability in Section 8.3

To continue the discussion in Remark 8.3.2, consider, for example, the condition ii), v) and vi) are
relaxed, that is, all of the sensors are active, the positive real condition P,.B = Cl.TJiT is satisfied with full
column rank B, and the inputs are constant, then we can drop some of the leakage terms like “—}/Pfl)?i(t)”

and “—(0;K; + YI,)W;(t)” in our algorithm (8.7) and (8.8) to make it become

%) = AR(t) +Bwi(t) + Li(vi(t) — Cixi(t)) — ;! Z()?i(t) — (1)), £(0) = %o, (C.1)
vf/,-(t) = Ji(yi(l)—CiXAi([))—OCZ(VT/[(Z‘)—Wj(l)), W,(O) = Wjg. (C.2)

i~j

Going through the same procedure in the subsection 8.3.2, we obtain the compact form of the error dynamics

as

(1) = aP™(L(G) ® L)X (1), (C.3)

/§_<i
I
b
=
=
|
=
&
=
=2

Ww(t)=Mx(t) — o(L(G) ®1,)W(1), (C.4)

where A, M and P are the same matrices as defined in (8.19), (8.20) and (8.23), with g; = 1 for all nodes
i=1,...,N. Note that the positive real condition BB = C}JI where P; > 0 can be written in the compact
form as P(Iy ® B) = M". In addition, since the leakage terms are dropped, the condition (8.9) is now replaced
with the condition AiTPl- + PA; < 0 with P, > 0, which can be satisfied easily with appropriate choice of L;
since we assume the matrix A is Hurwitz. In this case, the matrix A is not necessary to be Hurwitz if we
assume (A,C;) is observable, and hence, we can always find L; such that A is Hurwitz.

For the stability analysis of (C.3) and (C.4), we can choose the same Lyapunov function candidate

(8.24), then taking the time derivative of V (&, w) along the trajectories of (C.3) and (C.4) yields

V() = F()(ATP+PA)x(t) — 25" (t)P(Iy @ B)w(t) — 205" (1) (L(G) ®1,)&(¢)
2T (1) ME(t) — 200" (1) (L(G) @ L,)W(t)

= & (1)0x(t) — 20" (1) (L(G) ®1,)%(t) — 20w (1) (L(G) ®1,)W(¢) <0, (C.5)
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where ATP+ PA £ —(Q < 0 and the last equation is obtained directly from using the condition ATP, + PA; <
0, and the positive real condition P(Iy ® B) = MT. Note that (C.5) shows that the error dynamics given by
(C.3) and (C.4) are Lyapunov stable for all initial conditions. Let z(t) £ [T (¢),w'(¢)]T and S = {z(¢) €
RN4P) | V(z(1)) = 0}. When V(z()) = 0, we have %(z) = 0 since the matrix Q + (£(G) ®1,,) > 0. Thus,
S = {z(r) € RN"*+P) | %(r) = 0}. Let () be a solution that belongs identically to S, then %(¢) = 0 means
#(t) =0, and hence (Iy ® B)Ww(t) = 0 from (C.3). Since B is full column rank, then (Iy ® B)#(t) = 0 implies
that w(r) = 0. Therefore, the only solution that can stay identically in S is z(¢) = 0. By Theorem 3.5 in [148],

the origin is asymptotically stable. Since the system given by (C.3) and (C.4) is linear time-invariant, the

_|A—aP N (L(G)®L) —(v®B) |, . . - .
matrix is Hurwitz. While the above result is immediate based on

M —a(L(G)®1p)
the strict assumptions only considered in this appendix to show asymptotic stability, it is still not identical

to the other results cited in Section 1 of this paper as well as the results presented in [174—-176].
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Appendix D: Parameters for Examples in Sections 8.3 and 8.4

In this appendix, we provide the parameters that we use for our illustrative examples in sections 3.3

and 4.3 with 15 decimal places in case the reader want to regenerate our simulation results.

For Example 1 in Section 8.3.3.1, regarding the observer gain L;, the odd index nodes are subjected

to

18.969160655470404
—0.487391998697633
—1.939393950211166

—0.284730910528483

and the even index nodes are subject to

In addition,

—2.387919504735957
5.830659255697644
0.428177912573512

—1.037509640179160

o1 =05 = 0.002061806076927,

—1.907268388916050
—0.075498787949882
19.129788461945985

2.491934726180443

0.357718861908060
—0.803813918212959
—2.397655697276556

6.765442143562447

0y = 05 = 1.833655794790509 x 1075,

03 =04 = 07 = 0§ = 09 = 010 = 011 =012 = 0.002400000072044,

andP1 :P5,P2 :P6 andP3 :P4 :P7 :Pg :Pg :P]() :P]l :P]Q, where

1.439835424802165 —0.034377714548575 0.055117661315125

Pl =10 x —0.034377714548575  0.004148603989598  0.003907233598367

0.055117661315125  0.003907233598367  0.977251053041284
—0.005443202673014  0.000148021815711  —0.054353877874992

—0.005443202673014
0.000148021815711

)
—0.054353877874992

0.026092188711795

www.manaraa.com

D.1)

(D.2)

(D.3)
(D.4)

D.5)

(D.6)
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0.299361647347857  0.000002820408509  0.035830529875908  0.000000221819347

0.000002820408509  0.696303881680737  0.000001019351069 —0.001153520717465

P,=10*x

, (D7)

0.035830529875908  0.000001019351069  0.298140534700503  0.000013277207542

0.000000221819347 —0.001153520717465 0.000013277207542  3.999240098499779

1.440000008960819  0.000000001949013 0 0
P 0.000000001949013  0.999999999913420 0 0
12= .
0 0 1.341667967078101 0.529441205638835

0 0

For Example 2 in Section 8.3.3.2,

o1=03 =05 = 07 =0.002061806076927,
0,=04 =0y = 03 = 1.833655794790509 x 107,

O9 =010 = O01] =012 = 0.002400000072044.

For Example 3 in Section 8.3.3.3, the observer gain L; is chosen such that

19.068611174404705 —3.813722234880941

0.529441205638835 3.496288127071053

—0.485700606350880
—0.000000000000000
0.000000000000000

—2.387919504735957

. 5.830659255697644
2 p—
0.428177912573512

—1.037509640179160

.000000000000002

. 0.000000000000002
3 p—y
—3.844972067593563

—0.501192168103495

0.097140121270176
0.000000000000000
—0.000000000000000

0.357718861908060 ]
—0.803813918212959
—2.397655697276556

6.76544214356244 |

—0.000000000000012
—0.000000000000009
19.224860337967815

2.505960840517474

(D.8)

(D.9)
(D.10)

(D.11)

(D.12)

(D.13)

(D.14)
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with L1 = L5 = L9, L2 = L4 = L6 = Lg = L]() = L12 and L3 = L7 = Lll- In addition,

o1 =05 =0.001982811972340, (D.15)
0),=04 =0 = 0g = 1.833655794790509 x 10_6, (D.16)
o3 =07 = 0.002400002327086, (D.17)
Oy = 019 = 011 = 012 = 0.002400000072044, (D.18)
and
1.478035081597691 —0.034321006113263 0 0
—0.034321006113263  0.004059666480104 0 0
P, =10°x , (D.19)
0 0 0.001491086838912 0.000317849850723
0 0 0.000317849850723 0.005841716956271
0.014399993247139 0.000000000383925 0 0
0.000000000383925 0.010000000455351 0 0
P =10%x ,  (D.20)
0 0 6.978268681664298 —0.230181821168044
0 0 —0.230181821168044  0.188324170653730

with Py = Ps, P, = P4 = Py = P, P; = P;, and Py = P,y = P = Pj», where P, and Py, are the same as (D.7)

and (D.8), respectively.

For Example 4 in Section 8.4.3.1, regarding the observer gain L;, the odd index nodes are subject to

71.783953996258958
—1.358611885022830
—7.256525958548080

—0.011569149768944

while the even index nodes are subject to

—21.724842048641705
70.098170640403481
2.326854788384256

—7.373583349180001

—7.252963875491536
0.000475040815981
71.801764411541683

—0.128688835617882

2.256236946732968
—7.134526961104474
—21.731989850585336

71.293452580781121

(D.21)

(D.22)
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In addition,

and

P =

0] =03 =05=07=09 =011 = 0.04342963222631,

0y =04 = Og = O0g = 019 = 01 = 0.027557828266522,

[ 15.365812598325633
0.288438698583006
2.891134645171142

| —0.519291422390345

10.026109249319704
2.195377067059541
0.281414382843850

—1.215486262312381

0.288438698583006
8.058139150438166
0.489805786441967
1.796242594832787

2.195377067059541
10.170435495903876
0.066429931103742
1.090421131679111

2.891134645171142

0.489805786441967
20.900129728630198
0.981256246505427

0.281414382843850
0.066429931103742
9.472902963103000
2.834028735894950

withPl=Py=Ps=P;=Py=P;1and P, = P, = Py = Py = Pjo = Py».

—0.51929 1422390345_
1.796242594832787
0.981256246505427

76.693334412288678 |

—1.215486262312381
1.090421131679111
2.834028735894950

25.585410287198304

For Example 5 in Section 8.4.3.2, the observer gain L; is chosen such that

Ly =

Ly, =

3.43
1.96
L, =
0.00

0.00

_0.00
0.00
0.00
10.00

0.00
0.00
0.31

—0.03

—2.06
—1.78
0.00

0.00

0.00
0.00
4.90

2.03

0.00 ]
0.00
—6.14
1.25
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(D.23)

(D.24)

(D.25)

(D.26)

D.27)

(D.28)

(D.29)
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—-16.7 0.00

5.10 0.00
Ly, = ; (D.30)

0.00 0.00

0.00 0.00

71.78 —=17.25

~1.36 0.00
Ls = , (D.31)

—7.26 71.80

—-0.01 -0.13

—-21.72  2.26

70.10 —7.13
Ly = , (D.32)

233 -21.73

=7.37 71.29

with Ly, = Lyg, L1, = L3y, Loy, = Lap, L3y = L4y, Ls = L7 = Lg and Lg = Lg. In addition,

Ola = 02, = 0.176910352176191, (D.33)
o1, = O3, = 1.899948288575375, (D.34)
02 = Oy, = 0.088022361660829, (D.35)
O30 = 04 = 0.622664424352870, (D.36)
05 =07 = 0y = 0.042867890125997, (D.37)
05 =03 = 0.027071950457169, (D.38)

and

15.694244208757699 2.033323268063762  0.000000000000000  0.000000000000000
P 2.033323268063762 4.361865209185537  0.000000000000000  0.000000000000000 (D.39)
la = s .
0.000000000000000  0.000000000000000 11.186803471688481  8.425791501883902

0.000000000000000  0.000000000000000  8.425791501883902  28.234219806829103
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Py, =

Py, =

Ps, =

0.000000000000000
0.000000000000000

_5 .835227092365172
1.443618793797672
0.000000000000000
| 0-000000000000000

_2.599136817168446
2.884026096694552
0.000000000000000
 0-000000000000000

3.854149037906603
0.067878511647866
0.758175986616365

2.468882758815266
0.534438597958104
0.047207215780697

—0.095402213615805

—0.289667612641583

58.803434580028032 14.695626639657313
14.695626639657313  23.324653578136509

0.000000000000000
0.000000000000000

0.000000000000000
0.000000000000000

0.000000000000000
0.000000000000000

18.374966669627405 2.314132184510947

2.314132184510947 40.176291696525283

1.443618793797672  0.000000000000000  0.000000000000000

3.236785013594619  0.000000000000000  0.000000000000000

0.000000000000000
0.000000000000000

2.884026096694552
8.493188312361060
0.000000000000000
0.000000000000000

0.067878511647866
2.013031029413099
0.108516797222526
0.501148644494243

0.534438597958104
2.527205119130702
0.006894277635073
0.244394471559582

4.712498556711108  6.096255186288076

6.096255186288076 41.684901733851333

0.000000000000000
0.000000000000000
20.899094105514450
16.216490598122018

0.758175986616365
0.108516797222526
4.625387782296224
0.210098567192018

0.047207215780697
0.006894277635073
2.258962041615192
0.668789059887803

with Py, = Psy, Py = Pspy, Popy = Papy, Py = Paq, Ps = P = Py and Ps = .

0.000000000000000
0.000000000000000
16.216490598122018 7
47.082566058448556

70.095402213615805_
0.501148644494243
0.210098567192018
17.124367695246701 |

—0.289667612641583
0.244394471559582
0.668789059887803

5.943357864360471
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(D.43)
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Appendix E: Selecting Design Parameter Procedure in Section 8.3

In this appendix, we summarize the effect of the design parameters «, ¥, 6;,J;, K;, L; and P; discussed

in Remarks 8.3.4 and 8.3.5. The following main points recap the procedure of selecting design parameters:

The observer gain matrix L; should be judiciously chosen such that active agents can closely estimate
a target of interest when its input is time-invariant. A good performance of active agents will improve

the overall performance of the networked system.

- As discussed in Remark 8.3.4, parameters such as ¥, 0; and K; should be chosen small to limit the
effect of leakage terms. However, since o; and K; contribute an important role in the feasibility of the
linear matrix inequality condition, one should tune o;, K; and J; such that the linear matrix inequality

condition is satisfied and the norm ||0;K;||» is small simultaneously.

- A large value can be chosen for o as discussed in Remark 8.3.5. Note that, a large value for o not

only helps reduce the ultimate bound but also helps increase the convergence rate.

- Once 0;,K;,L; and J; are chosen, P, is obtained from solving the linear matrix inequality given by

(8.9).

Note that similar steps can be followed also for choosing the same design parameters used in Section

8.4.
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Appendix F: Notation for Chapter 9

In this paper, R stands for the set of real numbers, R" stands for the set of n x 1 real column
vectors, R"*™ stands for the set of n x m real matrices, R, (respectively, R ) stands for the set of positive
(respectively, nonnegative-definite) real numbers, R"*" (respectively, @T”) stands for the set of n X n
positive-definite (respectively, nonnegative-definite) real matrices, 1, stands for the n x 1 vector of all ones,
I, stands for the n x n identity matrix, and ® stands for the Kronecker product operation. We also use (-)T
for the transpose, Amin(A) (respectively, Amax (A)) for the minimum (respectively, maximum) eigenvalue of a
square matrix A, A;(A) for the i-th eigenvalue of a square matrix A, where the eigenvalues of A are ordered
from least to greatest value, det(-) for the determinant, diag(a) for the diagonal matrix with the vector a
on its diagonal, [x]; for the i-th entry of the vector x, and [A];; for the i-th row and j-th column entry of the
matrix A.

Finally, we recall several graph-theoretical notions (see [5] and [92] for details). An undirected
graph G is defined by a set Vg = {1,...,n} of nodes and a set & C Vg x Vg of edges. If (i,j) € &g,
then the nodes i and j are neighbors and i ~ j indicates the neighboring relation. The number of a node’s
neighbors are its degree. Specifically, if we let d; be the degree of node i, then D(G) = diag(d) € RVN
with d = [dy,...,dy]" is the degree matrix of a graph G. A path ipi; ...i; is a (finite) sequence of nodes
such that i ~ i, k=1,...,L, and a graph G is said to be connected if a path exists between any distinct
node pairs. A(G) € R¥*V is the adjacency matrix of a graph G defined by [A(G)];; = 1 when (i, j) € &g
and [A(G)];; = 0 otherwise. The Laplacian matrix of a graph, £(G) € @fXN is now defined by £(G) £
D(G) — A(G). For an undirected and connected graph G, note that the spectrum of the Laplacian can be
ordered as 0 = 4, (L£(G)) < L(L(G)) < --- < Ay(L(G)) with the eigenvector 1y corresponds to the zero
eigenvalue A, (£(G)) and £(G)1y = Oy and both %91y = 1y hold.
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Appendix G: Mathematical Preliminaries for Chapter 10

The notation used in this paper is fairly standard. Specifically, Z denotes the set of positive
integer numbers, R, denotes the set of positive real numbers, R” denotes the set of n x 1 real column
vectors, R denotes the set of n X m real matrices, R’f" (resp., RT”) denotes the set of n x n positive-
definite (resp., nonnegative definite) real matrices, 1, denotes the n x 1 vector of all ones, and I,, denotes
the 7 x n identity matrix. In addition, we write (-)T for transpose, (-)* for generalized inverse, Amin(A) and
Amax (A) for the minimum and maximum eigenvalue of the symmetric matrix A, respectively, A;(A) for the
i-th eigenvalue of A, where A is symmetric and the eigenvalues are ordered from least to greatest value,
block-diag;_; ,(A,...,A,) for the block diagonal matrix with Ay, ...,A, are square matrices lying along
the diagonal and all other entries of the matrix equal 0, diag(a) for the diagonal matrix with the vector a on
its diagonal, [x]; for the entry of the vector x on the i-th row, and A;; for the entry of the matrix A on the i-th
row and j-th column. In addition, for A € R"*", R(A) denotes the range of A, rank(A) denotes the rank of
A, N'(A) denotes the null space of A, def(A) = dim A/ (A) denotes the defect of A.

Next, we recall some basic notions from graph theory and refer to textbooks Refs. [5] and [92]
for details. Specifically, an undirected graph G is defined by a set Vg = {1,...,N} of nodes and a set
Eg C Vg x Vg of edges. If (i, ) € &g, then the nodes i and j are neighbors and the neighboring relation
is indicated with i ~ j. The degree of a node is given by the number of its neighbors. Letting d; be
the degree of node i, then the degree matrix of a graph G, D(G) € RVV is given by D(G) = diag(d),
d=1dy,...,dy]". Apathigi...i is a finite sequence of nodes such that i;_j ~ i, k=1,...,L, and a graph
G is connected if there is a path between any pair of distinct nodes. The adjacency matrix of a graph G,
A(G) € RM*N is given by [A(G)];; = 1 if (i,j) € & and [A(G)];; = O otherwise. The Laplacian matrix
of a graph, L(G) € @iXN, playing a central role in many graph-theoretic treatments of sensor networks, is
given by £(G) = D(G) — A(G). The spectrum of the Laplacian of an undirected and connected graph can
be ordered as 0 = A1 (L(G)) < L2 (L(G)) < --- < A (L(G)) with 1y as the eigenvector corresponding to the
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zero eigenvalue A; (£(G)) and £(G)1y = Oy and e“(9) 1y = 1y. Here, we assume that the graph G of a given
sensor network is undirected and connected.

The following lemmas are necessary for the main results of this paper.

Lemma G.0.1 (Lemma 3, [177].). The Laplacian of a connected, undirected graph satisfies L(G) LT (G) =

Iy — +1y1}

Lemma G.0.2 (Fact 2.10.12, [117].). Let A € R™" and B € R™*!. Then, rank(AB) = rank(A) if and only
if R(AB) = R(A).

Lemma G.0.3 (Fact 6.4.43, [117].). Let A € R™™ and B € R™!. Then, R(A) C R(B) if and only if
BBTA = A.

Lemma G.0.4 (Theorem 2.4.3, [117].). Let A € R™™, then N'(A) = N'(ATA).
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Appendix H: Proof of Lemma 10.3.1

Let H £ (15 ®1,), then (10.12) becomes
£ = STHM{=HMH) HM{. (H.1)
It should be noted that
(1N @L)M(1y®e) = HM(ly®e) = Se. (H.2)
Utilize (H.1) and (H.2), the left hand side of (10.16) can be rewritten as

(yol)Mo = (xeL)M((lyee)-])
= HM(ly®e)—-HMCE
— Se—HMC
= (HMH")YHMH"YTHM{ - HME
= (HMH")YHMH")Y"HM-HM){

~ R, (H.3)

where R = (HMH")(HMH")*HM — HM).
The matrix HM can be rewritten as
HM = |:k1M1 koM, ... kyMy

= [kldiag(ml) kydiag(my) ... kydiag(my)| € R™M. (H.4)

We now define m £ kym; + komy + . .. + kymy, and note that N > 1. Clearly, rank(HM) < n. In addition,

since elements of m; for i = 1,...,N are nonnegative and the column vectors of HM are multiples of
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e1,e,...,e, where e; is the unit vector with the j-th element is 1 and 0 otherwise, m only obtains an 0

element when H M has a zero row. Therefore,

rank(HM) = number of positive elements in

= n— (number of 0 elements in /7).

Similarly, S can be rewritten as

S = diag(k1m1 +komy+ ... —|—kNmN)

= diag(m).

Hence, it follows directly that

rank(S) = number of positive elements in /i

= n— (number of 0 elements in 7).

From (H.5) and (H.7), we have

rank(HM) = rank(S) = rank(HMH").

Utilize (H.8) and the result of Lemma G.0.2 with A & HM and B2 HT, we obtain

R(HM) =R(S) = R(HMH").

Therefore, it now follows directly from Lemma G.0.3 that

(HMH"YHMH""HM =HM,

or R=0. As aresult, (10.16) is now immediate.

(H.5)

(H.6)

H.7)

(H.8)

(H.9)

(H.10)
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